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We consider large bursts in an ionization chamber under an absorber that is highly efficient 
to nuclear interactions. It is shown that at sea level most large bursts (= 1000 relativistic 
particles) are due to interactions of nuclear-active particles with energies E = 10! ev in 
the absorber. The spectrum of the nuclear-active particles and their air accompaniment 

are given. The accompaniment observed can be attributed to fluctuations in the development 
of the nuclear shower in the atmosphere. Conclusions are drawn concerning the cross section 
for the interaction between the nuclei of the atmospheric atoms and particles of energies ap- 
proximately 10!? ev. Cases of high-energy nuclear-active particle beams have been observed. 


INTRODUCTION 


Slice absorption coefficient, the energy spectrum, 
and the shower accompaniment of high energy nu- 
cleons are all connected with the elementary char- 
acteristics of nuclear collisions, and their investi- 
gation is therefore of considerable interest. Sev- 
eral experiments were recently performed on high 
mountains, in which nuclear-active particles were 
investigated by means of bursts in ionization cham- 
bers under various absorbers. No analogous work 
was performed at sea level, and the bursts observed 
at sea level by Carmichael et al.! under layers of 
lead of different thickness were wholly attributed 
to yz -meson bursts. 

In this connection, we investigated large bursts 
and their air accompaniment with the aid of appa- 
ratus that had a high counting efficiency for nuclear- 
active high-energy particles. The measurements 
were performed during 1957 with apparatus, pres- 
ently in operation at the Moscow State University, 
intended for an exhaustive investigation of exten- 
sive atmospheric showers. 
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METHOD AND DESCRIPTION OF APPARATUS 


The nuclear-active (n.a.) high-energy particles 
were detected by the electron-nuclear (e.n.) show- 
ers that develop in dense matter.2»? In a dense me- 
dium almost all the energy of the n.a. particles is 
consumed, in the final analysis, in ionization of the 
medium and only a small fraction is used for re- 
arrangement of the atomic nuclei. Therefore, by 
measuring the ionization simultaneously under 
layers of various thickness, we can determine the 
n.a. particle energy that gives rise to the shower. 
However, an approximate measurement of the en- 
ergy of n.a. particles of high energy (E = 10!? ev) 
can also be performed by measuring the ionization 
under a layer of matter of single thickness, by using 
an absorber made up of two different substances — 
a thick layer of a low-Z substance and a thin layer 
of a high-Z one. (Such an absorber was used ear- 
lier.®) If the thickness of the low-Z amounts to 
several nuclear ranges, then a considerable frac- 
tion of the energy of the n.a. particles will be 
converted in it into an electron-photon (e.p.) 
component; this fraction will change little from 
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case to case. In the low-Z layer the e.p. cas- 
cades due to 1 mesons will be only weakly de- 
veloped, since such a layer corresponds to a 
small number of t-units. In the high -Z layer 
the electron-photon cascades will develop further 
and will soon reach a maximum. The number of 
particles in the cascade maximum is proportional 
to the energy of the electron-photon component 
incident on the layer. The depth at which the max- 
imum is reached depends only logarithmically on 
the initial energy of the photons and electrons, 
and remains practically constant at large ener- 
gies. All this makes it possible to measure the 
energy of high-energy nuclear-active particles 
incident on such an absorber, by using only a 
single array of ionization chambers. 

We used four ionization chambers, with a total 
effective area of 1 m*. A total of 720 Geiger- 
Miiller counters* were used to register the charged- 
particle currents accompanying the nuclear-active 
particle showers. This permitted us to determine 
the thickness of the air accompaniment over a wide 
range and with a much greater accuracy than pre- 
viously obtained.’*®’ Furthermore, in some ex- 
periments we located 48 counters beneath the cham- 
bers and inserted 10 centimeters of iron between 
the counters and the chambers. The arrangement 
and a section through the nuclear-active particle 
detector is shown in Fig. 1 of reference 10. The 
absorber of the nuclear-active particle detector 
consists of several layers: a layer of leadt 5 cm 
thick, a layer of graphite (specific gravity 1.68 
g/em*) 70 cm thick, and a layer of lead 2 cm 
thick. The first two layers make up approximately 
1.8 of the range of nuclear interaction in matter 
(assuming that the ranges of 160 g/cm? for lead 
and 70 g/cm? for graphite, obtained at lower ener- 
gies, also hold for the energies under considera- 
tion here). The detector therefore has high effi- 
ciency for nuclear interactions. 

It was necessary to cover the graphite from 
above with lead to reduce the penetration of the 
electron-photon component of extensive atmos- 
pheric showers (e.a.s.) capable of producing large 
bursts under the graphite layer and in the lower 
lead layer. The presence of a thick layer of lead 
greatly softened the energy spectrum of the soft 
component of the e.a.s. before it entered the 
graphite, and led to an almost complete screening 
of the chambers from the soft component of the 
e.a.s. The apparatus was controlled by pulses 
~~ *For a detailed description of the arrangement and the ap-_ 
naratus see references 8-10. 

¥In the case of nuclear-active particles accompanied by a 
shower with N > 10°, the data used have been obtained with a 


detector in which the upper lead layer has been increased to 
8 cm. 
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from the chambers whenever the amplitudes of | 
the latter exceeded a specified value. The rise ‘ 
time of the chamber pulses was 30 usec, and 
therefore the delay in operation of the threshold 
circuit that segregated the pulses by amplitudes, 
at pulse amplitudes close to threshold, was not 
less than 30 microseconds. However, the resolv- 
ing time of the hodoscope setup was 10 — 12 usec. 
The hodoscope was therefore controlled by two 
circuits, one with a threshold one-tenth that of | 
the other. The pulse rise in the cylindrical cham- 
ber was close to linear for nonlocal ionization, it 
and therefore the delay in operation of the first 
circuit was considerably less. The pulse from 

the first circuit controlled the hodoscope and the 
amplitude analyzer, but the data were recorded 
only when the second threshold circuit was trig- 
gered. This insured coordinated operation of the 
chambers and hodoscopes. The threshold value of 
the pulse from the chamber needed to operate both 
circuits corresponded to the passage of 800 relati- 
vistic particles along the central chord of the cham 
ber. The nuclear-active particles that produced in 
the absorber a shower of 1000 particles or more 
were registered with a probability of 100%. 


FIG. 1. Block diagram showing connection of chambers. 
and counters. 1—ionization chambers, 2— preamplifiers, 
3—amplifiers, 4—amplitude analyzers, 5 — counting devices, 
6 and 7 —threshold circuits, 8 —hodoscope GK-7, 9—six-fold 
coincidence circuit. 


A block diagram of the apparatus is shown in 
Fig. 1. The entire apparatus was placed in a spe- 
cial room with a roof made of duraluminum and 
foamed plastic. The total amount of matter over 
the apparatus was not less than 2.0 g/cm?. 


RESULTS 


During the operating time of the setup (~ 1300 
hours) we registered a total of 948 bursts, each 
corresponding to the passage of 1000 and more 
relativistic particles along the central chord of 
the chamber. The mean frequency of the bursts 
at n= 1000 was found to be (0.70 + 0.04) 
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log F(2n) particles at various thicknesses of the upper layer 
- of lead (2, 4, and 5 cm). With a homogeneous lead 
absorber, the number of large bursts due the soft 
component of the e.a.s. begins to diminish at ab- 
sorber thickness greater than 2 cm.! If a layered 
absorber is used, the burst frequencies at 2 cm 

of lead differ from those of 4 cm of lead, at a 
threshold n= 1000, by a factor of 2.3. At 4 and 
5 cm, the burst frequencies become the same 
(accurate to 10%). This shows that, for the par- 
ticular filter employed, the role of bursts due to 
the soft component of e.a.s. is small. 

To determine the role of the bursts connected 
with muons and nuclear disintegrations, we meas- 
ured bursts with the same apparatus, but without 
placing a composite absorber over the chamber. 
The lead shields on the sides and bottoms of the 


y said “e 49 logan chambers were retained. In this case we regis- 
FIG. 2. Spectrum of bursts in chambers at n > 1000 rela- tered bursts caused by: 1) e.a.s., 2) nuclear dis- 
tivistic particles. Abscissas — logarithm of burst measured integrations, 3) muons traveling at small angles 


in ‘‘average’’ relativistic particles; ordinates — logarithm of 
number of bursts greater than n/hr-m?; @—total number of 
bursts; O—burst spectrum at aerial accompaniment of 
N >3 x 10’; x—spectrum of bursts in chambers at a shower 
accompaniment with N > 10*. 


to the horizontal plane. The corresponding ex- 
perimental data are listed in Table I. Knowledge 
of the magnitudes of the bursts in the individual 
chambers, of the number of counters operated 
under the chambers, and of the number of open 


hr'm~*. The burst spectrum is shown in Fig. 2. counters operated allows us to segregate the 
The observed bursts could be caused by: 1) the bursts due to various processes. (Naturally, such 
soft component of extensive atmospheric showers, a segregation of bursts is not unique in individual 
2) radiation bursts from high-energy muons, cases, but in each group of Table I the principal 
3) strongly ionizing products of nuclear disinte- part of the bursts is due only to one process. ) 
_ grations of low energy, and finally, 4) nuclear From the number of bursts produced by muons 
interactions in the absorber between high energy- traveling at small angles to the horizontal surface 
' particles that initiate electron-photon showers. we can determine the total number of bursts caused 
To verify the role of the bursts due to the soft by muons in the composite absorber. Actually, the 
component of extensive atmospheric showers, we angular distribution of the muons can be readily ob- 
performed preliminary experiments on the deter- tained by assuming the cosmic radiation to be iso- 
mination of the number of bursts with n = 1000 tropic, by assuming the pions and the muons to stay 


TABLE I. Bursts in chambers without filter above 


Number 
Classification of events of events 


Bursts in all chambers, accompanied by a nuclear-active shower 
(minimum number of counters operating in these cases under 
the chamber is 10). 

Bursts in one chamber; less than 6 counters operated under the 
chamber (bursts due to stars in the chamber walls and in the 
argon) 

Bursts in three and four chambers. Less than 5 counters oper- 
ated under the chamber (bursts due to muons traveling at 
larger angles with the vertical) 


Number of bursts 
per hr-m? 


Other cases: 
a) bursts in one:chamber; 10 (13) counters operated under the 
chamber 
b) bursts in three chambers; 9 counters operated under the 


chamber 
(Aerial accompaniment in these cases amounted to 5—10 counters) 
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TABLE II. Distribution of large bursts by number of counters 
operated under the chambers at various air accompaniments 


Number of aerial-accompaniment counters operated 


Number of Pace a 
counters medium large total 
operated under 0 4-2 Ly) 5-9 | 40—29 | >30 shower | shower number 
the chambers N~ 10* | N~ 10° | of cases 
0 11 3 14 
{—2 8 7 at 11 
3—4 3 4 7 
eh) 3 2 5 
10—24 7 8 Z 3 1 2 3 33 
=25 1 4) 2 3 EN es 4 4 26 
Total number : 6 
of cases 33 24 4 6 9 6 6 8 96 


in the direction of the primary particles, and by 
assuming that the pion-absorption range equals 
the interaction range.* At sea level, the number 
of muons with energies E, E+dE, traveling at 
an angle @ is 


J*(E,8) = CA(E)/ U1 + (L(E)/Z) cos 8), 


where L(E) is the decay range of pions with en- 
ergy E, Z) =x/p is a constant relating depth and 
pressure in the atmosphere, A(E) is the number 
of pions of energy E along the vertical, and C is 
a constant. 

In calculating the number of bursts we took into 
account the geometry of our setup and the reduction 
in effective muon energy with increasing path of par- 
ticles of the radiation shower in the chambers; the 
spectrum of the muons was assumed to obey a power 
law with exponent’? y = —2.5. Assuming that the 
number of mesons passing through the side walls 
of the absorber and causing bursts with n = 1000 
is approximately 0.1 hea me we obtain approxi- 
mately 0.2 hr~!m~? for the total number of bursts 
due to muons in the absorber. 

Thus, the bulk of the bursts at sea level, under 
the absorber used, is due to high-energy nuclear- 
active particles.t 

The presence of hodoscopic counters under the 
chamber during the time of some of the principal 
measurements also made it possible to segregate, 
in individual cases, the bursts due to different 
processes. Data on the accompaniment of large 
bursts (n = 1000) with operation of counters 
under the chambers and air accompaniment of 
the bursts are listed in Table II. 

As can be seen from Table II, the fraction of 
bursts accompanied by operation of a small num- 
~ *Assumptions usually made in calculating the altitude 
variation of muons (see, for example, reference 12). 

tIt follows from the data of reference 14 that the number of 
bursts due to nuclear-active particles of high energy decreases 
slowly at absorber thicknesses up to 50 cm lead, and more 
rapidly at 50-80 cm lead. It is therefore erroneous to attribute, 
as is done in reference 1, a muon origin to large bursts, whose 
number decreases slowly up to 27 cm lead. 


ber (= 5) of counters under the chamber amounts 
to ‘4, in agreement with the data of the control 
experiment (groups I and III of Table I). We note 
that the data given in Tables I and II exaggerate 
the role of nuclear disintegrations, since the area 
of the counters under the chambers equals the area 
of the chambers, and the distance between cham- 
bers is of the order of their linear dimensions. In 
the case of passage of an electron-photon cascade 
through the edge of the region occupied by the 
counters, the number of operated counters de- 
creases and such a case can be classified as a 
nuclear disintegration. 

It is seen also from Table II that among the 40 
cases with air accompaniment, equivalent to the 
operation of three or more counters, only in one 
case did less than ten counters operate under the 
chamber. This permits us to state that the role 
of nuclear disintegration is small in this group. 
The required presence of air accompaniment al- 
lows us to state that the role of bursts due to 
muons in this group is also small. The bulk of 
the bursts with such air accompaniment is thus 
due to high-energy nuclear interactions in the ab- 
sorber. The spectrum of bursts of this group 
(Fig. 2) can be represented by a power law with 
exponent equal to y = —1.5 + 0.2. The number of 
bursts with n= 1000 without air accompaniment, 
which (as already indicated’) is due to a consid- 
erable part to nuclear disintegrations, diminishes 
more steeply (exponentially). From data of other 
investigations, the spectra of bursts due to muons 
and strongly-ionizing products of nuclear disinte- 
grations are also characterized by a steep drop.'7!8 
The spectrum of bursts due to muons, according to 
the data of the control experiment, also has a steep 
drop, corresponding to a power law with exponent 
y ~ —2.6 (the number of such cases is small). 
The total burst spectrum (Fig. 2) is character- 
ized by an exponent y = —1.7 + 0.15. This indi- 
cates that the role of nuclear-active particles be- 
comes predominant in the region of large bursts. 
If we consider the region of bursts with n => 5000 
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TABLE III. Lateral structure of bursts under differing air 
accompaniment (bursts in 2 non-adjacent chambers, 
the smaller comprising a fraction x of the total) 


; | Air accompaniment Air accompaniment 
= x 
Se | oi | 5 | WSIS 
~1 | 3 | 0 4 >0.01 5 8 9 
220i i 7 4b6l <0.04 64 36 6 


We S be re oe ° le) g as o ahs ial 
va 10 aks bye 2 engl i of of oe 4 wih 4 ° th 
Ek o8 CR bs cl ed Ba eset ieee! 
Qo i ° ° ae) / if 
Bo ASS 5 g y | 
3 Bo 2 he fe} We 
S Ln ath tel Wie BK) aia = 

/ 


Dos Cine |) ey at See eee ee oe es a a a 


FIG. 3. Magnitude and accompaniment distribution vs. number of particles N in air shower; ordinate — burst measured in 


‘‘average’’ relativistic particles, n. 


and assume that the spectrum of bursts due to The processing of hodoscopic data of a portion 
muons and disintegrations is characterized by an of the experiments makes it possible to determine 
exponent y= —2.5, the role of such bursts de- the thickness of the air accompaniment of nuclear- 
creases to approximately 10%. active particles. Figure 3 represents a distribu- 
In some cases the burst results from two or tion of the part of the bursts in magnitude and thick- 
more high-energy nuclear-active particles strik- ness of air accompaniment. Figure 4 shows the 
ing the apparatus. Such are cases of large bursts logF(2N; >£n, 
in two non-adjacent chambers and cases of exten- al 
sive bursts, giving commensurate (differing by a Fit 
factor of less than 5) bursts in three chambers. i aie 
The latter cannot be explained by the broad angular eit ; ’ 
distribution of the electrons emitted from the lead.* ' i 
Table III gives data pertaining to the structure 
of the bursts. A fraction of the extensive bursts sy i tt 
(one column of the table) is caused by high-energy ; 3 t 
muons. 2 8 4 5 6 logn 
FIG. 4. Nuclear-active particle distribution vs. number of 
*We calculated the magnitude of the burst in the chamber particles N in the accompaniment; @—bursts with n > 1000, 
assuming isotropic distribution of the particles in the shower V—with n > 10,000 relativistic particles. Ordinate — logarithm 
under the lead, obviously the limiting case. It was found that of the number of nuclear active particles per hr-m?, accom- 
even under this assumption the burst in the third chamber was panied by a shower with more than N particles. 0, xX —calcu- 
8% smaller than the summary one, while in the neighboring lated data, each event results in: O—7 particles of energy 
chamber the burst amounted to 22% of the summary one with 0.1 E or x—1 particle of 0.3 E, one particle of 0.2 E, and 


the shower axis located at the center of the first chamber. 1 particle of 0.1 E. Solid curve —shower spectrum. 
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distribution relative to the number of particles in 
the shower, accompanying the nuclear-active par- 
ticles causing a burst with n = 1000 and with 

n= 10,000. The spectrum of the bursts of accom- 
paniment by an e.a.s. with N2=1*x 104 is also 
shown in Fig. 2. The spectrum can be described 
by a power law with exponent y = —1.0 + 0.2. 


DISCUSSION OF RESULTS 


As already noted, the magnitude of the burst in 
the ionization chamber located under an absorber 
is proportional to the energy transferred to the n° 
mesons during nuclear interactions of high-energy 
particles in the absorber. The value of the coeffi- 
cient k’ of proportionality between the energy of 
the primary particle and the mean magnitude of 
the burst n, expressed in relativistic particles, 
was derived previously for a given energy of pri- 
mary particle.! However, one must take into ac- 
count the spread in the energy transferred, caused 
by various possible interactions in the absorber 
between the primary particle and the particles of 
successive generations, even in a non-fluctuating 
event, but in the case of a steeply descending 
primary-particle energy spectrum. The value of 
the coefficient k of proportionality between the 
magnitude of the burst and the mean energy of the 
particle causing the burst of fixed magnitude in 
the chamber will therefore differ from k’. To es- 
timate the resultant variation of the coefficient, 
we have calculated the coefficient k under the 
following assumptions: a) the incident particle is 
a nucleon, b) the interaction range of high-energy 
particles in graphite is independent of the particle 
energy and equals!® 70 g/em?, c) the fraction of 
the energy transferred to the mesons in each event 
is independent of the nucleon energy Ey and equals 
0.4 Ey, and '% of the initial pion energy is trans- 
ferred to the 7’ mesons, d) the principal faction 
of the energy (~1) transferred in the interactions 
to the 1 mesons is carried by one meson. 


We determine the energy transferred by the first 


three generations of the nuclear cascade developed 
in graphite to the electron-photon component, for a 
given number of interactions between the particles 
of these generations. In finding the mean energy 
transferred at a fixed burst magnitude, the energy 
spectrum of the nuclear-active particles incident 
on the apparatus was assumed to obey a power law 
with exponent y= —1.5. The development of elec- 
tron-photon showers in lead was considered on the 
basis of the data of reference 16. The spectra of 
the secondary 1’ mesons were not known, and we 


therefore chose the mean number of particles under 


lead obtained under the assumption that the shower 


was due to one y quantum with energy Ey, or to 
the number of y quanta of equal energy, as ex- 
pected from the Landau theory (it was assumed 
that the number of y quanta equals twice the ef- 
fective number of mesons!"). The value thus ob- 
tained for the coefficient necessary to convert the 
number of particles in the burst to the energy of 
the particle causing the burst, is k= 8 x 108 ey 
for a particle energy 1 x 10’? ev. At higher par- 
ticle energies, the electron-photon cascades do 

not reach maximum development in the lower layer 
of lead, causing an increase in the coefficient k 
with energy. However, the energy of the 7 me- 
sons generated by the secondary m* mesons is 
considerably less than the energy of the 7 mesons © 
generated by nucleons, and the fraction of the en- 
ergy carried by the n> mesons is considerable. 
This reduces the dependence of k on the energy. 

For particle energies Ey) = 4 X 10! ev we ob- 
tain, with allowance for the foregoirg circumstance, 
k=1% 10° ev whereas for Ey = 4x 10! ev we get 
k= 1.4 x 10° ev. Data on bursts caused by nuclear- 
active particles pertain therefore to the eS 
4x 10%eyv energy domain. 

1) Interaction of nuclear-active particles of 
high energy in the atmosphere. The results ob- 
tained yield data on the character of the nuclear 
interactions that determine the passage of high- 
energy nuclear-active particles through the atmos- 
phere. 

As already noted, large bursts with n = 5000 
relativistic particles are caused by showers from 
nuclear-active particles. One can therefore com- 
pare our data on the intensities of such bursts with 
the data pertaining to the level of Pamir (652 
g/cm”),'* where the relative role of the bursts due 
to muons is generally small. The apparatus used 
in reference 14 was similar to ours, the chamber 
dimensions were almost the same, and the pressure 
in the chambers was the same. This makes possible 
a direct comparison of the data obtained with the tw 
setups. It must be taken into account in the com- 
parison that when a composite filter with graphite 
is used the number of bursts is greater by a factor 
of approximately 2 than when a solid lead absorber 
is used.° Equipment similar to ours registers the 
nuclear-active particles within a large angle; as- 
suming therefore that we register the global inten- 
sity at both altitudes, we obtain for the connection 
between the frequency of the bursts, registered at 
the Moscow level (Cy) and at the Pamir level 
(Cp) the following expression (see, for example, 
reference 17): 

Cyu/ Cp =2 (uxt 1)/ (ux. Sue 1)] exp er Se (Xy4 — Xp)}; 


where x,y is the Moscow depth and xp the Pamir 


A 
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depth. The absorption range of nuclear-active par- 
ticles with energies E =>5 x10!" ev, determined 
from these data, is found to be Aaps = 1/p= 

(124 + 14) g/cm?. 

The data available?’!*»1® on the intensity of the 
primary component also make it possible to deter- 
mine the value of the range for the absorption of 
nuclear-active particles with energies E = 5 x 10!” 
ev. Averaging the intensities given by Elliott!® and 
Cocconi,’® we obtain Aghs = (120 + 6) g/cm? (the 
errors are determined by the extreme values of 
the intensity of the primary component as given 
in these papers and by the statistical accuracy 
of our own measurements ). 

The data represented in Fig. 2 can be recalcu- 
lated for the domain of larger bursts n > 5000, 
with allowance for the energy dependence of the 
coefficient k. The graph obtained is shown in 
Fig. 5 and represents the energy spectrum of 
nuclear-active particles in the energy range from 
5x10" to 5x10'ev. The spectrum can be ap- 
proximated by a power law with exponent y 
= —1.51§-2. The spectrum of nuclear-active par- 
ticles of lower energies is actually shown in Fig. 
2, since at lower energies the coefficient k re- 
mains practically constant. The value of the ex- 
ponent in this case is y=-—1.5+40.2. The spec- 
trum of the primary cosmic radiation in the range 
of energies E ~ 10/2 ev can also be approximated 
by a power law with exponent y = —-1.540.1 (ref- 
erence 19). Thus, over a broad interval of nuclear- 

- active particle energies, 10/45. x 101 evatherex- 
ponent of the energy spectrum at sea level coincides 
with the exponent of the primary spectrum. 

The results obtained indicate that the absorption 
of the nuclear-active component in the atmosphere 
is described by a pure exponential curve, i.e., the 
coefficient of absorption is independent of either 
the depth of the atmosphere or the particle energy, 
at least up to E =~ 3 to 5 x10ev, and the exponent 
of the energy spectrum does not change with depth 
in the atmosphere. 

The fact that Agps is constant outside of the 
dependence on the depth in the atmosphere when 
the exponent y of the energy spectrum is constant 
is evidence that the mean characteristics of the 
elementary act remain unchanged up to energies 
exceeding, at least by a factor of several times, 
the energies of the particles registered at sea 
level (since particles with a given energy at sea 
level occurred in nuclear collisions of higher- 
energy particles ). 

A measurement of the fraction of cases in which 
the high-energy nuclear-active particle cause a 
burst not accompanied by a shower in air, as noted 
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in reference 6, makes it possible to determine the 
effective cross section for inelastic collision be- 
tween nucleons and the atomic nuclei of air, pro- 
vided the coefficient of absorption of nuclear-active 
particles in the atmosphere is known.* Actually the 
total number M of the registered bursts, caused 
by a nuclear-active particle with an energy greater 
than a given value, is connected with the number of 
bursts Mp), due to particles of the same energy 
which experience not a single collision in the at- 
mosphere, by the following (average) relation 


M,/ M = [(ebeX + 1)/ (tines + 1)] p exp {— x (Uim— Webs)? » 


where x is the depth of the point of observation, 

p the fraction of protons among the primary nuclei, 
ANabs = 1/Habs is the range for absorption of nuclear. 
active particles in the atmosphere, Ajnt = 1/Hint is 
the same for the interaction of nuclear-active par- 
ticles in the atmosphere (assuming that, owing to 
the great depth of observation, all the nuclei have 
experienced interactions in the atmosphere). When 
chambers of large area are used, it is necessary 

to take into account the possible simultaneous entry 
of two or several particles of lesser energies, con- 
tained in the shower, into the chamber. This in- 
creases the total number of bursts M of a given 
magnitude. An exact determination of the correc- 
tion for this correlation effect can be obtained from 
experiments with smaller chambers. An approxi- 
mate allowance for this factor can be made by in- 
troducing a coefficient p, smaller than unity. 

We note that in our setup the area of the count- 
ers registering the air accompaniment of the 
nuclear-active particles was 10.8 m?, This made 
it possible to register reliably an accompaniment 
containing merely several hundred particles. On 
the other hand, the lead of the absorber in the 


*The authors thank G. P. Zatsepin for valuable remarks 
made in discussing this and other questions. 
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setup was covered by a layer of low-Z substance 
(duraluminum, 1 cm) preventing the entrance of 
scattered particles of electron-photon cascades 
from the absorber into the counters that registered 
the air accompaniment of the nuclear-active par- 
ticles. However, the apparatus did not make it 
possible, in individual cases, to distinguish bursts 
caused by muons from bursts caused by interac- 
tions of high-energy nuclear-active particles. The 
role of bursts due to muons diminishes with in- 
creasing magnitude of the bursts. Thus, the num- 
ber of bursts without air accompaniment, which 
we observed, was due principally to higher- 
energy particles that experienced no interaction 

in the atmosphere, and to a small amount to radia- 
tion bursts caused by muons. For high-energy 
particles (large bursts with n = 5000) this cir- 
cumstance necessitates a supplementary small 
term A in the foregoing expression 


M,/M - Pexp teats (Hint — abs )} ta a 


A=6(8)M,/M, P=ppe; 


6(@) is the fraction of muons within a specified 
angle 6, and is the number of bursts due to 
muons. The value of M, can be obtained from 
control-experiment data. The magnitude of 6(0@) 
can be estimated, for mesons of fixed energy, from 
the formulas given above for the angular distribu- 
tion of the mesons. 

If the number of registered bursts is small, the 
foregoing formula, which is correct for medium 
magnitudes, cannot be used. It is necessary to 
use the expression for the probability of experi- 
mentally observing m bursts without air accom- 
paniment from among the observed n bursts, as 
a function of A;,;. Using the Bayes theorem we ob- 
tain the distribution for the probability Ajp; in this 
case 
W (Aint) =C le exp {— X (tint — Uebs)} ie ANE 

x[1 — Pexp{— x (uint—ers)}]" ”, 
where C is a constant. 

We registered 26 bursts with n = 5000, of 
which only one was not accompanied by a shower. 
This burst was due to ionization in one chamber 
only and was accompanied by operation of 9 count- 
ers under the chambers. Taking the geometry of 
the setup into account, we calculated the value of 
6(8) for mesons capable of producing bursts with 
n= 9000. Figure 6 shows a plot of W(Ajpnz) for 
n = 5000, plotted under the following assumptions: 
Aabs = 120 g/em*, p=0.7, and pK =0.8. The 
dotted curve for W(Ajy+) is plotted under the as- 
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FIG. 6. Probability 
of various values of Aint 
for nuclear-active par- 
ticles of E >5 x 10’? ev 
(solid curve); dotted — 
the same under the as- 
sumption that the unac- 
companied burst is due 
to a nucleon. 
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sumption the observed single burst without accom- 
paniment is due to a nuclear-active particle. It 
follows from the curve that the most probable value 
is Ant = 90 g/cm’, and that Aint = 90 + 10 g/cm? 
if all the bursts are caused by a nuclear-active 
particle. We note that the value of p, influences _ 
the form of the curve relatively little. The obtained 
value of Aint agrees with that recently given in 
other papers for considerably smaller energies 

(3 x 10%ev). An analogous value of Aint is also 
obtained for particles with E = 10'ev. We did 

not register a single particle of this energy with- 
out air accompaniment. This makes it possible to 
state that when E = 10" ev, Ajp¢ = 90 g/cm? with 
a probability ~ 0.73. Thus, it can be said that the 
interaction cross section does not decrease at 

least up to E & 1038 ev, and that it remains con- 
stant up to E~5x 10ev. 

From the observed simultaneous incidence of 
several particles with E 210! ev on the chamber 
(see Table III) we can estimate the lateral momen- 
tum acquired by a nuclear-active particle in nuclear 
scattering or generation. It is obvious that for a 
specified distance between the nuclear-active par- 
ticles, their effective generation altitude exceeds 
the nuclear free-path unit. At a range of 500 
meters in air, we assume the effective altitude to 
be 1000 meters. For the observed cases of par- 
ticles with E => 10"ev diverging by a distance 
~0.5 m, we obtain pj 2 5 x 108 ev/c. We also reg- 
istered one case where two nuclear-active particles, 
each with E ~ 1038 ev, passed through two non- 
adjacent chambers. Considering that in this case 
both particles deviated from the initial direction, 
we obtain p; & 2x 10° ev/c. 

The accompaniment of nuclear-active particles 
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shown in Fig. 3 indicates that nuclear-active par- 
ticles of such energy occur at different frequen- 


cies in showers with N = 10? to N = 108 particles.* 


The accompaniment of nuclear-active particles of 
a given energy by showers with different number 
of particles N is determined by the energy spec- 
tra of nuclear-active particles in the showers with 
different N. Vernov et al." calculated the energy 
spectra of nuclear-active particles from one pri- 
mary under various very simple assumptions con- 
cerning the character of the elementary act. As- 
suming, like Greisen,’ that the number of particles 
in the shower N is proportional to the energy of 
the primary particle E, and assuming that the 
spectrum of the number of particles in the shower 
y(N) is described by a power law with exponent 
y= -2.4 at 10? <N <10", we obtain curves for 
the accompaniment of particles with energies 
greater than a given value F (=>E, N) for the 
cases analyzed in reference 20 (see Fig. 4). 

Comparison of the experimental data with the 
theoretical accompaniment curve shows that in 
the case of particles of given energy, the presence 
of a broad range of accompaniment intensities 
(N ~ 10?—10°) is explained by the probabilistic 
character of the interaction and the finite number 
of interactions between nuclear-active particles 
of a nuclear shower and the nuclei of the atmos- 
phere. The relative frequency of differing accom- 
paniments is in sufficiently good agreement with 
the calculations for different characteristics of the 
elementary act; at the same time there is no need 
for making assumptions concerning the presence 
of two types of interaction, as mentioned in refer- 
ence 6. To obtain agreement with the experimental 
data at sea level for different types of acts it is 
necessary, however, to modify somewhat the in- 
teraction cross section. In order to choose a par- 
ticular model of the act in accordance with the ac- 
companiment curve, it is necessary to have a more 
rigorous comparison of the air accompaniment (N) 
and the particle energy (E, E,)), particularly in 
the range of small N. 

Let us note that, as canbe seen from Fig. 4, 
the accompaniment curve of nuclear-active par- 
ticles with E = 10!* has the same character as 
that for E = 10'ev. 

2) Nuclear-active component in low-density 
extensive atmospheric showers. The presence of 
an additional control system enabled us to study 
simultaneously the extensive atmospheric showers, 
regardless of whether they contained high-energy 
nuclear-active particles. Figure 4 shows a line 


*Strictly speaking, a certain part of the bursts with accom- 
paniment N ~ 10? can be due to muons. 


corresponding to the number of particles spectrum 
of the showers as observed by us. As can be seen 
from a comparison of the experimental data, 
nuclear-active particles with E = 10!ev are 
present in showers of low intensity, N ~ 10?—104, 
but not in each shower. Since the energy of such 
nuclear-active particles is of the same order as 
(or greater than) the energy carried by the elec- 
tron-photon component of the shower, the role of 
the nuclear-active component depends substantially 
on the presence or absence of such particles in an 
individual shower. This is seen from Fig. 3, which 
shows the energy and air accompaniment for each 
individual burst. This circumstance indicates sub- 
stantial fluctuations in the development of low- 
intensity showers; the equilibrium between elec- 
tron-photon and nuclear cascades in showers in 
which the energy of the nuclear-active component 
is too large does not exist at the observation level. 
Such cases can be explained, as indicated by the 
agreement with the calculation results given above, 
by a passage of a nuclear shower with weak devel- 
opment through the atmosphere. 

From the data on the accompaniment of nuclear- 
active particles by showers we can also obtain the 
value of the energy carried by a nuclear-active 
high-energy particle (E = 10"ev and E = 10'8 ev ) 
in a medium shower of different intensity. Actu- 
ally, in showers with N < 104 the number of 
nuclear-active particles of such energies n (=E,N 
is small, i.e., n (Z[E,N)< 1. Then, knowing F 
(=E,N) and g(N), we can find the number of 
particles with energies greater than a specified 
value n (=>E,N) = F (=E,N)/g(N) ina medium 
shower. The form of the energy spectrum of par- 
ticles in the region 10!2—10' ev was obtained by 
us, and we can therefore determine the energy car- 
ried by particles of such energies in the shower. 
However, the spectrum of low-density showers has 
not yet been investigated. To estimate the energy 
we extrapolated our shower spectrum to the region 
of lower N, using the same spectrum exponent, a 
fact that can only lead to an overestimate of the 
number of low-density showers, i.e., to an under- 
estimate of the fraction of high-energy nuclear - 
active particles. The results on the distribution 
of energy carried by a high-energy nuclear-active 
particle are listed below. 


1x10° to 3x10 3x 10° to 1x10* 


Number of particles in the shower: 
Ratio of the energy carried 
by a nuclear-active par- 
ticle to the energy of the 
electron-photon compo- 
nent at the following 
nuclear-active particle 
energy: E>10” 6% 7% 


E>10* 1% 1.5% 
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The energy of the electron-photon component 
was determined by us as Eep = 38N, where N is 
the average number of particles in the shower 
within the considered range of N, and £ is the 
critical energy in air. 

To estimate the mean value of the total energy 
carried by the nuclear-active component of a 
shower with a specified number of particles it is 
therefore necessary to take into account the con- 
tribution of particles with energies E ~ 10242101? 
ev, which appear in the shower at an average fre- 
quency of ~ 107. 

In conclusion, let us estimate the energy car- 
ried in a shower by nuclear-active particles that 
appear at a frequency <1. For this purpose we 
extend the spectrum of the nuclear-active particles 
towards the low-energy region assuming that the 
integral energy spectrum of such particles has a 
slope not less than that corresponding* to E7}. 

For a medium shower with N ~ 10?—10‘ particles 
this gives 40% of the energy carried by the electron- 
photon component. The value obtained for the en- 
ergy carried by the nuclear-active component in- 
dicates that the latter has a substantial role in the 
development of showers with N ~ 10°—104 par- 
ticles. The estimate given in reference 21 for the 
energy of the nuclear-active component in the lim- 
iting case — equilibrium between the electron-photon 
and nuclear-active components — allows us to state 
that for an average shower with N ~ 10°—104 par- 
ticles this condition is formally satisfied. 


CONCLUSIONS 


1. The exponent of the energy spectrum of 
nuclear-active particles at sea level, in the en- 
ergy range from 10’ to 4 x 1018 ev, remains 
constant at y= —1.5+0.2 inthe 10!*—5 x 10! 
ev range and y = —1.5*8-3 in the 5 x 104% —4 
x 1018 ey range. 

2. The coefficient of absorption of nuclear- 
active particles with energy ~ 103 ey in the at- 
mosphere corresponds to a range of (120 + 5.5) 
g/cm?, 

3. The cross section for the interaction between 
air nuclei and nuclear-active particles remains con- 
stant up to E=5 x 10 ev; at any rate, it does not 
drop until E = 10'8 ey, 

4, The presence of a broad range of intensities 


*Actually, in showers with N > 10* the energy spectrum of 
the nuclear-active particles, in the frequency region ~1, is 
characterized by y ~ —1.1. The energy spectra in showers 
with different N can be expected to be similar when expressed 
in units of E/E). 
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of air accompaniment for particles with E = 10? 
ev is explained by the different number of interac- . 
tions between the nuclear-active particles in the 
atmosphere under unchanged characteristics of 
the elementary act. 

5. Nuclear-active particles of high energy play 
a substantial role in the development of low-density 
showers with a total number of particles N ~ 10°23 
104. In the development of individual showers of 
low intensity, one observes large fluctuations in 
the distribution of energy between the nuclear- 
active and electron-photon components. 

The authors express their gratitude to S. N. 
Vernov for great help rendered in this work. 
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A new method for the direct measurement of the momentum of charged particles in a mag- 
netic field in the 10! — 10'* ev energy range is proposed. The method is based on the simul- 
taneous use of spark counters and nuclear emulsions. The possibility of applying the method 
to measurements of momentum spectra and to the investigation of nuclear interactions of 


protons with matter is discussed. 


lise method consists of the following procedure: 
Three spark counters I, II, and III (Fig. 1), trig- 
gered by a Geiger-Miiller counter system, are 
placed in the magnet gap. The spark counters 
make it possible to localize the trajectory of par- 
ticles in the counter plane with an accuracy of up 
to ~1mm?. (At present, counters of 18 x 80 mm 
have been constructed for a gap width of 2 mm. 
The sparks are photographed through transparent 
electrodes together with a coordinate-grid back- 
ground.) Nuclear emulsions 1, 2, and 3 (100 — 
200 thick) are placed under the spark counters.* 
An approximate localization of the trajectory of 
the particle is given by the spark counters. (A 
more accurate determination of the particle-tra- 
jectory coordinates is based on the tracks in the 
emulsion. ) 

The method, utilizing the tracks in the emulsion, 
makes it possible to localize the trajectory with a 
maximum accuracy, and thus to attain a high accu- 
racy in the determination of the curvature of the 
trajectory and, consequently, of the particle mo- 
mentum. It should be noted that, in certain cases 
where the load is small, Geiger counters of a small 
diameter, Conversi tubes, etc, can be used instead 
of spark counters. For a study of nuclear interac- 
tions, a multiplate cloud chamber, an emulsion 
stack, or another arrangement for observing the 
interactions, can be placed under the magnet. The 
interesting events can then be selected by a suit- 
able triggering method. 


~ *For greater accuracy in the determination of the trajec- 
tory and the coordinates (see below), glass plates coated with 
emulsion on both sides should be used. The direction of the 

. trajectory is determined from the point of intersection of the 
tracks in the emulsions with the surfaces of the plate. 
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ACCURACY OF MOMENTUM MEASUREMENTS 


Knowing the coordinates of the trajectory x, Xo, 
X3, we can determine the quantity A (Fig. 1), which 
is related to the particle momentum by the equation 


p = 300HL?2/4A, 


where p is the particle momentum, L the length 
of the telescope, H the magnetic field intensity, 


and 


The error in the momentum is due to the following 
causes: 

1. Errors in the determination of the coordi- 
nates xX;, X,, and x3, and errors in the determina- 
tion of J; and J, (i, and ly are the distances be- 
tween the emulsions, and 1,+1, = L). We assume 
that 1;=2,; we then have A = x3 +x,;—2x). Let 
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us denote the standard error in the determination 
of coordinates X14, Xg, X3 by dy. It can be assumed 
that dy) ¥ 2.5x107*cm. The standard error of A 
will then be* OAgeom = V6 d)*¥6xX104 cm. 

2. The error due to the scattering in the layer 
of matter inside the gap. The-projection of the 
mean-square scattering angle on the plane A is 
given by the equation 

V0? = (2 - 10° Vd) / (V2 pp) = (10° VBE) / (p8), 
where t is the thickness of the scatterer in radi- 
ation units. For the large energies that we are 
dealing with, 8 ~ 1. The standard error of the 
deviation due to the scattering is equal to 


SAscat =(L/2)V 62 = (L/p) 10°'V 7/2. 
The total error of the deviation is equal to 
Azg = 6a + 10"(L/ py t/2. 


Let us consider the value k = Ay, /V Agq : 
where Ay is the actual deviation of the particle 
in the magnetic field 


k = 300 HL? / 4p V 6d? + 10"*(L) p)*t/2. 


This formula makes it possible to determine the 
accuracy of the method. Let us put H = 10‘ gauss 
and t= radiation lengths. The values of mo- 
mentum for which k=1 and k=5, i-.e., those 


determined with errors of 100 and 20% respectively, 


are given in Table I. 


TABLE I 
Tele- p, ev/c 
scope 
length, 
pe ee eee | k=5 


100 | 4,.25-4012 }2.5.1012 (A = 30 p) 
50 3-102 |5.7-404 (A = 30 p) 
25 7.5-10% |8.5-402° (A = 55 p) 


Noting that spark counters with a working area 
250 Xx 120 mm can at present be produced, we can 
calculate the counting rate of protons at an altitude 


of 3000 m for different solid angles of the telescope. 


The results are given in Table II (where a is the 
absolute proton intensity ). 

From Table II it can be seen that, using small 
magnets, one can measure the momentum spectrum 
of protons up to the energy of ~ 10!? ey during a 
comparatively short time. The aperture of the in- 
strument is sufficient for the study of interactions 


*We neglect here the errors in J, and l,, Their contribu- 
tion to the value of A depends on the inclination of the trajec- 
tory and, for trajectories close to the vertical, is practically 
negligible. 


TABLE II 


Solid angle of the 
telescope, cm?-sterad, 


p, ev/c Qa, particles/cm?- 
sterad-day 25 55 100 
Counting rate, particles/day 
>101° Ave3 33 72 132 
>5-1010 0.44 Pf 6.0 10.8 
>1011 0.04 1 Zee 4 
>95-10 0.004 Ong 0,22 0.4 
>1012 0.0013 0.03 0.073 Ona 


in the high energy range, since about 50% of the 
protons will interact in the layer of matter, with 
a thickness equal to half of the nuclear mean free 
path, placed under the magnet. 


LOADING OF THE EMULSION BY BACKGROUND 
PARTICLES 


A question arises concerning the identification 
of a given trajectory among trajectories of particles 
passing through the given area of emulsion (of ~1 
mm? area) during the total time of exposure. 

The identification of an interesting event can be 
carried out by various methods, as, for instance, 
in the following way: From the three sparks in 
counters I, II, and III, we approximately determine 
the position of the trajectory and calculate the azi- 
muth and the length of the projection of the track in 
the emulsion on a horizontal plane. These data 
serve as the basis for the search and identification 
of the trajectory. For a small intensity of back- 
ground particles, e.g., in underground experiments, 
such a method of identification may be sufficient. 

In the following, we consider the background 
problem arising in the detection of protons at an 
altitude of 3000 m above sea level in the momentum | 
range ~ 10!° —10!2 ev/c. 

Let the total particle flux recorded by the tele- 
scope during the exposure time amount to N par- 
ticles. [We assume a telescope size of (252 x 127) 
x (40? cm?-sterad)7!.] If S isthe areaof one emulsion 
plate, then the loading is equal to n= N/S. We dis- 
regard here the loading due to particles travelling 
outside the solid angle of the telescope since, owing 
to the large inclination of their trajectories, they 
can immediately be excluded from consideration 
in scanning. 

We shall furthermore assume that the error in 
the determination of the direction of the trajectory 
in the emulsion in the plane A and in the plane B 
(Fig. 1) is equal to 0.3° (1/200 rad). (See first 
footnote.) For a telescope length equal to 40 cm, 
this gives an inaccuracy of ~ 1 mm in the deter- 
mination of the corresponding coordinate in the 
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adjacent row (Fig. 2). If the diameter of the spark 
is equal to 1 mm, then the probability of a chance 
coincidence of the direction ofthe trajectory in 
the emulsion with a given position of the spark is 
equal to 3/60 in projection B and to 3/125 in pro- 
jection A. The total probability of such a chance 
coincidence is equal to (3/60) x (3/125) » 1/800. 
For three layers of emulsion, this probability is 
equal to ~ 3/800. For a loading n, the probabil- 
ity of a chance coincidence between the direction 
of the track with the direction given by the sparks 
is o= 3n/800. 

Let us evaluate n. From the data on the total 
intensity of cosmic radiation arriving from the 
vertical direction and on the intensity of the pro- 
ton component, we can conclude that ~ 30,000 par- 
ticles will traverse the instrument during the time 
necessary for the detection of one proton with en- 
ergy > 10% ev. Fora proton with energy > 5 X 10"! 
ev, the number increases to ~ 300,000 particles. 
For an emulsion area of 250 x 150 mm, we obtain, 
respectively, loadings n, =1 particle/mm? and 
n, = 10 particles/mm?. It should be noted that the 
actual loadings will be smaller, since the emul- 
sions are placed in a strong magnetic field. 

Thus, for the detection of one proton with en- 
ergy >5 x 10!! ev, the loading is ny = 10 particles/ 
mm?, which gives o = (3X10)/800 = 3/80. This 
means that, in reducing 80 trajectories recorded 
by the spark telescope, there will be three cases 
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where, in an emulsion region with an area of 1 | 
mm, two trajectories may be observed going in ‘ 
the direction of the sparks. It should be noted, 
however, that the presence of two unresolved 
trajectories does not represent a danger from the 
point of view of an error in the momentum deter- 
mination, since such cases are simply excluded 
from consideration (3 trajectories out of 80 in 
this case). 

From Table II, it can be seen that the detection 
frequency of protons with energy > 5 X 10'! ev is 
equal to ~ 2 particles in 10 days. It is sufficient 
to exchange the emulsion every 5 or 10 days to 
avoid a dangerous loading of the emulsion. For | 
energies > 10!” ev, the values obtained shouldbe 
increased by a factor of three. | 

The calculation given above is tentative only, 
since not all the initial data have been accurately 
determined. For instance, one could expect that 
the actual localization of the particle trajectories 
by the spark counter may be a few times better 
than the value used above (1 mm? ), in which case 
the loading will play a still smaller role. 

Finally, for a large loading, one can use the 
moving emulsion method for trajectory identifica- 
tion. 

On the basis of the above, one can expect that 
the loading of the emulsion by background particles 
will not prohibit an application of the proposed 
method to the study of nuclear interactions of 
protons. 

The authors express their deep gratitude to 
A. I. Alikhanyan for the interest shown towards 
our idea and for making its experimental realiza- 
tion possible. 

Note received in proof (August 28, 1959): A 
spark counter telescope in a magnetic field started 
operation in June 1959. 


! Gramenitskii, Podgoretskil, and Sharapova, 
JETP 30, 277 (1956), Soviet Phys. JETP 3, 230 (1956). 
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V. B. LYUBIMOV, P. K. MARKOV, E. N. TSYGANOV, CHENG P’U-YING, and M. G. SHAFRANOVA 


Joint Institute of Nuclear Research 


Submitted to JETP editor April 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 910-916 (October, 1959) 


Elastic p-p scattering at 8.5 Bev was studied using photographic emulsions. The geometry of 
irradiation was such that the incident protons were perpendicular to the plane of the emulsion. 
Sixty-six cases of elastic scattering were found. Scattering on quasi-free protons and other 
background effects comprised about 2%. The elastic scattering cross section was (8.4 + 1.1) 
mb. The differential cross section down to 2.5° in the c.m.s. was obtained. Near 0° it turned 
out to be larger than would be expected on the basis of the purely absorbing proton model. 


INTRODUCTION 


Ts study of the elastic scattering of particles 
at high energy is a convenient way of studying their 
structure. The optical model, which was first ap- 
plied to the analysis of scattering of neutrons by 
nuclei,'! has been used widely to analyze experimen- 
tal data on the elastic scattering of m mesons and 
protons by nuclei at energies of 1 Bevand higher.”?® 
Recently, several authors,’~'! employing somewhat 
simplifying assumptions, carried out a phase-shift 
analysis of experimental data on the elastic scat- 
tering of m mesons and protons by protons at vari- 
ous energies. It turned out that the available ex- 
perimental results could be explained almost com- 
pletely by diffraction scattering. 

In the study of elastic scattering of high-energy 
m mesons and protons by nucleons, one encounters 
a series of experimental difficulties. Firstly, the 
cross section is small (5—10 mb). Secondly, the 
corresponding experiments demand detection of 
very small scattering angles (~1° in the labora- 
tory system, designated l.s.), whereas in the work 
of references 2 — 8 scatterings through angles up 
to 5° in the l.s. were missed, and in the work of 
reference 12 the differential cross section was 
measured from an angle of 2° in the l.s. (E = 6.15 
Bev). Thirdly, in work with photoemulsions, it is 
hard to segregate cases of scattering by protons 
bound in the nucleus,’**”® since this requires a very 
high accuracy in measurement of angles. 

An attempt was made in this work to avoid the 
difficulties indicated above. 


EXPERIMENTAL ARRANGEMENT 


In this work, the elastic scattering of 8.5 Bev 
protons by protons was studied using photoemul- 
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sions. Usually one scans along the track to find 
such events. However, with this method of search, 
the efficiency of detecting cases of scattering 
through small angles is low.” This is especially 
so for cases in which the scattering plane makes 
a large angle with the plane of the photoemulsion. 
An azimuthal asymmetry is also observed in area 
scanning in the case of irradiation parallel to the 
plane of the photoemulsion.'® Estimates using the 
optical model show that at 8.5 Bev almost all the 
scattering is concentrated in angles < 3° in the L.s. 
Therefore, the usual type of scanning along the 
track would introduce considerable distortion into 
the results. Also, the accumulation of statistics 

is exceedingly slow. 

In studying elastic scattering at E = 8.5 Bev 
using photoemulsions, it is advantageous to direct 
the proton beam perpendicular to the plane of the 
emulsions and carry out area scanning. Since the 
recoil proton* in most cases has a small momen- 
tum, directed almost perpendicular to the incident 
proton, i.e., it lies almost in the plane of the photo- 
emulsion, the efficiency of detecting the events of 
interest is high, and does not depend on the azimuth 
angle. The beam density employed in perpendicular 
irradiation can be several times higher than that 
used in parallel irradiation.’ This increases the 
speed of accumulation of statistics. Also, with 
such geometry it turned out to be possible to meas- 
ure angles of the scattered proton with high accu- 
racy, (~ 3! ). 

The enumerated advantages of such a method are 
considerable, and we believe that this method can be 
successfully used also at somewhat higher energies. 


6 


*We call the proton emitted at a large angle the recoil 
proton, and the one emitted at a small angle (relative to the 
incident beam) the scattered proton. 
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The present work was carried out with a camera 
of dimensions 10 x 10 x 2 cm® consisting of layers 
of emulsion of type NIKFI-BR of thickness 400 yp, 
irradiated by the internal beam of 8.5 Bev protons 
from the proton synchrotron of the Joint Institute, 
perpendicularly to the plane of the photoemulsion. 
Analysis on hydrogen content was carried out in 
control layers. It turned out that each em? of ir- 
radiated emulsion contained (2.90 + 0.06) x 10” 
atoms of hydrogen. 

Area scanning was carried out with 630-fold 
magnification in the central part of the layers, of 
dimensions 2 x 2cm. The mean beam density in 
this zone was (1.97 + 0.05) x 10° particles/cm?. 
In all, 1.53 cm® were scanned. 

In order to determine the efficiency of detecting 
the events of interest and the reliability of results, 
the entire area was scanned twice. Approximately 
9000 stars were found, including 451 two-pronged 
ones. From these two-pronged ones, stars were 
chosen, which looked like elastic p-p events. 
These cases were broken down into two groups: 

‘1) cases with a black recoil proton (I/Imin > 4; 
Imin ~ 40 grains per 100), 2) cases with a grey 
recoil proton (2 < I/Imin = 4). 

The detection efficiency in the first scanning 
turned out to be (68.7 + 2.9)% for events in the 
first group and (34.5 + 9)% for events in the sec- 
ond group. In the second scanning, the values were 
(84.0 + 2.6) and (56.5 + 12)%. The overall effi- 
ciency as a result of two-fold scanning was equal 
to (95 +1) and (71 +9)% for events of the first 
and second groups, respectively. Since it subse- 
quently turned out that the overwhelming majority 
of cases found (90%) belonged to the first group, 
the efficiency of detection for events of the second 
group was not investigated further. With such an 
efficiency, one scanner was able to scan 12 mm? 
in 6 hours, corresponding to ~10 m of track- 
length of incident protons. 


ANALYSIS OF DETECTED EVENTS AND 
METHOD OF MEASUREMENT 


In order to segregate cases of elastic scattering 
by free hydrogen the following criteria were em- 
ployed. 

1. The relation between the track length of the 
recoil proton R and its angle with respect to the 
incident proton gy should satisfy the kinematics of 
elastic scattering. 

2. The angle y between the direction of the pri- 
mary proton and the plane defined by the secondary 
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particles should be zero (condition of coplanarity). | 

3. The relation between the track length of the : 
recoil proton R and the angle y» of the scattered 
proton with the direction of the primary particle 
should satisfy the kinematics of elastic scatter- 
ing. 
4, At the point of scattering there should be no 
nuclear recoil and no f electron. 

When the recoil proton did not stop in the cam- 
era and its momentum, determined from ionization 
measurements, was known only with large error, 
the relation between the angle of the scattered 
proton and that of the recoil proton was required 
to be fulfilled as in elastic scattering. The error 
in measuring the track length of the recoil proton 
R did not exceed 5%. 

In order to determine the angle of the recoil 
proton, it is necessary to know the direction of 
the proton and the direction of the primary par- 
ticle. Since the angular half-width of the beam 
of incident particles was ~ 0.2°, the direction of 
the beam was taken as the direction of the incident 
particle. In order to determine this at a given 
point in the emulsions, the angle of incident par- 
ticles was measured from the values of projections 
along x and y axes. The x and y axes were 
chosen along lines marked by light, which were 
parallel to these axes to within 0.1 —0.2°. Meas- 
urements at a given point were carried out in 37 
layers. Because of distortion of the emulsion, 
these measurements in different layers did not 
reproduce the same value for the angle, and were 
distributed with a half-width of ~1°. The mean 
value of the angle gave the true direction of the 
beam through the given point. The beam direction 
was determined at five such points — on the edges 
of the working zone and in the middle. The values 
obtained agreed to within 0.2°, the main error in 
determining the angle of the recoil proton came 
from inaccuracies in measuring the angle of dip. 
This error did not exceed 1 —1.5° on the average, 
except for cases where the recoil proton had a 


short track-length (< 500,). 
Measurement of the angle ~ of the scattered 


proton was carried out in two ways: 1) by measur- 
ing the angle between the mean direction of the in- 
cident particles and the scattered proton. This 
method gave an average accuracy of the order of 
the half-width of the beam, i.e., 0.2°. 2) Near the 
scattering act, at a distance of 20 —30y, one track 
of a noninteracting incident proton was chosen for 
calibration. To determine the scattering angle y, 
four measurements of the projections along the x 
and y axes in the plane of the photoemulsion of 
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the line between the calibrating track and the track 


undergoing scattering were carried out. Two meas- 


urements were made before the scattering ~ 2000 


1%, apart (through five plates) and two, at the same 


distance following the event. The projections were 
measured to an accuracy of ~1lyu. This made it 
possible to measure the scattering angle to an ac- 
curacy of 2’— 3’, 

In determing the scattering angle ¥, effects of 
multiple scattering can be neglected. The error 
in the determination of the thickness of the layers 
was also small. In order to avoid errors, inde- 
pendent measurements were carried out simultane- 
ously, relative to three calibrating tracks. It is 
possible to determine the angle of noncoplanarity 
from these measurements, knowing the direction 
of the recoil proton. The error in y is determined 
mainly by the error in the angle of the scattered 
proton, and depends on the magnitude of this angle. 
Bhus,seAy = 3° efor y= 1°,’ if Ap= 3". 

Out of 451 two-pronged stars, 170 were dis- 
carded, since they obviously did not satisfy the 
selection criteria. For the remaining events, 
measurements of the track length R and angle 
of the recoil proton were carried out. All meas- 
urements were duplicated. Then the angle of the 
scattered proton was measured in the first way. 
These measurements were also duplicated. For 
a final separation of the elastic scattering cases, 
the angle ~ was measured in the second way, i.e., 
to an accuracy of 2’— 3’. 


SELECTION OF CASES OF SCATTERING BY 
FREE PROTONS 


One can try to estimate the expected contribu- 
tion from quasi-elastic cases which would be 
counted as scattering by free hydrogen. It is well 
known! that the distribution of protons in the nu- 
cleus with momentum is near to exp {- (Dk +Py 
+p, )/p?} , where pp corresponds to an energy of 
~20 Mev. The distribution of the projections of 
the proton momenta on an arbitrary axis will have 
the same form, with a py) corresponding to ~7 
Mev. 

We consider the influence of three mutually per- 
pendicular momentum components on the kinematics 
of elastic scattering, if the x, y plane coincides 
with the scattering plane, and x is the direction 
of the initial proton. A momentum component px 
causes a violation, in the main, of the first crite- 
rion (R and ¢~), acomponent py, of the third 
criterion (R and ~) and p, destroys the co- 
planarity. 

On Fig. 1 is shown the dependence of the angle 
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FIG. 1. Dependence 90 
of the recoil-proton angle 
~ (proton scattered through 
a large angle) on its mo- 
mentum p, for various 
values of the component 
p,, of momentum of a quasi- 
free proton, 0; +20, +42 
Mev/c. 
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y of the recoil proton on its momentum for elastic | 
proton-proton scattering, with momentum p, = 0, 
+20, +42 Mev/c. Within the intervals 0 —20 Mev/c 
and 0 —42 Mev/c, fall 20 and 40%, respectively, of 
all quasi-free protons. From the figure it is clear 
that with the given accuracy of 3% in measuring the 
momentum and of 1— 1.5% in measuring the angle 
of the recoil proton, it is possible to segregate at 
least 80% of the cases of scattering by quasi-free 
protons using the first criterion. It is easy to show 
that with the second and third criteria it is also pos- 
sible to segregate independently ~ 80% of the cases 
of scattering on quasi-free protons. Consequently, 
with the given accuracies of measurement, the con- 
tribution from quasi-elastic events will be on the 
order of a percent in the number of cases selected. 

For each case that was measured, the errors in 
the measurement were estimated, and cases satis- 
fying the kinematics within three standard errors 
were retained. Distributions for these cases 
plotted against |Ag|, T =|y/Ay| and |Av| are 
given on Fig. 2. From Fig. 2a it was found that the 
root mean square error in the measurement of the 
angle g was ~1.5°. From the distribution of the 
selected cases with I, it is clear that the errors 
in the angles of noncoplanarity were correctly es- 
timated. 

The distribution of cases with |Ay~| is given 
in Fig. 2c. For this histogram, cases were se- 
lected in which the recoil proton stopped and where 
the kinematics were satisfied to within three root 
mean square errors in the first two criteria. Cases 
of scattering on quasi-free protons with momentum 
Py fall in this figure, since these cases are not 
segregated by the first two criteria. A consider- 
able proportion of these cases fall in the region 
| Ay| > 12’ (i.e., beyond three times the half-width 
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FIG. 2. a: distribution of cases of elastic scattering 
with |Ag|, where AQ is the difference between the mea- 
sured angle of the recoil proton and the angle correspond- 
ing to its track length according to the kinematics; b: dis- 
tribution of cases of elastic scattering with I, where 
I = |y/Ay|, y is the angle of noncoplanarity and Ay, the 
error in it; c: distribution of cases chosen by the first two 
criteria (R vs Q and coplanarity) vs |Aw|. 


of the distribution), where there are no cases of 
scattering on free protons. From the number of 
such cases it is possible to estimate the contribu- 
tion of quasi-elastic cases of scattering and other 
cases belonging to the background in the region 

| A~| = 12’. This contribution was ~ 2%. 


RESULTS 


The selection criteria were satisfied, within the 
limits of three rms errors, in 66 cases. Of these, 
in only two did the recoil proton leave the emulsion 
camera. 

The angular distribution in the center of mass 
system for the cases in which the angles were 
= 6.3° is given in Fig. 3. 

Within the range 0 —2.5° a somewhat smaller 
number of cases was observed than in the neighbor- 
ing intervals. This probably resulted from the fact 
that some of the cases in which the path length of 
the recoil proton R <10u were missed in the 
scanning. Therefore, in the angular interval 0 — 
2.5° a correction of 3.4 + 1 cases was introduced, 
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FIG. 3. Angular distribution 6 
of cases of elastic scattering for 4 
angles <6.3° in the c.m.s. 4 
4000 ©0998 0996 0994 
cos¢(c.m.s.) 


under the assumption that the differential cross 
section in this interval is equal to the mean differ - 
ential cross section in the interval 2.5 —6.3°. Cal- 
culations show that the influence of Coulomb scat- 
tering on the differential cross section for angles 
larger than 2.5° was negligible. To evaluate the 
effect of Coulomb scattering for the angles less 
than 2.5°, much better statistics would be neces- 
sary. 

On the basis of estimates of the contributions 
of quasi-elastic cases, omission of cases of scat- 
tering through small angles, and efficiency of scan- 
ning, the total number of cases of elastic scatter- 
ing on free protons turned out to be equal to 73.9 
+ 9.1. Thus, the cross section for elastic scatter- 
ing was found equal to 


5, 2=(8:4 +2 teams 


According to reference 16 the cross section 
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FIG. 4. Differential cross section for elastic scattering of 
8.5-Bev protons by protons in the c.m.s. The dashed line in 
the first interval indicates the differential cross section with- 
out correction for the omission of cases at small angles. Curves 
1 and 2 were calculated from the optical model for a purely ab- 
sorbing proton and different assumptions about the dependence 
of the absorption coefficient on radius. 
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for elastic scattering at E = 9 Bev is equal to 


(10 + 4) mb. 

The differential cross section for elastic p-p 
scattering in the c.m.s. is given on Fig. 4 in the 
form of a histogram. The solid curve was con- 
structed from the data of Barashenkov and Euang 
Nen-Ning."! In their work the optical model was 
employed and, for energies of the incident proton 
greater than 5 Bev, the index of refraction was 
assumed to be unity, and the dependence of the co- 
efficient of absorption on radius was taken from 
the work of Grishin.'” The dashed curve was cal- 
culated for the model of a purely-absorbing disc 
with constant coefficient of absorption. In this, 
the total proton-proton interaction cross section 
was taken equal to 30 mb.!” 

The differential cross section obtained cannot, 
apparently, be made to agree with the model of a 
purely absorbing proton. According to this model, 
with neglect of spin, the differential cross section 
at 0°, as obtained from the optical theorem, is 


(do / dQ2)go = (Roz / 4n)”, 


where k is the wave number of the colliding pro- 
tons in the c.m.s. and ot is the total cross section 
for p-p interaction. For ot = 30 mb, the differ- 
ential cross section at 0° is equal to 57 mb/sterad, 
whereas, from Fig. 4 it can be seen that in the re- 
gion near to 0° the differential cross section is 
significantly greater. 

Optical-model calculations can be made to agree 
with experimental results if one assumes that the 
index of refraction is different from unity, i.e., 
there is potential scattering. It is possible that 
agreement would also be obtained if the interaction 
cross section were assumed different in the singlet 
and triplet states. The present work is being con- 
tinued, and a more detailed analysis of the experi- 


' mental data will be made after better statistics 


have been obtained. 

In conglusion, the authors would like to express 
the gratitude to the entire crew of the proton syn- 
chrotron of the Joint Institute for irradiating the 
emulsion camera, and the photoemulsion process - 
ing group of the High-Energy Laboratory of the 
Joint Institute for the chemical processing of the 
photoemulsion. The authors are very grateful to 
Prof. D. I. Blokhintsev, Acad. V. I. Veksler, and 
to M. Danysh, M. I. Podgoretskil and K. D. Tolstov 
for valuable remarks in discussions and for inter- 
est in the work. We would like to thank M. F. Ro- 
dichev for determining the hydrogen content of the 
dry emulsions, L. G. Kriventsov for determining 
the moisture content and specific weight of the 
photoemulsion, and also to the group of laboratory 
assistants for scanning and measurement. 


655 


1 Fernbach, Serber, and Taylor, Phys. Rev. 765, 
1352 (1949). . 

2W.D. Walker, Phys. Rev. 108, 872 (1957). 

3W.D. Walker and J. Crussard, Phys. Rev. 98, 
1416 (1955); 104, 526 (1956). 

4 Maenchen, Fowler, Powell, and Wright, Phys. 
Rev. 108, 850 (1957): 

> Duke, Lock, March, Gibson, McKeague, Hughes, 
and Muirhead, Phil. Mag. 46, 877 (1955). 

8 Duke, Lock, March, Gibson, McEwen, Hughes, 
and Muirhead, Phil. Mag. 2, 204 (1957). 

"Chretien, Leitner, Samios, Schwartz, and 
Steinberger, Phys. Rev. 108, 383 (1957). Cester, 
Hoang, and Kernan, Phys. Rev. 108, 1443 (1956). 
Fowler, Shutt, Thorndike, Whittemore, Cocconi, 
Hart, Block, Harth, Fowler, Garrison, and Morris, 
Phys. Rev. 108, 1489 (1956). 

8 Kalbach, Lord, and Tsao, Phys. Rev. 118, 330 
(1959). 

9S. Z. Belen’kii, JETP 30, 983 (1956), Soviet 
Phys. JETP 8, 813 (1956); JETP 33, 1248 (1957), 
Soviet Phys. JETP 6, 960 (1958). Ito, Minami, 
and Tanaka, Nuovo cimento 8, 135 (1958); 9, 208 
(1958). V. G. Grishin and I. S. Saitov, JETP 33, 
1051 (1957), Soviet Phys. JETP 6, 809 (1958). 
Grishin, Saitov, and Chuvilo, JETP 34, 1221 (1958), 
Soviet Phys. JETP 7, 844 (1958). Blokhintsev, 
Barashenkov, and Grishin, JETP 35, 311 (1958), 
Soviet Phys. JETP 8, 215 (1959). 

10V. G. Grishin, JETP 35, 501 (1958), Soviet 
Phys. JETP 8, 345 (1959). 

‘lv. S. Barashenkov and Huang Nen-Ning, JETP 
36, 832 (1959), Soviet Phys. JETP 9, 587 (1959). 

12 Cork, Wenzel, and Causey, Phys. Rev. 107, 
859 (1957). 

13 Dul’kova, Romanova, Sokolova, Sukhov, Tolstov, 
and Shafranova, Dok]. Akad. Nauk SSSR 107, 43 
(1956), Soviet Phys.—Doklady 2, 154 (1956). 

14 TLonina, Tolstov, and Tsyganov, [Ipu6oppi u 
TeXHMKa 9KCMepw“MeHtTa (Instrum. and Meas. Engg.) 
2, 37 (1956). 

15 Cladis, Hess, and Moyer, Phys. Rev. 87, 425 
(1952). J. M. Wilcox and B. J. Moyer, Phys. Rev. 
99, 875 (1955). E. M. Henley, Phys. Rev. 85, 204 
(1952). McEwen, Gibson, and Duke, Phil. Mag. 2, 
231 (1957). 

16 Bogachev, Bunyatov, Merekov, and Sidorov, 
Dokl. Akad. Nauk SSSR 121, 617 (1958), Soviet 
Phys.—Doklady 3, 785 (1959). 

177. S. Barashenkov and-Huang Nen-Ning, JETP 
36, 1319 (1959), Soviet Phys. JETP 9, 935 (1959). 


Translated by G. E. Brown 
183 


SOVIET PHYSICS JETP 


VOLUME 37 (10), 


NUMBER 4 APRIL, 1960 


THE SPECTRUM OF INTERNAL CONVERSION ELECTRONS ACCOMPANYING ALPHA 
DECAY OF U3, AND THE LEVEL SCHEME OF Th” 


Submitted to JETP editor April 29, 1959 


. TRET’ YAKOV, M. P. ANIKINA,. L. L. GOL’ DIN, G. I. NOVIKOVA, and N. I. PIROGOVA 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 917-927 (October, 1959) 


The spectrum of internal conversion electrons emitted by Th??? (daughter nucleus of Tee 
was studied ina 8 spectrometer with a toroidal magnetic field in conjunction with an e-a@ 
coincidence circuit. The existence of a rotational band starting from the ground state of 
Th??? was confirmed. The energies of the rotational levels were determined more accu- 
rately. Gamma transitions from some new levels (29.1, 71.4, 320.0, and 366.0 kev, and 


apparently 131 kev) were discovered and studied. The @ spectrum of 


The level scheme of Th22® is discussed. 
1. INTRODUCTION 


Ir is now well known!’? that the @ decay of U?% 
results in the populating of the whole rotational 
band of levels of the daughter nucleus Th’, start- 
ing from the ground state. Transitions to these 
levels are enhanced. The intensities of qa transi- 
tions to the rotational levels of Th??? show a very 
definite anomaly;?** they agree with the theory for 
the transitions to the first four levels (having spins 
of the successive levels equal to *4, "4, °4, and 
eo) and are in marked disagreement with theory 
for the next two levels (134? and 47). The con- 
clusion that the last two levels are rotational then 
followed only from the agreement of the energy 
with that calculated from the rotational formula. 
Such agreement could, of course, be accidental. 

The main purpose of the present work was to 
study the y transitions between levels of Th?2?. 
The study of the intensity and multipolarity of y 
transitions enables one to determine the nuclear 
spin and the parity of the wave function in excited 
states, and thus to establish whether the level be- 
longs to a particular rotational band. 

Investigation of the y transitions in Th??? is 
also of interest in another connection. The neigh- 
boring odd nuclei show a complex system of levels, 
resulting from the overlap of several rotational 
bands. In Th??? only one band was known, starting 
from the ground state. It was of interest to find 
out whether this simple picture is the result of 
the absence of other independent levels (in the 
low energy region) or is due to the weakness of 
@ transitions to these other levels. There was 
every reason to suppose that levels which do not 
show up (or appear weakly) in the a -decay, will 
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u?33 was improved. 


be populated by y transitions from higher levels. 

The investigation was carried out ina 6 spec- 
trometer with a toroidal magnetic field.! The el- 
ectronic circuit selected electrons emitted imme- 
diately following @ decay (e--a@ coincidences ). 
We could use pulse height discrimination in the 
electron channel, and thus lower the counter back- ~ 
ground. An a. spectrometer! was used to improve 
the a-spectrum of Wee 


2. PREPARATION OF SOURCES. CHEMICAL 
PURIFICATION OF URANIUM 


The sources were prepared by vacuum deposition 
of uranium (in the form of the oxide) onto a thin 
sheet of mica (0.8 mg/cm?). The deposition was’ 
carried out from a tungsten strip, onto which we 
first baked some tungsten powder. Depending on 
the intensity of the lines to be studied, the source 
activity was varied from 0.05 to 1 microcuries. 

The first pictures of the conversion electron 
spectrum showed a large number of lines, which 
could not be explained on the basis of the known!” 
@ spectrum of U?*3. The problem arose whether 
these lines actually belonged to the radiation of 
Thee following from a decay of U?*3. To check 
this we carried out a purification of the material 
of possible radioactive impurities. First we knew 
that the U8 sample contained U?*?, and conse- 
quently the whole radioactive series starting from 
it. It also contained Th???, though in small quan- 
tity. We determined the U?*2 activity from the 
238.6-kev y transition which follows the a decay 
of the Pb?! daughter. This transition has been 
well investigated (cf. for example, reference 3). 
The activity proved to be extremely small, so that 
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conversion lines appearing as the result of the a 
decay of the U®* itself could easily be eliminated 
from the U2"? spectrum. We first purified the 
material of Th, and consequently of all its short- 
lived daughters. The separation of Th from U 
was done by precipitating the Th in a lanthanum 
carrier by the fluoride method.® Threefold repe- 
tition of this cycle gives a purification down to 
some hundredths of a percent of the initial content 
of Th inthe U. By this same method we simul- 
taneously also rid the U of Ac.’ The intensity of 
the K-line of the 238.6-kev transition (Bi?!*) 
served as an indicator of the degree of purifica- 
tion of the uranium from thorium. After purifi- 
cation, the intensity of this line was reduced by 
at least a factor of 20. 

Later we carried out a purification of the ura- 
nium of protactinium as well as thorium and ac- 
tinium. The thorium and actinium were separated 
from the uranium by using a lanthanum carrier by 
this same method. The protactinium was precipi- 


tated with a barium carrier by the following method. 


A solution of uranyl sulfate was made 1N in H,SO, 
and 2N in HCl, and then 2 mg of barium carrier 
were introduced. BaSQ, was precipitated, carrying 
with it radium and 70 — 80% of the protactinium.® 
After threefold precipitation, only 2 — 3% of the Pa 
remained in the solution. In order to get rid of 

all the Pa and to rid the uranium of weighable 
amounts of iron and aluminum, a Zr carrier was 
added to a sulfuric acid solution of uranyl sulfate, 
and a twofold precipitation with cupferron was 
performed (cf. reference 6). After removal of the 


- zirconium and iron cupferrate from the Pa, the 


filtrate was steamed several times in concentrated 
HNO; to get rid of organic matter, the uranium was 
reduced to U‘* with amalgamated zinc in a reductor, 
and precipitated with cupferron.® The aluminum re- 
mained in the solution. The uranium cupferrate was 
burned to U3Q0, and dissolved in nitric acid. The 
uranyl nitrate was converted to uranyl chloride and 
used for preparing sources. When the filaments 
were heated, the chloride was converted to oxide. 
Chemical purification of the uranium resulted 
in no noticeable change in the appearance of the 
spectrum (except for the disappearance of the 
238.6-kev conversion line from Bi?!?), We thus 
demonstrated that the remaining electron lines in 
the spectrum were not part of the radiation asso- 
ciated with the presence in the sample of protac- 
tinium, actinium, thorium or the thorium series. 


3. RESULTS OF MEASUREMENT 


The most intense y transitions in Th”? are 


in excellent agreement with the principal lines of 
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the @ spectrum, as found in references 1 and 2. 
According to our measurements, the excitation 
energies of the first three levels of Th??? which 
are known from the q@ decay are 42.4 + 0.2, 97.3 
+ 0.3, and 163.4 + 0.4 kev. In measuring the en- 
ergy, the following electronic lines were used for 
calibration: the Ly line of 51.7 (Pu); the Ly 
of 43.5 and the Ly and Ly of 100.0 (Pu2°8); the 
Ly of 44.1 (Cm?#?). (The conversion radiation 
follows the alpha decay of the nucleus listed in 
parentheses.) We found the following transitions 
between these levels (the complete list of lines is 
given in the table) 

42.440 ,2(42.4—0) 80% M1+20% E2; 

54.7+0.5(97.3—42. 4) M1-+E2: 

97,30. 3(97. 3—0) E2; 


66 .0--4 0 (163.4—97.3) “a 
124.0-£0.3(163.4—42.4) E2. 


The energies of the levels are in agreement with 
the rotational formula: the measured values of the 
energies are 42.4, 97.3, and 163.4 kev; the values 
calculated from the rotation formula (with K = */) 
are 42.4, 96.8, and 163.5 kev. The energies of these 
three levels of Th?’ and the multipolarities of the 
transitions between them show that together with 
the ground state they belong to a rotational band 
with’ K = °/, 

If the level scheme of Th2”? were exhausted by 
the levels found in references 1 and 2, and if all 
these lines were rotational, then the maximum en- 
ergy of the conversion electrons would be 170 kev. 
But there are many lines with greater energy in 
the spectrum. (the conversion electron spectrum 
of Th??? is shown in Fig. 1). Analyzing this spec- 
trum, we found various transitions which could not 
be explained by the scheme proposed in reference 
2: 29.1, 71:4; 185, 245.3, 248.6, 277.8, 2910, oles 
321, and 366 kev. The K-conversion lines of the 
245.8, 291.5, and 317.3 kev transitions have an 
intensity of the order of 0.01%. From their L/K 
ratio, these transitions are most likely M1, though 
we cannot completely exclude El or M2, because 
of the poor statistics. 

It is difficult to set up a level scheme for T 
on the basis of these data because the last excited 
level, which was found in réference 1 and assigned 
to the ground rotational band in reference 2, has 
too high an energy (333 + 5.0). In reference 11, 
the excitation energy of this level was given as 
316 kev. A transition with this energy (317.3 + 1.0) 
was also found in our conversion spectrum. The 
245.3 and 71.4 y lines (giving a cascade 71.4 
+ 245.3 = 316.7) are explained by a transition from 
this level. It also turned out that the a transition 
to the 240-kev level (237 kev in reference 2) has 
an intensity of about 0.007%. A check of our old 
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data showed that the value of 333 kev! was the re- 
sult of a numerical error. When this error was 
corrected, the energy became 320 kev. 

The intensities of the 317.3 and 245.3 kev tran- 
sitions (0.01%) are considerably less than the in- 
tensity of the 71.4 kev transition (0.3%). It was 
therefore suggested that the 71.4 kev level is pop- 
ulated mainly by a-decay. In this connection we 
undertook a new investigation of the @ spectrum 
of U**? in the neighborhood of the main a peaks. 
For this purpose we had to use a very thin source 
and take long runs. Alpha lines corresponding to 
the transition to the 71.4 kev level of Th??? were 
actually observed (cf. Fig. 2). 


E.cE. CT RET AKON etal 


We know from the q@ spectrum of u%3 that the 
population of the 317 kev level is very small and 
amounts to only 0.04%. In order to find transitions 
from this level, we had to work with a thick source 
(~ 100 wg/em?) and reduce the resolving power of 
the spectrometer. Poor resolution and still insuf- 
ficient statistics prevented us from determining 
directly the spin and parity of the 317-kev level 
from the conversion spectrum. (The ratios of the 
L and K conversion coefficients for El, M1, 
and M2 transitions are not very different.) More 
definite conclusions concerning spin and parity can 
be made by comparing the intensities of the transi- 
tions with the population of the levels by @ decay. 


Conversion lines and y transitions of Th??? 


Line |Electron| Intensity, Energy of ¥ ray, Multi- | Intensity,) Transition 
Number] energy, | in % per | Conver- kev polarity | in % per | between 
kev a decay sion a decay levels 

2 9.2 0.51 | Auger 

3 | 12.0 0.51 | L-2M 

Ue ee 

5 | 15.35| - 0.24 | 2-2 | 

6 | 18.40] <0.05 

1 | 8.5 0.54 | partly L,] 29.0 

9 | 24.2 0.27| mM 29.3 |29.1440.2) aft? |0.740.4| 29.40 
at | 28.4 015; 29.4 | 

7 | 21.8 2 Ba ee 42.3 

ie a pao home 42.4 

10 | 26.4 4.3 | Ly, | 42.4 [42.40.21 80% 2} 16.0 | 424-0 
13 | 38.0 4.0 M 42.5 

44 | “12 1.2 N 42.5 

12 | 34.6 | Oven ie as wens 7 | 

15 | 405 1 0.82 OM — (54,7+0.5|a1 + £211.0+0.3| 97.3--42.4 
47 | 53.2 0/125). = 

19 | 61.6 | —0.01| ™M —  |66.041.0 0.05 | 163.4—97.3 
16 | 51.7 DMO Ih ate le gtk 

ER mal OA Se ais 74.3 |71,. 440.6 | . 0.30 71,4—0 
30 | 66.5 0.07; M 71.0 
21 | 70.8 0.03; oN 71.9 
23 | 77.5 G2a5. Fn 97.2 
24 | 81.0 Cue) pata 97.3 
27 | 92.8 0.12| epee er 7 ee ia 
28 | 95.7 | 0.03 N 96.8 | 
22° | 578.5 Ph 202005 
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Conversion lines and y transitions of Th??9* (continued) 


; | 
Line | Electron Intensity, Conver- | Energy of y ray, | Multi- Intensity,| Transition 
Number] energy, | in % per sion kev polarity.) in % per between 
kev a decay | | a decay levels 
Pov eresre yn) <<. 00s sh Lit 103.2 | 
103.01 .0 0.01 \(434—29) 4); > 
26 | 86.6 | <0.005 Ln 102.9 | 
29 1) Otc? 10.002 | Z,, 120.9 
30 104.7 | 0.010 Liy L210 
124.0+0.3 E2 0.03 | 163.4—42.4 
31 116.4 | 0.007 M 120.9 
32 120.8 | 0.003 N 121.9 
33} 124.7 | 0.004 
LO eiaom ena O04 K 245.3 |245.3+0,5| M41 0.015 | 317.0—71,4 
42 225.2 | 0.003 1b 245.7 
35 139.0 | 0.004 | K 248.627-0,8]} M1? 0.008 320—71.4 
| 
36 Holman Os001 
j - ! 
37 168.2 ! 0.002 K PAificonmles)| — iVAle 0.005 320——42°4 
38 181.9 | 0.008 K ahh) ea J 4 
4 271.0 | 0/002 TL 5915 291.570.5) A141 0.012 | 320—29.1 
U 
39 | 198.0 }<0.004 | 
“) | 207.7 | 0.012 a GPSS ae Aen a aga ye 
45 | 298.0| 0.003 | £ | 318.5 |ei7-OFt5) Mi | 0.02 | EIS oe 
At 242.0 | 0.004 K SY Oe deel 0,008 320-0 
| 
i ‘ | ) 
43 DEV ay i OOOH) K BOOS ieee aes ARIA ve 
48 348.0 |<0.001 | ie 368.0 366.0=2.0} M1? 0.005 366—0 
46 | 313,0| 0.0045 | 
| J on 
47 | 325.0 |<0.001 | | 


*Intensities of lines with energies below 30 kev are corrected for counter 


sensitivity. 


The intensity of the transitions from the 317 kev 
level is 0.03%. This immediately excludes the pos- 
sibility of an El transition, because of the small- 
ness of the conversion coefficients (eK/y = 0.05). 


The only remaining possibilities are M1 or M2. 


If we assume that the 317.3-kev transition is 
M2, then the level must have spin vA and parity 
opposite to that of the ground state. If the spin 
value were large, El transitions would be pos- 
sible with greater intensity than the 317.3 kev 


transition (0.02% for M2), and the population of 


the level, as computed from the conversion spec- 
trum, would exceed that obtained from the @ spec- 


trum by several times ten. We cannot ascribe a 


spin of ‘4 to the 317-kev level because of consid- 
erations related to the intensity of @ decay. In 
this case the a transition to the 317-kev level 


would be very highly forbidden, since the forbidden- 
ness associated with the change of parity would be 
added to the forbiddenness associated with the large 
amount of angular momentum carried off by the @ 
particle (l= 3). However experiment shows that 
the decay coefficient to this level is not too small 
(F = 0.03), while the coefficient for the known 
favored transition to the ground state is F = 0.5. 
Thus the additional forbiddenness amounts to 17. 
(For comparison we note that, for the a decay 
of Am‘! the transition with change of parity and 
1=1 is suppressed by a factor around 400. ) 

Therefore it is most probable that the parity of 
the 317-kev level is the same as that of the ground 
state of U?*? and Th’, and that the transition from 
this level to the ground state is M1. 

In the conversion electron spectrum, only one 
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FIG. 1. Spectrum of conversion electrons of Th”. 


strong transition from the 317-kev level to a level 
of the rotational band was observed, namely the 
transition to the °° ground state. This should be 
the case if the spin of the 317-kev level is 4. In 
this case the transitions to other levels of the ro- 
tational band will be E2, and their absence from 
the spectrum is not surprising (because of the 
lower probability of E2 transitions compared to 
M1, and their lower conversion coefficient ). 

In the conversion electron spectra, the K lines 
of the 245.3- and 317.3-kev transitions are broad- 
ened on the high energy side. We suggest that this 


broadening is caused by the presence of a level with 
excitation energy 320 kev, near to the 317-kev level. 


The following transitions are observed from this 
level: 1) 321.04 1.5 kev; 2) 277.841.5; 3) 248.6 
+ 0.8; 4) 291.5 + 0.5 kev, with a total intensity of 
about 0.02%. From the same arguments as for the 
317-kev level, the parity of this level is positive. 
Just as for the 317-kev level, we can assert on the 
basis of the intensities of the conversion lines that 
the 321.0-, 248.6-, and 277.8-kev transitions are 
M1. The most probable value of the spin of the 
320-kev level is °4. The intensities of M1 transi- 
tions to the ground and first excited states of the 
rotational band should then be in the ratio 1:0.4.!° 
This is in good agreement with our data on the in- 
tensities of the 321-kev (320—0) and 277.8-kev 
(320 —42.4) transitions. 
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FIG. 2. Alpha spectrum of U*** in the region of the princip: 
peaks. 
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FIG. 3. Electron spectra of Th??? and Pu?** in the region of 


Auger transitions. 


In the conversion electron spectrum there are 
relatively strong lines with energies 181.9 kev 
(0.008%) and 271.0 kev (0.002%). They are in- 
terpreted by us as K and L conversion of the 
291.5-kev y transition from the 320-kev level to 
the 29.1-kev level. The transition energy of 29.1 
kev was determined from the electron lines (cf. 
Fig. 3): 1) Ly, 8.5 kev (0.5%); 9) M, 24.0 kev 
(0.27% ); 11) N, 27.7 kev (0.15%). Line 1 at 8.5 
kev lies in the region of the (L-2M) Auger elec- 
trons and could easily be interpreted incorrectly. 
To clarify the picture we made a comparison of 
the Auger spectra of the parent nuclei U?*? and 
Cm2**, The corresponding spectra are shown in 


_ Fig. 3. As we see from the figure, the spectra 


are very similar everywhere, except in the region 
where line 1 is found, and there the intensity is 
considerably greater than at the corresponding 
line 1’ in Cm?2”, 

The intensity of the 29.1 transition is 0.7% as 
calculated from line 1, and is somewhat greater 


than 1% as calculated from lines 9 and 11. Itis 
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possible that there are y transitions of 44.5 or 
48.2 (M1), whose L lines increase the intensity 
of peaks 9 and 11. The shape of the a spectrum 
(cf. Fig. 2) also supports such a reduction in in- 
tensity of the 29.1-kev transition. Judging from 
the line a4), the a@ decay intensity to the 29.1-kev 
level can hardly be greater than 0.5%. The tran- 
Sition at 48.2 kev (or 44.5) with an intensity no 
greater than 0.2% could be a transition from the 
first rotational satellite of the level with energy 
71.4 kev. (The 71.4 kev level may be only the 
ground level of a band, since there is a strong 
transition going from it to the lowest state. ) 

Now we discuss possible assignments of spin 
and parity of the 71.4- and 29.1-kev levels. The 
parity of the 71.4- and 29.1-kev levels must be 
the same as the parity of the levels at 317 and 
320 kev. In fact, the transitions from the 317 
level to 71.4, and from 320 to 71.4 and 29.1 kev 
can only be M1 or M2 (from the intensities of 
the conversion lines). M2 transitions, which in- 
volve a change in parity, could not compete with 
the M1 transition to the ground state, and would 
simply not be seen. But in the experiment they 
have intensities of the same order as the transi- 
tions to the ground state. 

The spin of the 71.4-kev levei cannot be deter- 
mined uniquely on the basis of our data. Transi- 
tions of type M1 go to the 71.4-kev level from the 
levels at 317 (I= *4*) and 320 kev (1=%"), Dhue 
the spin of the 71.4-kev level can be %* or %*. 

Transitions to the 29.1-kev level occur only 
from the 320 level. The energy of the transition is 
291.5 kev (0.012%) and its multipolarity is M1. 
The spin of the 29.1-kev level must be great enough 
to forbid an M1 transition from the 317 kev level, 
for example, 4°. 

The electron lines 43 and 48 are explained on 
the basis of the 366-kev transition with intensity 
0.005% (for M1). Recently we received a report'! 
that a line was observed in the a -spectrum of U8, 
corresponding to a transition to the 364-kev level, 
and having an intensity of the order of 0.004%. This 
level is probably the rotational satellite of the 320 
or 317 kev level. In this case, the spin of the 366 
kev level should be either ¥,* or */*. 

We also made measurements of the electron 
spectra for electron energies below 6 kev. (An 
accelerating voltage of 4 kev was applied to the 
source.) No difference from the usual Auger spec- 
trum (M—2N) could be detected. 

In the @ spectrum of the principal lines there 
is an indication of a level with excitation energy 
130 kev and intensity about 0.05%. The existence 
of such a level is entirely possible. Electron lines 
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25 and 26 can be interpreted as the Ly and Lyy 


conversion lines of the transition from the 131 level 


to the 29.1-kev level. Part of the intensity of line 
37 at 168.2 kev could be interpreted as the L con- 
version line of a 185-kev transition from the 317 
level to the level at 131 kev. 


4. CONCLUSION 


1. A study of the conversion electrons emitted 
by Th22? has shown that the levels: 0, 42.4, 97.3, 
and 163.4 kev belong to a rotational band with K 
equal to Wee As pointed out in reference 3, the in- 
tensities of these lines are in good agreement with 
the theory of @ decay. We found no y transitions 
from the level at 240 kev (given as 237 kev in ref- 
erence 2), which could be assigned to this same 
rotational band. The population of this level was 
apparently badly overestimated. According to the 
data of reference 11, it amounts to only around 
0.007%. If this level is actually rotational and be- 
longs to the main rotational band, the absence in 
our spectrum of transitions from this level is not 
surprising. The transitions would have energies 
of 77 kev (240 — 163) and 143 kev (240 — 97). 

To confirm or deny the presence of transitions 

with such low energy and so small an intensity 

(of the order of 0.001%) is not possible for us. 
According to our data, the levels at 317 and 320 
kev do not belong to the main rotational band. 

Thus the discrepancy between the calculated 
and experimental values of the intensity of a 
transitions to the levels at 237 and 317 (given as 
333 in reference 2), which was pointed out in ref- 
erences 2 and 3, has been cleared up. 

2. The level scheme of Th22’ has proved to be 
much richer in excited levels than was apparent 
at first. A large number of the excited states of 
Th? appear weakly in the @ decay, since tran- 
sitions to such levels must compete with the en- 
hanced transitions to levels of the main rotational 
band. 

3. A comparison of data from q@ and y spec- 
trometry enabled us to establish the energy, spin, 
and parity of various levels of Th?®. The excita- 
tion energies of levels in Th? are: 29.1 + 0.2, 
Bone Vea (1.4 O.0,8 0 1 .o =. Uo, (lol. Oee eae One. 
163.4 + 0.4, 240 (from reference 11), 317.0 + 1.0 
320.0 + 1.5, and 366 + 2 kev. The level scheme 
is shown in Fig. 4. 

The authors consider it their duty to express 
their deep gratitude to their co-workers who took 
part in the work of investigating the conversion 
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FIG. 4. Level scheme of Th?”’. 
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The radioactive decay of Ac?*’ was investigated. Alpha decay was studied by means of an 
alpha-particle spectrometer. A beta-ray spectrometer in conjunction with an alpha-beta 
coincidence circuit was employed to study beta decay and the spectra of conversion elec- 


trons accompanying the alpha and beta decays of Ac”, 


Fine structure was detected in the 


wee?! alpha-particle spectrum. The energies of seven new lines and the intensities of the 
corresponding transitions were determined. A number of gamma transitions between levels 
of the Fr?28 daughter nucleus were detected. A level scheme for Fr??? is proposed. Three 
levels were detected in the spectrum of Th?’ that results from the beta decay of Ac”*". The 
energies of the levels and the intensities of beta decay to them were measured. 


1. INTRODUCTION 


AL differences are known to exist be- 
| tween nuclear level schemes depending upon the 
relative completion of nucleon shells in different 
nuclei. Nuclei possessing a large number of nu- 
cleons not included in closed shells are consider- 
ably deformed in their equilibrium states. Low- 
lying levels of such nuclei are, as a rule, associ- 
ated with collective rotational motion. Because of 
the simple laws that govern the rotational motion of 
deformed nuclei it is relatively easy to detect ro- 
tational levels and to determine their quantum char- 
- acteristics (spin, parity etc.). A large number of 
such nuclei have already been studied. In the case 
of nuclei with closed shells or with a small number 
of additional nucleons the stable equilibrium shape 
is a sphere, and rotational levels cannot appear. 
The single-particle and vibrational levels are rela- 
tively high-lying. As the number of nucleons in 
unfilled shells increases the energies of these 
levels are lowered. 

Nuclei in the vicinity of closed shells with Z = 82, 
N = 126 and nuclei with a large number of nucleons 
in addition to these shells have been studied rela- 
tively thoroughly, but the intermediate region is 
still relatively unexplored. It is usually assumed 
that the boundary between spherical and deformed 
heavy nuclei is near A = 225. Even-even nuclei 
in this region reveal levels that are characterized 
by the vibrational properties of the nuclear surface. 
However, the level schemes of odd nuclei near this 
value of A (in the few instances when they have 
been studied) are much more complicated and un- 
clear than those of the adjacent even-even nuclei. 
For example, the alpha-particle spectrum of Th?’ 


contains 15 groups of alpha particles,! but quantum 
numbers have not been determined for even a single 
excited level of the daughter nucleus. 

We have studied the radioactive decay of Ac", 
which is also in the intermediate region and con- 
tains an odd number (7) of protons outside of the 
shell Z = 82. Ac?" decays with 1.2% emission of 
alpha particles and ~ 99% emission of beta rays, 
with a half-life of 21.6 years. Although this isotope 
has been known for a long time its radioactive decay 
has remained practically uninvestigated. Concern- 
ing the alpha decay of Ac”*" there are only unpub- 
lished studies (mentioned in reference 1) which 
indicate that in its alpha-particle emission Ac”?! 
decays only to the ground level of Fr?3. Papers 
concerning the beta decay of Ac" contain conflict- 
ing information about the levels of Th?" Refor-— 
ence 2 states that 85% of the decays go to the ground 
level of Th?2’ and 15% to a 37-kev excited level. 
More recently? the measured end-point energy of 
the Ac?*’ beta-ray spectrum was found to be 45.5 
+ 1.0 kev, but the existence of excited Th?" levels 
was not confirmed. Reference 4 contains indica- 
tions that the beta decay of Ac??" is accompanied 
by gamma-ray emission with energy > 16 kev. 

The absence of reliable experimental data on 
the decay of Ac?" results from the great difficulties 
encountered in the study of this nucleus. The beta 
decay of Ac?’ results in the rapid accumulation of 
a number of short-lived isotopes: Th™" (T,, 
= 18.6 days), Ra”* (T,, = 11.2 days), Em’? (Ty. 
= 3.92 sec), Po*!> (Ty, = 1.8 x 10° sec), Bit! 
(Ti = 2.6 min), etc. The existence of short-lived 
emanation and its daughters among the products of 
Ac”*" beta decay results in a strong background of 
random alpha particles, which greatly hinders the 
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study of the relatively weak Ac?’ alpha activity. 


The study of Ac?2" beta decay is hampered by the 
large number of conversion electrons emitted by 
the daughter nuclei; it is quite impossible to dis- 
tinguish conversion lines associated with ew! 
alpha decay against this background. The first 
problem in the investigation of Ac”" decay was 
therefore the thorough chemical removal of anne 
and Ra?*3. The other products of Ac”? decay pos- 
sess very short half-lives and accumulate only in 
proportion to the accumulation of Th22? and Ra2"3. 


2. CHEMICAL PURIFICATION OF ACTINIUM 


Th" and Ra??? were separated chromatograph- 
ically from Ac?2” by means of a procedure which 
Peterson’ and Hagemann® had used to separate 
actinium from irradiated Ra’, In reference 5 
Ac was separated from Ra using the Amberlite 
IR-1 ion-exchange resin. The eluant for Ac was 
0.25M ammonium citrate, while the eluant for Ra 
was 3N HCl. In reference 6 Ra was eluted from 
the Dowex-50 cation-exchange resin by means of 
2N nitric acid, while 4N nitric acid was used for 
the Ac. In the latter reference the procedure was 
indicated very briefly without a description of the 
conditions for separating these elements. 

We separated Ac™" from Th?" and Ra2?8 using 
ion-exchange resin KU-2 in hydrogenous form. 
Nitric acid in different concentrations was the 
eluant. The resin was first finely divided and 
shaken together with water. For column filling 
we required a fraction that would settle at the rate 
of 0.2—0.5 cm/min. 5N HNO; and 5% NH,OH were 
passed through the columns successively in order 
to remove the impurities in the resin. 

The actinium used as the starting material con- 
tained no appreciable amount of radioactive impur- 
ities other than its own decay products. The weight 
of inactive impurities in the actinium sample did 
not exceed the weight of actinium oxide. Doubly- 
distilled HNO; with a specific gravity of 1.38 was 
used to prepare the nitric acid eluant. All solutions 
were kept in quartz flasks. 

In developing our technique we had two purposes: 
1) to determine HNO; concentrations for eluting 
Bae Ac?" and Th22?. 2) to determine the condi- 
tions for separating these elements which would 
enable us to reduce the volume of eluant to a mini- 
mum. 

The first trials showed that the bulk of the Ra?8 
is eluted with 2N HNO3, Ac?’ with 4N HNOs, and 
Th" with 5N HNO3. In these experiments an ac- 
tinium fraction amounting to 50 cm® contained 

~ 80% of the original amount of Ac together with 


3% of the equilibrium amount of Ra2*3 and 1 to 2% 
of the equilibrium amount of Th”2", ‘ 
The following optimum experimental conditions 

were determined: column length J = 8—10 cm, 
diameter d= 0.2 cm and elution rate v = 0.15 
cm?/min. These conditions enabled us to reduce to 
15 or 20 cm? the volume of the actinium fraction 
containing the bulk of the Ac, together with 2 or 3% 
of the equilibrium amounts of Ra2*3 and Th". The 
use of thoroughly purified ion-exchange resin and 
solutions insured the required purity of the final 
solution; evaporation and further heating of a 25 
cm® actinium fraction left a residue weighing no 
more than 0.01 mg. 

The final trials to obtain an actinium solution 
free of Ra2* and aca which would be used in 
preparing sources, were conducted under these 
same conditions. In trials 1, 2, and 3 the original 
solution contained 31, 19, and 570 microcuries of 
Ac”2" respectively; the results are shown in Table I. 


TABLE I 
Ac??7 content in sample, 

Number HNO, volume microcuries 

of | concen- of eluate, ; 
sample} tration cm? Trial 1 | Trial 2 | Trial 3 

1 2N 50 = == = 

2 4N 4 Oz (O17 8.0 

o) 4N 20 20.0 1453 430) 

4 4N 15 e® 1.4 ao) 

5 4N 435) Omi ON Las 

6 5N 50 2.5) a 74 


For our subsequent work we used samples 3 
and 4, which in all three trials contained the bulk 
of Ac*", The solutions were boiled down to a small 
volume in quartz dishes and were then transferred 
to conical quartz test tubes in which they were evap- 
orated almost to dryness before being diluted with 
1N HNO, to a volume of 0.05 cm’. 


3. EXPERIMENTAL PROCEDURE 


The alpha-particle spectrum of Ac?*’ was in- 
vestigated by means of an alpha-particle spectrom- 
eter.’ The sources were prepared by vacuum evap- 
oration of actinium (that had been purified of decay 
products ) from a tantalum filament. Additional 
separation of Ac and its daughter isotopes during 
evaporation was achieved through the proper choice 
of filament temperature. The chemical purification 
combined with purification during sublimation 
ytelded sources that were practically free of Ra??%, 
Em?! and all decay products of Em?!®. At the be- 
ginning of the readings the Th?’ content of the 
sources amounted to 3 — 6% of the Act as deter- 
mined from the total activity. With such small 


| Th?" content the ratio of the number of all alpha 
| particles to the number of Ac?" alpha particles 
per unit time varied from 3:1 to 6:1 and became 


period the background of random alpha particles 
became too large. The actinium activity of the 
sources amounted to 1 —3 microcuries. 

The spectrum of conversion electrons accom- 


vestigated by means of an alpha-beta coincidence 


fully purified of Ac??’ decay products the back- 
ground of Th??’ and Ra2*? conversion electrons 
accumulating during readings was still too large. 
Therefore in order to distinguish the conversion 


duced an additional channel for coincidences be- 
tween conversion electrons and alpha particles 
discriminated according to their energies. We 
thus simultaneously registered three curves: 
1) the total beta-ray count, 2) the count of alpha- 
beta coincidences and 3) the count of B-Qgiser 
coincidences. 

In the B-Qdiscr channel alpha particles were 
detected by a scintillation counter with a thin 


Alpha particles were discriminated by means of 


1000 


FIG. 1. Alpha-ray spectrum of Ac””’ in the 4825—4975 
kev region. 


500 


400 
FIG. 2. Alpha-ray spectrum of Ac?” in the 4650—4800 


kev region. 


larger in the course of time. Therefore no source 
could be used for longer than 100 hours, after which 


panying the alpha and beta decays of Ac?2" was in- 


spectrometer.’ Even though the sources were care- 


electrons accompanying Ac alpha decay we intro- 


CsI (Tl) crystal. The counter resolution was 8%. 


a single-channel pulse-height analyzer with a win- 
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dow of variable width. The transmission of the 
apparatus was ~ 2% for the recording of B-a co- 
incidences and 0.5% in the B-Qgjgcey channel. 

A shortcoming of the technique used to study 
beta-ray and coincidence spectra was the use of 
a scintillation counter with a stilbene crystal to 
detect electrons. The sensitivity of such counters 
declines rapidly as the energy rises. To determine 
the sensitivity the Ac?2" spectrum was recorded 
with accelerating, zero and retarding potentials 
applied to the source. The sensitivity curve was 
established according to the variation of relative 
peak intensities. With calibration performed in 
this manner the errors in determining conversion 
line intensities in the soft part of the spectrum 
may amount to 30%. 


4. MEASUREMENT RESULTS 


Figures 1 and 2 show the alpha-particle spectrum 
of Ac?” with the ordinate axis representing nay, 
the average number of alpha-particle tracks in a 
strip of photographic emulsion. Figure 1 shows 
alpha lines representing transitions to the ground 
state and to three low-lying excited levels of Re 
which were registered during a period of 11 hours 
and 45 minutes. Figure 2 shows alpha lines corre- 
sponding to higher excited levels of Fr2?3, which 
were registered in 45 hours and 20 minutes. A 
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weak 225-kev line is observed, but the intensity of 
the corresponding transition is only 0.1% of the 
alpha activity and the existence of a 225-kev level 


cannot be regarded as proven. The energy intervals 


from 4950 to 5050 kev and from 4450 to 4650 kev 
were also investigated. The 4450-4650 kev region 
revealed a line with ~ 0.2% intensity corresponding 
to a 440-kev level, the existence of which also re- 
quires confirmation. No alpha line with intensity 
greater than 0.1% was detected in the 4950 — 5050 
kev region. 

The results of our investigation of the Ac 
alpha-particle spectrum are summarized in Table 
I; 

The Ac”’ spectra of beta rays and coincidences 
of conversion electrons with alpha particles are 
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TABLE II 
ee 
Alpha- Alpha- : 
rine particle see ; banaliloe ee 
; intensity, 
Bid kev % n 
do 4949-+-2 0 48.7+3 6.7 
a2 4936 .5-43 dail 36.43 8 
Aga 4866-+3 84.5 6.9-+1 14 
102 48/9-+3 102 5.541 14 
A166 4786-+5 166 1,0-+-0.5 40 
Ai93 ATEQ 45 193 1,.8+0,5 ey 
A225? 4728+8 225 Oe = 
C250 47.48 250 0.4+0.2 38 
A446 4517-10 440 ~0.2 —— 


shown in Fig. 3. Curve 1 in the upper part repre- 
sents the total beta-ray count, while curve 2 
represents the B-a@ coincidence count. Curve 1 
clearly shows 9.3-, 15.2-, and 24.5-kev conversion 


FIG. 3. Beta-ray spectrum of 
Ac?’ and spectrum of conversion 
electrons accompanying the alpha 
and beta decays of Ac??”. 1) total 
count of electron detector; 2) e—@ 
coincidence count; 3) e—@ coinci- 
dence count with discrimination 
in the @-particle channel. The 
ordinate axis represents the num- 
ber of beta-counter pulses. Each 
curve is plotted on two scales as 
indicated in the figure. The beta 
line near the end-point is plotted 
with a dot-dashed line. 
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transitions, which are not present on the coincidence 5. LEVEL SCHEME OF Ere? 
curve (curve 2). The intensities of these lines do 
not increase as Ac?2? decay products accumulate 
in the source. These energies are therefore asso- 
ciated with the beta decay of Ac and represent 
transitions between levels of the Th?2? daughter 
nucleus. The dashed line below the total-count 
curve represents the part of the continuous beta- 
ray spectrum near the end-point. 

The $-Qdigscr coincidence curve is shown in FIG PSone ence 
the lower part of the figure. A comparison with &?” aipha-decay and 
curve 2 shows that the background of accidental Rivivielales 
coincidences is small and that all conversion lines 
can be assumed to represent transitions accom- 
panying Ac??? alpha decay. An analysis of results 
obtained with the same source during different time 
intervals shows that the intensities of these lines 
do not increase. This provides additional proof 
that the corresponding transitions take place in 
the Fr?’ nucleus which results from Ac22” alpha gamma transitions. The 12.7-kev transition (Table 
decay. III) goes from the first excited level to the ground 

Table III summarizes the measurements of con- level; this is an E2 transition [as determined from 
version electrons accompanying the alpha and beta the (Myz+ Myy)/Myyy ratio]. 70.4-kev gamma radi- 
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The scheme of Ac**' alpha decay and Fr 
levels is shown in Fig. 4 together with the observed 
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decays of Ac™?, ation results from a transition between the 84.5- 
TABLE III 
ore eee Line Gamma-ray | Transition 
energy, intensity, origin eo ee ee : z 
kev | arb. units | Ns 
Conversion electrons of Th’ (curve 1) 
1 4.46 1425 0 | My 9.27 
2 5.24 1545 My 9.27 
3 8.28 720 N ; ~9.33 9.3+0.1 
4 9.23 200 O 9.50 
5 10.04 400 M, 15.20 
6 11.50 40 My 15.16 | 15.240.4 
7 13,98 130 Ny NS 28) 
8 LOZ O 1529) 
9 19.5 50 My 4. My | ~24.5 
10 20,6 8 Mi 24.63 | 24.5-+0,2 
23.4 15 N ~24.45 
Aarne alee 
Conversion electrons of Fr?”* (curve 3) 
tipo Re 130 My4My | ~12.8 ; 
2 9.04 130 My 12.70 (2.7 
3 41.90 80 N ~12.7 
4 51.76 11 Ei 70.39 a 
5 55,28 6 Lig, a 9 
6 65,69 Ly 84,32 | 84.5 
7 65.69 7 M 70.0 70.4 
8 65.69 K 166.7 166 
9 69.6 4 role eles Paan e 
40 78.6 1 M So 
11 82.4 5 Ly 101.0 104 
) 190 
2 89 th K 190 
3 96.6 A) M 101 104 
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and 12.7-kev levels and may be of multipolarity E1 
or M2, as shown by an analysis of L-conversion 
line intensities. In addition, the B-Qgigcy coinci- 
dence spectrum includes lines which may be attrib- 
uted to 84.5-, 101-, 166-, and 190-kev gamma 
transitions, whose multipolarities could not be de- 
termined. 

The Ac??? ground state has been shown experi- 
mentally to have spin a .. According to Nilsson’s 
scheme”? a nucleus with Z = 89 will have K =%% 
and even parity (level [651]). It can therefore be 
assumed that the ground state of Ac?" has K = *%, 
I=*%,% and even parity. The spin of Fr?3 was not 


measured; if this is a spheroidal nucleus, according 


to Nilsson’s scheme the ground state most probably 
has K= dp and even parity (level [660]). The hin- 
drance factor for decay to the ground state of Fr228 
is small (yn =6.7), and it is reasonable to assume 
that the level scheme should contain rotational lev- 
els belonging to the ground-state band. An E2 
ground-state transition takes place from the 12.7- 
kev level. If it is assumed that this level is the 
first rotational satellite of the ground level, it fol- 
lows from their small separation that for these two 
levels K = +4, which agrees with the value of K 
for the Fr??3 ground state in Nilsson’s scheme. 
Higher levels of this band should, like the lower 
levels, form doublets. The Fr?’ level scheme 
clearly shows two doublets in addition to the lower 
one. However the 84.5-kev level in the lower one 
of these additional doublets has parity opposite to 
that of the still lower levels. Moreover, the ener- 
gies of the four lower levels are not given by the 
familiar formula’! for rotational levels with K='/: 


Brome 2 | 2d) AEE 4-1) Sg a aa ane 
(1) 


However this formula accurately represents the 
energies of the two lower levels and of the 166- 
and 193-kev levels (within experimental error ). 
We here have h?/2J = 17.4, which agrees with 

the values that can be expected in this region. We 
therefore conclude that the 0-, 12.7-, 166-, and 
193-kev levels are very probably rotational levels 
belonging to a single band with the spins given in 
Fig. 4. We have assigned spin I = 7, to the ground 
state and I='% to the first excited level. Inverted 


spin values have also been assigned to the two upper 


levels, because of the existing ground-state transi- 
tion from the 193-kev level. This transition should 
not be observed if the 193-kev and ground levels 
have spins % and Y, respectively. For the given 
spin sequence the splitting factor in (1) is 
= -—1.25. 
The existence of rotational levels in a nucleus 
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belonging to the intermediate region between de- 
formed and spherical nuclei is significant and 
merits more thorough discussion. It may be as- 
sumed that the nuclear shape and the positions and 
characteristics of the levels depend essentially on 
an odd nucleon. It is therefore interesting to com- 
pare the level schemes of Fr223 and Fr2?!, which 
are in the same region of A and have the same 
number of odd nucleons outside of closed shells. 
The Fr2*! levels are known from the alpha-decay 
spectrum of Ac®*°, which contains nine alpha lines, 
while seven gamma transitions have been observed 
between levels of the Fr?*! daughter nucleus.’ As 
in the case of other investigations of nuclei in this 
region the literature contains no attempts to iden- 
tify the observed levels. The lower levels of re 
are shown in Fig. 5 together with the known gamma 
transitions. 


T AKoaa 
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FIG. 5. Lower-lying level 
scheme of Fr??? 107 (2.6%) 
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The conversion-line intensities associated with 
the ground-state transition from the first excited 
level indicate clearly that this is an E2 transition. 
This multipolarity as well as the relatively small 
level separation may, just as in the case of Fr??%, 
indicate that these two levels belong to a single 
band with K ='%,. The next excited levels of the 
ground-state band may be the 107- and 194-kev 
levels, which together with the two lower levels 
are accurately represented by (1). We now have 
fie /25 = 13.3, which does not differ too much from 
the corresponding value for Fr?23, 

The question as to whether the band formed by 
these four levels has a normal or inverted spin 
sequence cannot be answered unambiguously with- 
out additional investigation of the conversion elec- 
tron spectrum. We select an inverted sequence 
by analogy with Fr2”’. In this case a= — LEO 
in satisfactory agreement with the value of a for 
Er3, Analysis thus shows that the structures of 
the Fr?”3 and Fr?! levels are similar, thus pro- 
viding additional confirmation of the aforementioned 
view that the Fr?3 and Fr! nuclei are deformed. 
The (nearly) resolved character of the Ac?2" 
(iKe= 7) alpha decay to the ground state of Fr223 
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(K = ays in which K undergoes change, seems 
at first glance to be a contradiction. But it must 
be remembered that with diminished deformation 
we may expect a weakening of K -forbiddenness, 
and that we at present have no information concern- 
ing the magnitude of K -forbiddenness in the given 
region. It may be small, being represented by 7 

= 6.7. 

Fr?3 and Fr?! may be regarded as deformed 
nuclei, if the foregoing reasoning is correct. The 
boundary between deformed and spherical nuclei is 
then somewhat lower than was previously supposed, 
at least for odd nuclei. 


6. LEVEL SCHEME OF Th22? 


Table III shows that Ac?" beta decay is accom- 
panied by the emission of gamma rays with the en- 
Brsies 9.31 0.1, 15.2 + 0b, and 24.5 + 0.2 kev. 
The 9.3-kev transition is most likely of the electric 
quadrupole type, possibly mixed with a consider- 
able amount of magnetic dipole radiation. The mul- 
tipolarities of the 15.2- and 24.5-kev transitions 
were determined more accurately: 99.8% M1 
+ 0.2% E2 for 15.2 kev and 99% M1 + 1% E2 for 
24.5 kev. The multipolarities of the transitions 
were determined from the ratio (My + Myy)/Myqrq. 

The fact that the sum of two transition energies 
practically equals the third transition energy in- 
dicates that the observed transitions take place 
between two excited levels at 9.3 and 24.5 kev re- 
spectively and the ground state of Thee Figure 6 


Ac??? 


FIG. 6. Scheme of Ac?’ 
beta decay and Th?” levels. 


Tn??? 


shows the scheme of Ac??’ beta decay and qh 
levels. For the reasons mentioned above we were 
unable to determine the intensities of beta decays 
to Th22" levels; approximate intensities are indi- 
cated in Fig. 6. The beta-transition intensities 
were used in calculating log ft. For the ground- 
state transition log ft = 7.0; for the transition to 
the 9.3-kev level log ft = 6.9; for the transition 
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to the 24.5-kev level log ft =6.8. The striking 
similarity of these values results naturally from 
the identical parity of the levels. Gamma transi- 
tions between these levels are of types M1 and 
E2. We obtained 42 —45 kev as the end-point 
energy of the beta spectrum (Fig. 3), which does 
not disagree with the result given in reference 3. 
Our results are quite insufficient for determin- 
ing the quantum characteristics of Th22" levels. 
For this purpose we would require information 
concerning higher levels, which may, of course, 
not be occupied through Ac?" beta decay because 
of the low end-point energy. 
The authors are greatly indebted to G. I. Grishuk, 
V. F. Konyaev, Yu. N. Chernov and S. V. Kalashnikov 
for their assistance with the measurements of Ac??? 
alpha and beta spectra. 
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The temperature dependence of Young’s modulus and internal friction has been measured for 
alloys of the elinvar and coelinvar types and also in nickel and nickel-zine ferrite. An internal- 
friction peak, a jump in Young’s modulus and an effect of the magnetic field on the dynamic 
Young’s modulus have been detected near the Curie point in alloys possessing the large para- 
process magnetostriction. It is shown that these phenomena are due to redistribution of spins 
within the domains induced by elastic stresses. 


ip Until now the study of the elastic properties of 
ferromagnetics has been devoted to anomalies in 
the elastic moduli and internal friction (or absorp- 
tion of sound) produced by redistributions of the 
magnetic moments of the domains. The chief as- 
pects of these phenomena are sufficiently well de- 
scribed in the literature.! The present work is 
concerned with elasticity anomalies of a different 
kind, brought about by a redistribution of spins 
within a domain on application of elastic strains 
(“mechano-paraprocess””?). These anomalies have 
not been much studied before, while measurement 
of them for several ferromagnetics seems essen- 
tial. The appearance of anomalies of this kind fol- 
lows from thermodynamic considerations; the the- 
ory of second order phase transitions shows that 
on passing through the Curie point ferromagnet- 
ics with a large spontaneous lattice deformation 
or (which comes to the same thing) a large mag- 
netostriction by the paraprocess, must show a jump 
in the elastic modulus. It also follows from these 
thermo-dynamic relations® that there must be an 
anomalous absorption of sound at the Curie point, 
i.e., a maximum in internal friction. Neither phe- 
nomenon has been observed in ferromagnetics so 
far. 

We have measured the temperature dependence 
of the modulus of elasticity and internal friction 
near the Curie point in the alloys Fe-Ni-Cr (elin- 
var), Fe-Co-Cr (coelinvar), nickel, and nickel- 
zinc ferrite. The measurements were made with 
a precision apparatus described previously by 
one of us,‘ utilizing the damping of ~ 10° eps waves 
in the specimen. The accuracy in the elastic mod- 
ulus was 0.004% and about 1% for the decrement. 

2. Figure la shows the temperature variation 
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The results are treated thermodynamically. 


of Young’s modulus for elinvar of composition 36% 
Ni, 12% Cr, and 52% Fe, which has a large para- 
process magnetostriction. Alloys of this type have 
a spread-out magnetic transition, so that the Curie 
point was determined by using the thermodynamic 
coefficients.° For the alloy used, the Curie point 
was 74°C. The modulus was measured on the un- 
magnetized specimen and in an applied field of 252 
oe, which is larger than the field for saturation. 
This makes it possible to excludea trivial AE effeci. 
produced by redistribution of the magnetic moments 
of the domains. The spread-out jump in modulus on 
passing through the Curie point can be seen on Fig. 
la and is equal to 0.3% of the value of the modulus. 
A small reduction of modulus in the field relative 
to the unmagnetized specimen can also be seen in 
the immediate neighborhood of the Curie point. 
Figure 1b shows the results for a specimen of 
composition 33.1% Ni, 7.4% Cr, and 59.5% Fe, 
which has a larger paraprocess magnetostriction. 
There is, correspondingly, a larger jump of mod- 
ulus than in Fig. la. The effect of a field in the 
neighborhood of the Curie point can also be seen. 
The temperature dependence of the logarithmic 
decrement for the first alloy in various fields is 
shown in Fig. 2a. There is a sharp internal fric- 
tion peak near the Curie point. This becomes 
smaller for increasing field and moves slightly 
to higher temperatures, becoming less sharp. An 
alloy 53.5% Co, 8.7% Cr, and 37.8% Fe belonging 
to the coelinvar class (see Fig. 2b) has an even 
larger and sharper maximum in internal friction 
near the Curie point and an extremely large para- 
process magnetostriction.° Measurements on pure 
nickel and on nickel-zine ferrite, in which the para- 
process magnetostriction is negligible, showed that 
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_ the maximum in internal friction and the jump in 
elastic modulus do not occur. This indicates that 
in elinvar and coelinvar alloys the anomalies are 
related to magnetoelastic effects produced by re- 
distribution of spins within the domains. 

3. These results can be explained qualitatively 


' on the basis of the theory of second-order phase 


ee 


transitions,’ with the inclusion of relaxation ef- 


fects. The specific thermodynamic potential of 
an isotropic single domain ferromagnetic near the 
Curie point can be expressed by the relation 
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FIG. 1. Dependence of Young’s modulus on temperature: 


a—alloy 36% Ni, 12% Cr, 52% Fe; b—alloy 33.1% Ni, 7.4% Cr, 


59.5% Fe. 
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where qa and 6 are thermodynamic coefficients, 

o the specific magnetization, y the magnetostric- 
tion constant (we are concerned with the paraproc- 
ess magnetostriction), E ) Young’s modulus at con- 
stant magnetization, and p the unidirectional elas- 
tic stress (we consider the simplest case, when the 
field and magnetization directions coincide with the 
direction of the stress). If elastic waves are ex- 
cited in a ferromagnetic, the time dependence of 


2,00 


hile 


150 Z00TC 

FIG. 2. Dependence of logarithmic decrement on tempera- 
ture: a—alloy 36% Ni, 12% Cr, 52% Fe; b—alloy 53.5% Co, 
8.7% Cr, 37.8% Fe. 
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magnetization is given by the kinetic equation? 
ds /dt = —kdOD/0s, (2) 


where k is the kinetic coefficient. 

The magnetization o can be considered as the 
sum of the equilibrium magnetization o), deter- 
mined from (1), and the equilibrium conditions 
(86/80)p T= 0, (8°6/80")p,T > 0, together with 
an additional magnetization dp, produced by the 
small stresses p of the elastic waves. From (1) 
and (2) and the equilibrium conditions we obtain 
(assuming Oy K Oy): 

— doy /dt = k(H / 59 + 2859) op + kysop. (3) 
If we assume 0p ~ elwt and use the thermodynamic 
relation Al/1 = —9®/8p, we obtain from (1) and (3) 


the relation between the stress p and the deforma- 
tion produced: 


Salt 


Since Al/Ip = Ev! (1-i6/7),° where 6 is the 
logarithmic decrement, we obtain, taking yEo <p 
the relaxation relation for Young’s modulus and the 
decrement of a ferromagnetic near the Curie point 


‘ A 
E=E,(1—;-55), (5) 
6 = tAgort / (1 te w?t?), (6) 


ky?o? | (4) 


k(H/o, a 2805) + io 


where 7T, the relaxation time and Ap, the degree 
of relaxation are given by 


eek) BH fey 2 28c5), (7) 


A, = Eyy?o2 | (H [Sq + 2502). (8) 


It can be seen that t and Af are expressed in 
terms of purely magnetic quantities. 

4. In the simplest case H=0, when (see ref- 
erence 8) 


=oi=—a/8=a,(8—T)/p, T<6; 


Lp (9) 


(og is the spontaneous magnetization), we obtain 
for the static Young’s modulus (w = 0) 


Er<e=Ey(1—Eyy?/ 28); Ere = £o. 


From this it is evident that the jump in elastic mod- 
ulus at the Curie point is determined by the square 
of the magnetostriction constant y: 


AE/ Ey = (7? / 28) Ep. (10) 


Substituting our measured values for magnetiza- 
tion and magnetostriction for the alloy 36% Ni, 
12% Cr, and 52% Fe at the Curie point (y = 7.4 
x 1078 g*/gauss?cm®, 6 = 0.43 g*/gauss?cm?) we 


find AE/E) = 1.1%. This “ideal” jump is shown 
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by the dashed curve in Fig. 1. In practice the jump 
obtained is smaller and is spread out in tempera- 
ture, probably because non-uniformities in the alloy | 
spread out the ferromagnetic transition. In addi- 
tion, for measurements at frequencies w #0 one 
must take relaxation effects into account. If H=0, 
then from (7) and (9) the relaxation time is 


cree= —1/2ka = 1/2koe (8 —T), 


tT >0 — CO. 


(11) 


Therefore on approaching the Curie point, E ap- 

proaches E, because of the increase in T [see 

Eq. (5)] and this spreads out the jump in modulus. 
It follows from (6) that for 


(12) 


OT = l 


there must be a maximum in the internal friction. 
The temperature of the maximum is determined 
(H = 0) by (11) and (12): 


O—T nay = ©] 2he,. (13) 


5. We now examine the influence of a magnetic 
field on the elastic modulus and internal friction. 
Near the Curie point we can put® Oo = pf His, 
Using this relation, we deduce from (8) that the 
degree of relaxation Arf for T * @ is independ- 
ent of field. The field will consequently only affect 
T. It is easy to see from (5) and (7) that an applied 
field will reduce the modulus by an amount 6E. The 
calculation shows that in the immediate neighborhood 
of the Curie point OE depends on H in the follow- 
ing way: 


| /8E = 38./ y2Eo + (8? / 3y2k2EQ) HO”, (14) 


Figure 3 shows the dependence of (6E)™! on 
H-¥3 for the alloy 53.5% Co, 8.7% Cr, and 37.8% 
Fe at the Curie point. The experimental points fall 
satisfactorily on a straight line. 


1/SE, mm?/kg 


FIG. 3. Depend- 
ence of decrease in O10 
Young’s modulus on 
magnetic field (coor- 
dinates (GE), H“*) = ga5 
for alloy 53.5% Co, 
8.7% Cr, 37.8% Fe, < | 
near the Curie point 0 
@O09ne@): 
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It can be seen from (6), (7), and (8) that an in- 
crease in field moves the internal friction peak 
nearer to the Curie point, reduces its value and 
spreads it over a wider temperature interval. This 
is all found experimentally (see Figs. 2a and 2D) 
We should point out that the experimentally deter- 
mined peak height is lower than calculated from 
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(6) and (8). It is also contrary to the theory that 
the lowest maximum is obtained in the unmagne- 
tized state; it is possible that the domain structure 
of the specimen has some effect here. 

It follows from (13) that the damping maximum 
should move towards low temperatures with in- 
creasing frequency. In fact, measurement of 6 
for coelinvar at a frequency of 100 kes shows the 
maximum displaced to 77°C. It is interesting to 
note that we could not obtain a maximum for the 
absorption of sound in such an alloy at 5 Mcs over 
the whole range from room temperature to the 
Curie point. 

6. The kinetic coefficient k in (2) determines 
the rate at which the equilibrium magnetic state 
is reached in a single-domain ferromagnetic. We 
calculated this quantity in two ways: (a) from (14) 
and the slope of the straight line in Fig. 3, and 
(ob) from (13) and the experimental © —Tmax, 
whichis 2 to 4°( Fig. 2a). It isdifficult to determine 
Tmax More accurately because of the background 
in the 6(T) curve, due to the domain structure 
as well as other causes. Both calculations gave 
the same results: k ~ 102 em*/g-sec. 
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Nuclear emulsions were bombarded with 660-Mev protons and the resulting disintegrations of 
nuclei in the emulsions studied. The nuclei investigated were carbon, introduced as diamond 
specks, the light nuclei (C, N, O) of the emulsion and the heavy ones (Ag, Br). Analysis of 
disintegrations in carbon indicates that there is no significant difference in the mechanisms as- 
sociated with the production of stars which do or do not contain slow (R = 50.) particles. It 
was found that if the potential barrier criterion were used to pick out stars due to C, N and 

O nuclei, there would be a 19% admixture of stars due to Ag and Br. 


1, INTRODUCTION 


I N studying disintegrations of nuclei in emulsions 
when these are bombarded by various particles, 
one of the first questions to arise concerns the 
nature of the disintegrated nucleus. 

Disintegrations in emulsions can be divided into 
two fundamental classes: those in light (C, N, O) 
nuclei and those in heavy ones (Ag, Br). This 
division can be made using the potential barrier 
criterion, as follows. If, after the cascade proc- 
ess in the initial nucleus, the remaining interme- 
diate nucleus is a heavy one, then the potential 
barrier inhibits the emission of particles with 
energy less than a certain threshold (9 Mev for 
particles with Z=2 and 4.5 Mev for particles 
with Z=1). Hence all stars containing a track 
less than 50u long (which corresponds to an a@ 
particle with energy 9 Mev) must correspond to 
the disintegration of a light nucleus. It is very 
unlikely that a heavy nucleus would emit such a 
low energy particle. 

The fundamental work on the disintegration of 
light nuclei in emulsions has been carried out 
using this potential barrier criterion. However, 

a careful analysis of whether this criterion is 
actually justifiable leads to serious objections. 

1. At high excitation energies, deformation of 
the nuclear surface can lead to lowering of the 
potential barrier. On the other hand, in principle 
such a nucleus could decay into unstable fragments, 
which then decay like a light nucleus, i.e., with the 
emission of low energy a particles. 

2. In a nucleon-bound nucleon collision, the 
residual nucleus is not highly excited. In inter- 
actions of this sort, on light nuclei, slow particles 
will not be emitted. 
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3. At sufficiently high excitation energies of 
light nuclei there is no reason to suppose that low 
energy particles would be emitted during the disin- 
tegration; the higher the energy of the incident par- 
ticle, the more likely it will be that the decay will 
not produce low energy particles. 

In view of the above, it becomes desirable to 
take a critical look at the potential barrier crite- 
rion, together with experimental data based on it, 
especially at high energies of the bombarding par- 
ticles (several hundred Mev and higher ). 


2. DISINTEGRATIONS OF LIGHT NUCLEI SUCH 
THAT THERE ARE NO TRACKS SHORTER 
THAN 50u 


To study the interaction of 660-Mev protons with 
carbon, we introduced! a suspension of diamond dust 
into a nuclear emulsion. The diamond particles are 
transparent, so that the interesting disintegrations 
could easily be picked out. 

Analysis of carbon nucleus disintegrations’ leads 
to the conclusion that 51% of the disintegrations are 
not accompanied by tracks of length R = 50u. (In 
the following, disintegrations unaccompanied by 
short tracks will be called L, disintegrations, 
while those which do have tracks of length R < 50 
will be called L, disintegrations.) In his study of 
C, N, and O due to protons with energy 1 Bev, 
Philbert? found that 55% of the disintegrations were 
L,. Comparing this number with the fraction of Ly 
disintegrations that we observed, we find support 
for the conjecture made above that the fraction of 
L, disintegrations increases with increasing en- 
ergy of the bombarding particle. 

Thus the potential barrier criterion eliminates 
more than half of the disintegrations of light nuclei. 
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FIG. 1. Energy distribution of @ particles from the disin- 


tegration of C’*. Solid curve—ali disintegrations, dotted curve 


—L, disintegrations. 


It is interesting to compare the results for the 
groups L, and Ly. 

The energy distributions of @ particles and 
protons from C! stars are shown in Figs. 1 and 
2. The solid line refers to all stars, while the 
dotted one refers only to the group L,. The spec- 
tra in each group are normalized to the same total 
number of particles. Both the @ particle and the 
proton spectra differ somewhat for the two groups. 
This difference is apparently due to the way the L, 


group is defined, and does not reflect a real differ - 


ence between the mechanisms for disintegration in 


the groups L, and L,. This conclusion is supported 


by the angular distributions in Figs. 3 and 4. The 
angular distributions are for the same particles, 

@’s and protons, whose energy distributions were 
given in Figs. 1 and 2. Figures 3 and 4 show that 


the angular distributions for groups Ly, and L,+Ly, 


and hence for L,; and ly, are the same. 
Our conclusion, that there is no real difference 


between the mechanisms for formation of stars with 


short tracks and those which do not have short 


tracks, is directly opposite to the conclusion drawn 
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FIG. 3. Angular 
distribution of ® par- 
ticles from disintegra- 
tion of C’”, Solid 
curve — all disintegra- 
tions, dotted curve — 
L, disintegrations. 
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tions. 
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by Philbert and Vigneron,‘ who studied stars made 
by 1-Bev protons. In their work, Ly, stars were 
those having a number of tracks n < 8, total 
charge Z <9, not containing the recoil nucleus. 
For L, disintegrations, the forward/backward 
ratio for black tracks was 1.91, while for L, dis- 
integrations the corresponding number was 1.35. 
It was on this basis that Philbert and Vigneron 
drew their conclusion that there was a difference 


‘ between the disintegration mechanisms in the two 


groups. However, their method for defining the 
L, disintegrations raises doubts, since this group 
will certainly contain stars on heavy nuclei, not 
containing the recoil nucleus. That this admixture 
to the group Ly existed may be shown by the fact 
that the forward/backward ratio for heavy nuclei 
is 1.36. In the case of the interaction of 660 Mev 
protons with light and heavy nuclei in emulsions, 
the preliminary results presented in Sec. 3 show 
that, using the definition of L, disintegrations 
adopted by the author, the number of disintegra- 
tions of Ag and Br is 1.5 to 2 times greater than 
the number of disintegrations of light nuclei. 

On the other hand, it is possible that the differ- 
ence between the conclusion drawn in reference 4 
and the one drawn here is due to the difference in 
proton energy. At 1 Bev, meson production is 
more important than at 660 Mev, and it is by the 
absorption of mesons that Philbert and Vigneron 
explain their results. 
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FIG. 4. Angular 0 
distribution of protons 60 
from disintegration of 
C’?. Solid curve — all 
disintegrations, dotted @ 
curve —L, disintegra- HO 
tions. 20 
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In addition to comparing the energy and angular 
distributions in the groups L, and L,, we also 
compared the types of reactions. The results are 
shown in the table. 


Type of |. Percent disintegrations 
disinte- 
gration* Ly | L2, 
2p2a 50-+8.0 38-46 .0 
4pa 18,.7+-4.5 14.34+3.7 
3a 13.8+4,0 2,441.5 
fexon lial 7.9+2.5 14,3+3.7 
2p Be 6,2+2.3 11.9+3.4 
6p 0 9.5+3.0 
2p2an* 2.9+1.5 2.44+1,.5 
3p Li 1,.3+1.0 4,842.2 
opLi x 0 2,441.5 
| 


*Reactions leading to C!®, C4, B®, and BY 
are not considered, The cross sections for 
these reactions are given in reference 2, 


From this table, it appears that there is no dif- 
ference between the groups L; and Ly, as far as 
types of reaction are concerned, except for stars 
of type 6p, which appear only in group Ly), and 
stars 3a, which belong primarily to L,. 

The mean excitation energies for disintegra- 
tions in groups L, and Ly, are 37 Mev and 55 Mev 
respectively. The mean excitation energy of 43 
Mev is in good agreement with the 42 Mev given 
by Monte Carlo calculations on the interaction of 
660 Mev protons with carbon. 

The difference between the mean excitation en- 
ergies in groups L,; and Ly, is due to the uneven 
distribution of 6p and 3a stars over the two 
groups and the substantial difference between the 
mean nuclear excitation energies for these two 
types of stars. 


3. ADMIXTURE OF HEAVY-NUCLEUS STARS 
HAVING TRACKS OF LENGTH R <=50p 


The use of the potential barrier criterion to pick 
out disintegrations of light nuclei introduces a cer- 
tain admixture of heavy nucleus disintegrations 
(Ag and Br). To estimate the magnitude of this 
effect, we studied the disintegration of light and 
heavy nuclei induced by 660 Mev protons incident 
on a NIKFI-R type emulsion, registering particles 
of minimum ionization. All disintegrations were 
divided into two classes: those with track lengths 
5@ =R=50yn, and all other (tracks of length 
R< 5y were due to recoil nuclei). Disintegrations 
of C, N, or O and disintegrations of Ag or Br 
entered into both of these groups. 

Let T, be the number of heavy-nucleus stars 
which do have tracks of length 5u =<R <50yp, and 
T, be the number which do not. As mentioned 
above, L, and L, are the corresponding numbers 
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for light nuclei. To find T,, T,, L, and L, we 
can use the following system of equations: 


NED bey Gs £,+T7T,=(C,, Lig e dl y= Ca) 
Ly ae Ly SIGUE a San ”™’N T S40"%o (1) 
My ap IES = SqBr@Br “I Sq Ag”Ag 


where C;, C, and C3 are experimental constants, 
0aC, GaN; CaO, SaBr, SaAg are the cross sec- 
tions for absorption of 660 Mev protons by C, N, 
O, Br and Ag, while nc, nN, nO, nBr and 
NAg are the numbers of C, N, O, Br and Ag 
atoms per unit volume of emulsion. 

Analysis of ee disintegrations gives the ratio 
L; /Ly = 0.96. Cy and C3 were obtained by count- 
ing the number of disintegrations having short 
tracks, and those where all the tracks were longer 
than 50. Since the plates were scanned in two 
dimensions, all one prong stars and most two prong 
stars with “gray” tracks were not counted. Hence 
the number of stars we found in the emulsion must 
be corrected for the unobserved stars correspond- 
ing to the reactions (p, pxn) and (p, 2pxn) on the 
nuclei C, N, O, Ag, and Br. Taking into account un- . 
observed one and two prong stars, we had 2190 dis- 
integrations. Of these, 450 had tracks with length 
5H < R < 50p while 1740 had only tracks with 
R >50u. The absorption cross section for the vari- 
ous nuclei in the emulsion were taken from a curve 
of Og against atomic number for 650 Mev protons, 
as constructed from the data of Moskalev and 
GavrilovskiY.® Substituting our values of Cy, Cy and 
C3 into (1), and the values of Og and n for the 
nuclei in the emulsions, we obtain the following 
values for the numbers of stars in the sub-groups 
Ll; ; Lo, T; and To: 


Number of disintegrations with short tracks 


and on light nuclei L, = 264 
Number of disintegrations without short 

tracks and on light nuclei Ey = 206 
Number of disintegrations with short tracks 

and on heavy nuclei T, = 186 
Number of disintegrations without short 

tracks and on heavy nuclei T, = 1264 


Comparing T, and T,, we find that the potential 
barrier criterion breaks down in 12.8% of Ag and 
Br disintegrations. However, we are mostly inter- 
ested in how many heavy nuclei are admixed to the 
group of light nuclei with short tracks. 

The following is the distribution of the short 
track distributions L, +T, by number of prongs: 


Number of 

prongs 2535 £4 Syma ate “Cy allt) AGE ay 313: 
Number of dis- 

integrations 12 68 90 108 58 42 38 12 12 4 4 2 
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All stars with 9 or more prongs we consider to 
belong to Ag and Br, since all tracks with 5u <R 
= 50p we take to belong to a@ particles, except of 
course for the case Z > 2 (over a short range it is 
impossible to distinguish between singly and doubly 
charged particles ). 

For carbon, we found that 10% of the disintegra- 
tions of type L, have tracks with length R< 5uy. 
If the same fraction holds for C, N, and O (itis 
at least not less than 10%), then the number of L, 
disintegrations having tracks with length R< 5y 
is 26. There are 110 tracks in the group L,+T, 
with tracks of length R<5y. Then 84 of the dis- 
integrations with tracks of length R<5yu must 
be due to the nuclei Ag and Br. Furthermore, of 
the 332 stars remaining in the group L,+T,, having 
n = 8 prongs and not containing tracks with R < 5uy, 
20 have total charge Z>9 and hence must be dis- 
integrations of heavy nuclei. 

Hence we conclude that the number of light nu- 
clei disintegrations satisfying the potential barrier 
criterion and having total charge Z =9 is 312 
[450 — (84 + 34+ 20)]. Actually, (1) gives 264 as 
the number of L, disintegrations. Hence, applica- 
tion of the potential barrier criterion for picking 
out disintegrations of light nuclei would have in- 
cluded 48 stars satisfying the criterion 2Z <9 
but due to Ag and Br. The admixture, 19%, so 
obtained may be an under-estimate since we as- 
sumed that the fraction of C, N, and O disinte- 
grations with track lengths R< 5y is the same 
as for C!*. Actually, the number of such disinte- 


grations in a mixture of C, N, and O nuclei might 
be somewhat larger. : 

Our value, 12.8%, for the fraction of Ag and Br 
disintegrations which do not satisfy the potential 
barrier criterion is in good agreement with the 
value (15%) obtained by Philbert® for 1-Bev pro- 
tons. As is to be expected, increasing the energy 
of the incident particle makes it more likely that 
the heavy nucleus emit a slow a particle. 

In conclusion the author would like to express 
his deep gratitude to A. P. Zhdanov for his con- 
stant interest in this work, to L. I. Shur and I. V. 
Ryzhkova who invested much time and effort in 
preparing the emulsions for the experiment with 
carbon and to G. M. Subbotina for help in working 
over the experimental material. 
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The results of measurement of the damping of an oscillating disk immersed in helium II are 
given. The onset of the critical mode and the motion of the disk at supercritical velocities 
were investigated, and also the dependence of critical velocity on temperature and period of 
oscillation. The critical velocity was found to be influenced by the cleanliness of the surface. 
In this connection, the dependence of critical velocity on the number and size of small par- 
ticles deposited on the disk surface, and also on the radius of the region covered by the par- 
ticles, was studied. The dependence of the damping in the supercritical regime on tempera- 
ture, particle concentration, and radius of the contaminated region was also examined. 


Le was established by Andronikashvili and Kaver- 
kin,! Osborne,’ Hollis -Hallett,? Benson and Hollis- 
Hallett,’ and others that in the supercritical mode 
the superfluid fraction of helium II partakes both 
in rotational and in oscillatory motion. 

The onset of the critical mode for rotational 
oscillations of a disk is characterized by a critical 
amplitude, 4, above which an extra damping ap- 
pears, Ay=/y’-— Yn where yy is the damping of 
the oscillating system in the subcritical mode, de- 
termined by the action of the normal component of 
helium II on the disk, and y’ is the damping in the 
supercritical mode. 

Andronikashvili® and Smith® first studied the am- 
plitude dependence of the logarithmic decrement of 
a pile of disks and of a single disk immersed in 
helium II, and oscillating about its axis. In both 
experiments the damping was found to be independ- 
ent of amplitude at @=0.2 radians (maximum ve- 
locity 0.6 cm/sec for the pile and 0.25 cm/sec for 
the disk). 

The critical phenomena were first studied by 
Hollis-Hallett,® who found the onset of the criti- 
cal mode for motion of a single disk at a velocity 
Vk = 0.1 cm/sec (T = 1.46°K, period 11 sec), 
giving rise to an increase in damping decrement. 
For a pile of disks the minimum value of the criti- 
cal velocity was determined as v; = 0.05 cm/sec 
and at this value both the decrement and the den- 
sity of the normal component increased. In view 
of the discrepancy between the results of Androni- 


*Presented at the Fifth All Union Low Temperature 
Physics Conference, Tbilisi, October 1958. 
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kashvili® and Smith,® on the one hand, and of Hollis- 
Hallett? on the other, we thought it appropriate to 
investigate the conditions for the onset of the criti- 
cal regime in experiments with oscillating disks. 


APPARATUS 


The smooth polished disk 20 (See Fig. 1) of 
radius R=1.60 cm was hung, by means of a glass 
rod 17 and a clamp 12, on a phosphor bronze thread 
10, of diameter 50 and length 150 mm (in some 
experiments a 100u thread was used). The other 
end of the thread was fixed by clamp 9 to the rod 
6 which was joined to the head A by means of 
screw 4. The head was screwed to the end of tube 
5 of the stuffing box 8. By turning the head 1 the 
screw 2 was screwed out of the plate 3 and the 
whole suspension system, together with the plate, 
was lowered. When the small rod 13 rested on the 
brass ring 14, fixed between the plated rods 11, the 
balance was freed from the tension and the system 
came to rest. 

The upper part of the suspension system was 
contained in the glass cylinder 7, while the lower 
part (the glass rod 17 and the disk 20) was sur- 
rounded by the glass tube 18 and the beaker 19, 
fitted to it by the ground glass join to protect the 
oscillating system from external disturbing influ- 
ences. The glass cylinder 7 was sealed with picein 
near tube 5 and cone 16. 

Observation of large amplitude oscillations was 
made with the help of a light spot focussed onto a 
circular scale after reflection from the mirror 15. 
The scale had its center on the axis of rotation and 
was of 18 cm radius. Small amplitudes were meas- 
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FIG. 1. Diagram of apparatus. 


ured by a mirror (not shown in the figure) and light 


pipe PS-35. Both mirrors were fixed to the glass 
rod by cement BF-4 in such a way that their planes 
passed through the axis of the rotating system. 

The system was set into oscillation by bringing 
a permanent magnet up to the rod 13. 

The period of oscillation © was determined by 
timing a large number of swings (50 to 150). 


STATEMENT OF THE PROBLEM 


It follows from the definition of the critical am- 
plitude that above it a dependence of damping on 
amplitude must appear, i.e., the linear relation 
between In ® and the number of oscillations, n, 
must break down. By finding the amplitudes cor- 
responding to this departure on In @=f(n) plots 
at different temperatures, the temperature depend- 
ence of the critical amplitude can be found. 

In our experiments the amplitudes of oscillation 
of the disk, ®,, were determined from the swing, 
A, of the light spot along the circular scale of ra- 
dius r, from the equation 


Q,, =A /4r => (Qn Sie An+-1) M BY, (1) 


where an and any; are the values of the extreme 
positions of the spot on the scale. (The dependence 
of log A onthe number of oscillations, n, at dif- 


ferent temperatures is shown in Fig. 2). The damp- 
ing, y, is derived from the relation 


= (2,302/@)d (Ig An) / dn. (2) 
The well-known relation between v and @: 
Un = (27/0) ®,R, (3) 


was used to calculate the critical velocity, where 
R is the radius of the oscillating disk. 


187940 60 7 
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FIG. 2. Dependence of the logarithm of the full amplitude 
of oscillation of the light spot on the number of oscillations, 
at the different temperatures shown on the curves in °K (disk 
radius R = 1.605 cm and © = 8.95 sec). The points show the 
transition to the supercritical mode. The origin of the ab- 
scissa scale moves by n = 10 to the right for each succeeding 
curve relative to the previous one. 


DESCRIPTION OF THE EXPERIMENTS 


Determinations of critical velocities were made 
with several disks of different thicknesses and the 
period of oscillation varied between 3.4 and 14.5 
sec. For disks with the cleanest surfaces we ob- 
tained the temperature dependence of critical ve- 
locity shown in Fig. 3. Bearing in mind the ex- 
perimental errors, which reached 6 to 7% in these 
experiments, we can conclude that the critical ve- 
locity is independent of the period of oscillation 
for periods between 6.85 and 14.5 sec (lower curve 
of Fig. 3). . 

The data of Hollis-Hallett are shown in the fig- 
ure for comparison. Our values of critical veloc- 
ity are 1.5 to 3 times larger, and at some temper- 
atures even 4 times larger than his corresponding 
results. Our data also differ from those of Hollis- 
Hallett in that the critical velocities measured on 
a 3.42-sec period disk (the upper curve of Fig. 3), 
lie above the curve for the larger periods, and al- 
most join it. In Hollis-Hallett’s work the 3.78 and 
3.15 sec oscillations give twice the value obtained 
with a period of 11 sec. We should remark that 
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44 FIG. 3. Temperature de- 
pendence of critical velocity 
for smooth disks with radius 
R = 1.605 cm for periods of 
oscillation: 0,e—3.42 sec, 
*—6.85 sec, +— —8.95 sec, 
X— 14.45 sec, a—values de- 
rived from Eq. (4). Hollis- 
Hallett’s data*® for a single 
disk of radius R = 1.572 cm 
and period: s—3.15 sec, 
©—3.78 sec, O—11 sec: The 
height of the points corres- 
ponds to the experimental 
uncertainty. 
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our critical velocities are close to those found by 
Andronikashvili in his experiments on a pile of 
oscillating disks when laminar flow was not de- 
stroyed. 

An empirical relation between v, and temper - 
ature leads to the conclusion that 


Ue = 0,105/Vp, cm/sec, (4) 


while from Hollis-Hallett’s work it follows that 
Vk ~ psi, The triangles in Fig. 3 show the criti- 
cal velocities calculated from (4). 

During observations of torsional oscillations 
of a disk we noticed that the critical mode is 
reached at considerably lower amplitudes if the 
surface of the disk is contaminated, even very 
little, by granules of solid air. We made some 
measurements with contaminated surfaces to in- 
vestigate this phenomenon, and deposited particles 
0.05, 0.1, and 0.2 mm in size on the surface. 
Figure 4 shows the relation $,={f(T) for vari- 
ous sizes of contaminating grains. The value of 
the critical velocities for rough surfaces also de- 
pends on the concentration, c, of particles (Fig. 5) 
and it can be seen that the critical velocity falls 
by a factor of at least 3 as the concentration of 
particles increases from 0 to 250 particles per 


GD, | 

as i: FIG. 4. Temperature de- 
pendence of critical ampli- 

Q4 tude for different contami- 
nating grain sizes: +—0.05 

a3 =; mm, @®—0.1 mm, 0—0.2 mm. 
in all cases there were 250 

Q2 particles per cm?. 

Of 
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FIG. 5. Temperature de- 
pendence of effective criti- 
cal velocity for different 
particle concentrations (c is 
the number per cm’). @, O,0 
—data of Hollis-Hallett (see 
Fig. 3). 

0 


em*, The dimensions of all the grains we used 


were considerably smaller than the penetration 

of viscous waves in the normal component of the 
liquid, so that they did not affect the damping until 
the critical mode was reached. 

We show Hollis-Hallett’s data (rectangles ) 
together with our own (points) on the curves of 
temperature dependence of critical velocity for 
rough surfaces (Fig. 5). It can be seen that his 
results agree with ours for rough surfaces so 
that there was evidently contamination present 
in his experiments. 

As the radius of the contaminated region, Re, 
decreases, the critical amplitude increases so 
that the product Re stays constant (Fig. 6). 

In our experiments Re varied from 16 to 6 mm. 

An analysis of the temperature dependence of 
the extra damping Ay confirms Hollis-Hallett’s 
conclusion that Ay ~ pg. All the increase in 
damping is therefore, in fact, connected with the 
superfluid component taking part in the motion 
of the disk. 

Besides the magnitude of the critical amplitude, 
the decrement, y’, in the supercritical mode also 
depends on the degree of contamination. The de- 
pendence of Ay in the supercritical region on 
particle concentration is shown in Fig. 7. It fol- 
lows from Fig. 8 that Ay is proportional to the 
area of contaminated surface. 

Figure 9 shows the amplitude dependence of 
the total damping, at different temperatures, for 
a disk with period © = 8.95 sec. It can be seen 
that the transition region, where the superfluid 
component does not take full part, gradually nar- 
rows as the id -point is approached (see also Fig. 2). 


DISCUSSION OF THE RESULTS 


1. The temperature dependence of critical ve- 
locity [Eq. (4)] is apparently connected with the 
quantization of energy of a vortex, and indicates 
that the critical mode is attained with the expendi- 
ture of a given amount of energy. 

2. The reduction of critical velocity for contam- 
inated surfaces seems apparent. This reduction 
can be explained by the fact that one is measuring 
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of critical amplitude on 
the radius of the con- 
taminated region, Ro, 
at different tempera- 
tures. 
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FIG. 7. Dependence o 100 200 300 


of extra damping, Ay, on 
particle concentration, c, 
at different temperatures. 


FIG. 8. Dependence 
of extra damping on the 
radius of the contaminated 
region. 


the speed of motion of the disk, and when contami- 
nation is present this does not coincide with the 
speed of the motion of the liquid relative to the os- 
cillating surface. The difference between these is 
due to the increase in effective path of the super- 
fluid component while the time for the motion, de- 
termined by the period of oscillation, remains 

the same. 

The increase in path is determined by the con- 
centration and size of the particles. Making the 
correction for the increase in flow velocity we ob- 
tain the following relation for the critical velocity: 


Ve = UE (1 + bed Vo), (5) 


where ve is the effective critical velocity, i.e., 
the velocity of the disk, vet = = (217/@) eel 
d is the mean linear dimension of the grains, c 
is their concentration and k=1.75 is a constant. 
Figure 10 shows the values of v, calculated from 
(5). These values are independent both of concen- 
tration and of size of particles and agree well with 
the results obtained with smooth disks. 

3. The constancy of the product @kRe found 
for radii of the particle-covered region from 16 


FIG. 6. Dependence 
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FIG. 9. The am- 
plitude dependence 
of total damping y’ 
at different tempera- 
tures. Disk radius 
R = 1.605 cm and 
© = 8.95 sec. 
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FIG. 10. Independence of the true critical velocity of the 
concentration at different temperatures and for different grain 
sizes: @,0, +—0.2 mm, A —0.1 mm. 


to 6 mm, shows that the critical velocity is inde- 
pendent of radius. Apparently the critical mode 
is always reached on the periphery of the contam- 
inated region at the same value of.the velocity. 

4. The dependence of the extra damping on the 
degree of contamination (Fig. 7) can also be ex- 
plained by an increase in the mean velocity of the 
liquid, which must lead to an increase in the num- 
ber of vortices. 

It is a pleasure to thank Prof. E. L. Androni- 
kashvili and Yu. G. Mamaladze for discussion of 
the results and for valuable advice. I also thank 
R. A. Bablidze, G. A. Udzulashvili, and N. G. 
Baazov for help in carrying out this work. 
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The inelastic scattering and absorption of (195 + 15) Mev 7* mesons with carbon and lithium 


nuclei were investigated using the method of the 
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Wilson cloud chamber in a magnetic field. The 


total and differential cross sections for inelastic scattering and the summed total cross section | 
for charge exchange scattering and pion absorption were determined. A comparison of the ex= | 
perimental data obtained with the results of the cascade calculation in the carbon nucleus was | 
made, and it was shown that the inelastic scattering of mesons is satisfactorily described on 

the basis of the pair collision hypothesis. It was established that only two nucleons in the nu- 

cleus take part actively in the absorption of (195 + 15) - Mev pions; here the probability of 

meson capture by n, p pairs is 2 or 3 times greater than that of capture by pairs of like 


nucleons. 


diss experimental data relating to the inelastic 
scattering of pions with complex nuclei is in satis- 
factory agreement with the pair interaction model 
developed in the papers of Serber and Goldberger.'? 
Of special interest from the point of view of verify- 
ing this model are the processes of inelastic scat- 
cering of incident pions in their first interaction 
with the nucleons in the nucleus (called afterward 
the primary processes of inelastic scattering) in 
which the scattered pion and the recoil nucleon 
leave the nucleus without further collisions. How- 
ever, as a result of the fact that the majority of 

the experiments previously carried out studied the 
interaction of negative pions with heavy nuclei, the 
experimental material on the primary inelastic 
scattering processes is very scanty. 

In the present work with positive pions, thanks 
to the use of the light nuclei carbon and lithium as 
targets, such processes of the interaction were de- 
tected with a measurable probability, so that the 
values of the cross sections and angular distribu- 
tions for them could be determined. Besides this, 
observations of the positive pion capture processes 
in which fast nucleons formed left the nucleons with- 
out undergoing collisions made it possible to con- 
struct a picture of the absorption of fast pions by 
light nuclei. 

The experimental data obtained were compared 
with the results of a cascade calculated for the 
carbon nucleus which included 560 separate trials.* 


*The cascade calculation for the carbon nucleus was car- 
tied out by Yu. A. Budagov, V. G. Ivanov, and N. I. Petrov. 
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In that calculation the carbon nucleus was consid- 
ered as a degenerate Fermi gas of nucleons with a 
maximum kinetic energy E = 25 Mev contained in ~ 
a square well potential 34 Mev deep; the well radius 
was 3.2 x 10! cm. Pion absorption was treated 
on the basis of a quasi-deuteron model, where the 
coefficient connecting the pion capture cross sec- 
tion by n, p pairs in the nucleus and by free deu- 
terons was chosen such that the calculated inelas- 
tic scattering cross section was equal to the ex- 
perimental cross section. The value of this coef- 
ficient was 5. The initial energy of the pions in 
the cascade calculation was taken as 230 Mev, 
applicable to the data in the work of V. P. Dzhele- 
pov et al.® with negative pions.* 

The work was carried out on the synchrocyclo- 
tron of the Joint Institute for Nuclear Research by 
bombarding carbon and lithium targets set in a 
Wilson cloud chamber with (195 + 15) - Mev posi- 
tive pions. The experimental procedure has been 
described in a separate communication,‘ in which 
data are given on the inelastic scattering of posi- 
tive pions by the same nuclei. 


RESULTS OF THE EXPERIMENT 


In the bombardment of the chamber by the pion 
beam 693 acts of an inelastic interaction with car- 
bon and 508 with lithium were detected. The meas- 


*Although the calculated data refer to an initial meson 
energy of 230 Mev, the majority of them are reasonable for 
195-Mev mesons. In some cases, where unavoidable, the cal- 
culated data are related to the 195 Mev initial energy. 
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TABLE I 
Total cross sections, 1072? cm? 
Nucleus yee eoerey, Inelastic Stars and | All inelastic 
scattering stoppings processes 
Co a 195 1224-43 | 203422 | 325425 
tl — 195 G2+9 |; 164416 | 226-448 
| | ; 
ured total cross sections are given in Table I. o/tw, mb/sterad 
The inelastic scattering data refer to the angu- 2s 
lar interval 10 —180°. The measurement errors 16 a 
include only the statistical deviation and the errors BIG Aa peal diss f i 


in separating the elastic and inelastic scattering. 
Inelastic scattering. In Figs. 1 and 2 are given 
the experimental angular distributions of inelastic 
scattering for both nuclei and also the calculated 
distribution for carbon nuclei and the angular dis- 
tribution for the elastic scattering of 200 Mev posi- 
tive pions from free protons;° here the two last 
distributions were normalized to the value of the 
experimental total cross section for inelastic scat- 
tering by a carbon nucleus. Comparing these fig- 
ures we see that on going over from free to bound 
nucleons a change takes place in the form of the 
angular distribution, included in the increase of 
the scattering cross section in the angular region 
near 180°. The general character of this change 
is correctly shown by the calculated distribution. 
The calculation also shows that the effect of the 
increase of the backward scattering cross section 
should become weaker in direct proportion to the 
growth of the energy (as long as the range of the 
mesons in the nuclear substance increases). This 
conclusion is strengthened by the experimental 
data for 250 —270 Mev positive pions,° according 
to which the inelastic scattering distribution for 
carbon differs little from the corresponding elas- 
tic scattering from free nucleons. It must be 
noted, however, that there is no rigorous quan- 
titative correspondence between the experimental 
and the calculated angular distributions: in com- 
parison with experiment the calculation underes- 
timates the value of the cross sections in the large- 


d6/dw, mb/sterad FIG. 1. Angular distribu- 
tion of inelastic scattering of 
24 mesons on carbon nuclei. The 


dotted line shows the calcu- 


ig lated angular distribution for 

16 inelastic scattering of posi- 
tive pions with initial energy 

‘ E, = 230 Mev on carbon nu- 

ee Tid clei; the solid line shows the 


angular distribution for the 
elastic scattering of positive 
pions with energy E = 200 
Mev from free protons. 
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and small-angle scattering regions. This circum- 
stance can be looked at as an indication of the dif- 
ference between the angular distributions for pion 
scattering from free and bound nucleons, which, 
according to the work of Watson and Zemach,’ can 
depend on the influence of the potential that de- 
scribes the interaction of particles with atomic 
nuclei in the framework of the optical model on 
the pion-nucleon collision in the nucleus. 

The calculated and observed energy distribu- 
tions of the mesons inelastically scattered in the 
angular intervals 0 — 60° and 120 — 180° are shown 
in Figs 3 and 4. Since the average energies (see 
Table II) of the scattered particles for carbon and 
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FIG. 3. Energy spectrum of positive pions inelastically 
scattered in the angular interval AO = 120-180°. a—total ex- 
perimental spectrum. b—calculated spectrum for E, = 230 Mev 
mesons. 
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FIG. 4. Energy spectrum of positive pions inelastically 
scattered in the angular interval AQ = 0-60°. a—total experi- 
mental spectrum. b—calculated spectrum for E, = 230 Mev 
mesons. 
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TABLE II 
| Average energy, Mev 
initial Ao = 0—60° Ad = 120—180° 
Nucleus | enerey. pe ites 
and meson ; ; 
| sign Experiment | Calculation | Experiment Calculation 
| 
mai 
: | 495 (+) 107 | - 74 84 
ligt i) RE 104 | 78 — 
Cp} | 330: (2) 107 128 88 94 


lithium practically coincide, the sum of the data 
has been used in constructing the histogram. 

As can be seen from Figs 3 and 4 and Table II, 
there is satisfactory agreement between the dis- 
tributions and the corresponding values of the av- 
erage energy. This testifies that energy exchange 
from the incident pions to the nucleons in the nu- 
cleus proceeds essentially via quasi-elastic colli- 
sions with individual nuclei. Our data on the acts 
of the primary inelastic scattering of positive pions 
constitute further and more descriptive proof of 
this energy-exchange mechanism. Altogether 44 
primary inelastic scattering acts were observed, 
out of which 25 were from carbon and 19 from 
lithium. As a criterion for selection we used the 
requirement that the sum of the energies of the 
scattered pion and of the recoil proton was not 
more than 30 —35 Mev smaller than the energy 
of the incident pion. In Figs 5, 6, and 7 the distri- 
butions of the indicated interaction events (cor- 
rected for efficiency of observation) are given by 
meson scattering angle, by angle of separation, and 
by the difference in azimuthal angle of the scattered 
pion and the recoil proton. The corresponding cal- 


ie do. relative units j 
160\ dw” a FIG. 5. Angular dis- 
a tribution of pions of pri- 
-- mary quasi-elastic scat- 
tering processes. The 
calculated distribution 
is shown dotted. 
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FIG. 6. Distribution of pri- 
mary quasi-elastic scattering 
processes by angle of separa- 
tion of the scattered pion and 

re, the recoil proton. The calcu- 
2) . . . : 
440 120 Ido, deg ated distribution is shown 
dotted. 
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FIG. 7. Distribution 
of primary quasi-elas- 
tic scattering process- 
es by difference of azi- 
muthal angle between 
the scattered pion and 
the recoil proton. The 
calculated distribution 
is shown dotted. 
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culated distributions are alsq given. The average 
values of the noncoplanarity of the angles, observed 
and calculated, are respectively 15° and 13°. The 
agreement between the calculation and the experi- 
mental data is satisfactory, considering the poor 
statistics. This shows that the collision of a pion 
with a nucleon in the nucleus proceeds in approxi- 
mately the same way as with a free but moving 
nucleon. On this basis one finds, in particular, an 
explanation of the fact that the curve of the angular 
distribution for the selected primary inelastic scat- 
tering processes drops faster, beginning at a scat- 
tering angle of 180°, than the corresponding curve 
for the entire inelastic scattering. In fact, together 
with the decrease of the scattering angle, the en- 
ergy given to the proton and correspondingly the 
length of its path in the nuclear substance de- 
creases. This fact leads to a fall in the probabil- 
ity of the emission of a proton from the nucleus 
without collision, and so to a corresponding de- 
crease in the cross section for primary inelastic 
scattering processes accompanied by the emission 
of energetic protons. However, even here, as for 
the entire inelastic scattering, the experimental 
scattering cross sections diverge significantly 
from those calculated in the angular region close 

to 180° (see Fig. 5). The indicated discrepancy 

is lessened if the calculated distributions are 
corrected for the influence of the optical potential, 
using the results of reference 7. 

Table III shows the values of the calculated and 
experimental probabilities* for the selected events 
of primary inelastic scattering in relation to the 
total number of inelastic interactions and also in 
relation to the total number of inelastic scatterings. 
The satisfactory agreement between the experi- 
mental and calculated probabilities indicates not 
only that the hypothesis of quasi-inelastic colli- 
sions is useful but also that the scattering cross 
sections for pions with bound nucleons do not dif- 
fer greatly from the scattering cross sections for 
these particles with free nucleons. In this connec- 
tion it is interesting to compare the data on in- 
elastic scattering from carbon for positive and 


*The calculated probabilities are corrected for the stop- 
pings of recoil protons in the target. 
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TABLE III 
‘ies Probability, % 
In relation to the inelastic In relation to the cross section 
Nucleus scattering cross section for inelastic interactions 
Experiment | Calculation Experiment | Calculation 
G 16 21 Dina) | HERO) 
Li aS) = 7 | = 
TABLE IV 
| Energy in | | | Ratio N,/N,, % 
Nucleus Mev and Nt | Ns 
meson sign | , Calculation| Experiment 
| | 
ny rr | ni 
© 230 (—) (4 40 16 | 23 
G 195 (+) 94 50 55 | 0) 
| 


negative pions. A comparison of the quantity (N,) 
of inelastic scattering processes accompanied by 
the emission of a recoil proton from the target 
relative to the total inelastic scatterings (N,) for 
the scattering angle interval 120 — 180° is given in 
Table IV.* 

Considering that the calculated ratio changes 
little in going from 230 Mev to 195 Mev, we see 
that there is good agreement between the data for 
positive and negative pions. This fact also confirms 
the qualitative agreement between the experimental 
and calculated data obtained by Fry and Takeda®’® 
for the primary quasi-elastic scattering of 220- 
Mev pions by photoemulsion nuclei. For additional 
confirmation we can point out the agreement be- 
tween the calculated and experimental cross sec- 
tions for exchange scattering. The calculated ex- 
change scattering cross section for carbon nuclei 
is (15 + 3)%, and the experimental cross section 
for the same reaction, found for the elements con- 
tained in freon,!° is (10 + 3)% for a wide range of 
energies. To these numbers can be added the ex- 
perimental estimate of the contribution of the ex- 
change scattering of 125-Mev negative pions by 
carbon nuclei, obtained by Kessler and Lederman. 
The data on the average number of pion collisions - 
in the nucleus also testify to the usefulness of the 
hypothesis that the pion scattering cross sections 
for free and bound nucleons are not greatly differ - 
ent from each other. According to the calculation, 
the average number of pion collisions in a carbon 
nucleus is 1.5. This means that more than half of 
the inelastically scattered pions undergo only one 


11 


*The geometry of the experiment is the same for both 
cases, and the number of inelastic scattering processes is 
therefore given without corrections for efficiency of observa- 
tion. 


collision in the nucleus. An estimate of the rela- 
tive contribution of single scattering in the angular 
interval 120 — 180°, made for primary scattering 
acts (in which energy balance holds), is 60%. This 
obviously agrees with the calculated estimate and, 
in particular, strengthens the conclusion stated in 
reference 3 that the inelastic scattering of 230- 
Mev negative pions from carbon nuclei in the an- 
gular interval 120 — 180° proceeds predominantly 
as the result of single collisions of incident pions 
with nucleons in the nucleus. To end this section 
we indicate that the value of the momenta of the 
residual nuclei formed in the primary inelastic 
scattering of pions (determined for each process 
as the difference between the vectors of the initial 
momenta and of the total momentum of the scat- 
tered pion and the recoil proton) are included in 
the limits 0 to 400 Mev/c and are predominantly 
directed into the forward hemisphere. It must 
also be noted that, among all the primary inelastic 
scattering acts for pions from carbon and lithium 
nuclei, only one was found which could be interpre- 
ted as the direct knocking out of a deuteron by an 
incident pion. 

Absorption of Pions. In investigating the mech- 
anism of the absorption of pions in the low energy 
region from 0 to 60 Mev, it was found that small 
complexes of nucleons inside the nucleus, consist- 
ing mainly of one neutron and one proton, take part 
in the act of absorption. For example, according 
to the data of Byfield, Kessler, and Lederman?? 
and Tenney and Tinlot,!? 60 — 70% of the total ab- 
sorption is contributed by the capture of pions by 
n, p pairs in the nucleus. Lately two papers’?! 
appeared in which the process of pion absorption 
was studied for the energy region 80 to 300 Mev; 
however, contradictory results were obtained for 
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TABLE V 
Number of protons, A@ = 0—60° | Number of protons, A@ = 120—180° 
F Pion With | | With 
eeceey energy Total measured |£>{00Mev} Total measured E>100 Mev 
i | energy | | energy 
| 
ee enone caee 213 67 96 | 63 3 
ate Li 195 254 180 48 4O 27 ” 
eres 3) | RO 94 Thee 54 ay 4A 8 5 
| | 


FIG. 8. Distribution 
of two-pronged stars by 
* emission angle of the 
protons, for carbon nuclei. 


FIG. 9. Distribution 
of two-pronged stars by 
the difference of the 
proton azimuthal angles 
for carbon nuclei. The 
distribution for stars 
with y > 120° is shown 
dotted. 
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the mechanism of the capture reaction. In particu- 
lar, to explain the observed distribution of stars 
by number of prongs, reference 6 draws on the 
hypothesis that the nucleus as a whole took part 

in the capture of 250 —270 Mev pions in carbon. 

In the present experiment 432 stars were de- 
tected in carbon and 344 stars in lithium.* Asa 
basis for analysis of these data we determined 
the relative cross sections for the capture of posi- 
tive pions by pairs of like and unlike nucleons and 
also found the relative contribution to the absorp- 
tion by these particles in the first interaction with 
the nucleons in the nucleus. Table V shows the 
numbers of fast protons in the scattering angle 
interval 0 — 60° and 120 — 180°, including the for- 
merly unpublished data from the experiments with 
negative pions. 

It is evident from this table that a sharp aniso- 
tropy is seen in the angular distribution of fast pro- 
tons, which is hard to explain from the point of 
view of the many-nucleon mechanism of pion ab- 
sorption. A direct qualitative estimate of the con- 
tribution of pion capture by n, p pairs in the nu- 
cleus does not agree either with the supposition of 
the predominant role of the many-nucleon absorp- 
tion mechanism. 

When a positive pion is captured by a proton 
and neutron, producing fast protons scattered at 


an angle close to 180°, the difference of their azi- 
muthal angles is also close to 180°, but the angle 
of noncoplanarity lies in a relatively narrow angu- 
lar interval about 0°. In Figs. 8 and 9 are given 
the distributions of the protons by scattering angle 
and by the difference in their azimuthal angles for 
97 two-pronged stars observed in carbon.* They 
show that among all the stars there are a consid- 
erable number (called by us, from here on, pri- 
mary) both of whose protons leave the nucleus 
without experiencing collisions with other nucle- 
ons. It can also be seen from the distributions 
that the contribution of primary stars begins at 
the angle of emission y > 120° and at the azi- 
muthal difference Ag > 120°, where the average 
value of the angle of noncoplanarity is 12°. (A 
calculation taking account of the intranuclear mo- 
tion of nucleon pairs gives identical regions of 

the distribution for the angles indicated.) To 
determine the true quantity of primary stars in 
the distribution of Fig. 9, all the stars with Ag 

= 120° can be looked at as a background of non- 
primary stars which have to be subtracted from 
the number of two-pronged stars with Ag > 120°. 
If the indicated selection rule for primary stars 
(one of whose prongs is included in the interval 
120 —180°)+ is used and the calculated probability 
of counting primary stars, the correction for stars 
with prongs below the angle considered, and the 
contribution to the stars from the pion exchange 
scattering (equal to 32, 40, and 15%, respectively ) 
are taken into account, we get that 65% of all the 
carbon stars and 44% of all the lithium ones de- 
pend on the absorption of pions by n, p pairs in 
the nucleus. The value of the cross section ob- 
tained for lithium nuclei is probably underesti- 
mated, since for them the exchange scattering con- 
tribution to the stars may be greater than for car- 
bon nuclei because of the relative abundance of 
neutrons. Here, however, the possibility is not 
excluded that some decrease in the cross section 
for pion absorption by n, p pairs in lithium is con- 
nected with the increase of the relative contribu- 


*The distribution is analogous for lithium nuclei. 


TThe emission angle interval 120—180° is excluded from the 
eexamination because the true proton spectrum is distorted there 
by ionization braking in the target. 


*For the analysis here all observed stars are used regard- 
less of their distribution in the exposed region. 
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tion of pion absorption by n, n pairs and by more 
complicated complexes of nucleons. The observa- 
tion of one pion capture process by a deuteron and 
a neutron in lithium serves as an indication of the 

last situation. 

We made an estimate of the contribution to me- 
son absorption by pairs of identical nucleons by 
comparing the energy spectra of protons in stars 
formed by positive and negative pions in carbon.* 
The observed and calculated ratios for the number 
of fast protons in stars for negative pions and the 
analogous number for positive pions is given below 
for the emission angle interval 0 — 60°. 


Energy of protons E, Mev >70 > 100 >120 > 150 
Experimental ratic, % 24 25 22 19 
Calculated ratio for 100% 14 WD 141 5 
absorption by n, p pairs, % 
Calculated ratio for 70% absorption 
by n, p pairs and 30% absorption 
by pairs of identical nucleons, % 29 28 27 26 


From this it is evident that pion absorption by 
pairs of identical nucleons takes place in carbon, 
but it takes place with a probability 2 —3 times 
less than capture by pairs of unlike nucleons. It 
is obvious that the presence ofa many-nucleon . 
absorption mechanism exercises an influence on 
the size of this estimate especially in the case 
when the energy realized by the capture of the 
pion is divided very unevenly between the nucleons. 
However, if this mechanism were responsible for 
30 — 40% of the whole absorption, a group of very 
fast, isolated protons would appear in the energy 
spectrum: at the same time, a difference between 
the energies of the fast particles from one- and 
two-pronged stars was not observed. Besides, 
for positive pions in the emission angle interval 
120 — 180°, out of 65 protons whose momenta were 
measured, only two particles with energies greater 
than 120 Mev were found. Therefore, the contri- 
bution of the many-nucleon absorption mechanism 
is not great and so cannot markedly change the 
value of the estimate made. 

An answer to the question about the relative 
contribution to the positive pion scattering by the 
first interaction with nucleons was obtained from 
the data on the measured total energies of the pro- 
tons in the primary two-pronged stars. For ex- 
ample, for the carbon nucleus, out of 27 primary 
stars where the total momenta of both protons 
were measured, ten stars had a total energy of 
the protons as an average of 60 Mev less than the 
total energy of the incident pion. Keeping in mind 
that the emission of an n, p pair from a carbon 
nucleus necessarily takes up not less than 30 Mev, 


*For negative pions we used the data we got in 1956. 
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these facts must relate to the absorption of a pion 
in the first interaction. According to the calcula- 
tion, the relative part of the absorption coming 
from the first interaction (in which one of the 
protons falls in the interval 120 —180°) is 50%; 
the experimental ratio, 37%, is evidently in agree- 
ment with it. The same result is got by compar- 
ing the number of energetic protons in stars (by 
experiment and by calculation) for the interval 

0 — 60°, applied to the identical number of stars. 
For example, the number of protons with energy 
E > 150 Mev, related for the greatest part to the 
first interaction, was observed to be 64 in the ex- 
periment, while calculated to be 80. 


CONCLUSION 


1. A comparison of the experimental data ob- 
tained with the results of a cascade calculation for 
the carbon nucleus shows that the inelastic scatter- 
ing of (195 + 15) -Mev positive pions from carbon 
is satisfactorily explained, within the limits of ex- 
perimental error, by the hypothesis of pair colli- 
sions. This is expressed in the following: 

a) the calculation gives correctly the general 
character of the change of the angular distribution 
of the elastic scattering of pions by free nucleons 
in the transition to the inelastic scattering of these 
particles by atomic nuclei; 

b) the experimental energy distributions for in- 
elastic scattering and the average values of the 
energy of inelastically scattered pions is in satis- 
factory agreement with the corresponding calcu- 
lated data; 

c) the relative cross sections for the primary 
inelastic scatterings accompanied by fast outgoing 
recoil protons is equal to the relative cross sec- 
tions found in the calculations, within the limits of 
experimental error; 

d) the kinematics for the experimentally ob- 
served processes of primary inelastic scattering 
(the angular distribution, and also the distribution 
by separation angle and difference of azimuthal 
angles of the scattered mesons and recoil protons ) 
agree with the calculated kinematics for quasi- 
elastic pion scattering by moving nucleons. 

2. A basic mechanism of the absorption of pions 
at 195 Mev is their capture by n, p pairs of nu- 
cleons. For carbon, this mechanism gives a con- 
tribution of 60 —70%. 

The contribution to the absorption cross section 
from meson capture by pairs of identical nucleons 
is UE to %, that from capture by pairs of unlike 
nucleons. 

3. The proportion of captures of incident pions 
in the first interaction is not less than 35 —40% 
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of the whole absorption. 
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Sputtering of the (100) plane of a copper single crystal was studied for various energies and 
angles of incidence of argon and hydrogen ions. It is shown that the particles of the sputtered 


matter retain a favored direction of emission along some crystallographic directions ([100], 
[110], etc.) when the energy of the bombarding ions is raised up to 50-kev. Thus a deposit in 


1960 


the form of separate patches is formed on a screen parallel to the (100) face of the copper. 
The pattern of the deposit changes with increasing ion energy, but is practically independent 
of the angle of incidence of the particles. The density distribution law of the patches corre- 
sponding to the [110] and [100] directions has been studied. The spot material is distributed 
according to a cosine law. The relief of the (100) copper plane produced through sputtering 
by A* and H,*ions with energies up to 50 kev was also studied. The data obtained cannot be 
reconciled with existing theoretical papers on cathode sputtering. 


INTRODUCTION 


Tae sputtering of a substance by ion bombard- 
ment is a complex process, usually accompanied by 
many supplementary phenomena which make its in- 
vestigation difficult. Therefore, in spite of the ex- 
tensive material'already accumulated on cathode 
sputtering,” the mechanism by which the ions in- 
teract with the sputtered substance is not yet clearly 
understood.?~? 

We note that until recently only sputtering of 
polycrystalline samples in gas-discharge plasma 
was studied. This yielded averaged values for the 
measured quantities and made the interpretation 
of the results difficult. Many phenomena connected 
with the crystalline structure of the sputtered sub- 
stance dropped out of view in this method. Conse- , 
quently, the dependence of the sputtering coefficient 
and sputtering threshold of single crystals on the 
crystallographic direction was not formulated with 
sufficient rigor and was not investigated. Not until 
1955 did Wehner'’® show that a metallic single crys- 
tal is sputtered most intensely in the close-packed 
crystallographic directions, if the bombarding -ion 
energy does not exceed 200 or 300 ev. It was pro- 
posed in reference 10 and other papers’® that the 
preferred sputtering of a single crystal in particu- 
lar directions would disappear if faster ions were 
used. However, in later experiments! the energy 
of the bombarding ions was raised to 5 kev and 
copper single crystals nevertheless were 
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observed to sputter preferably in the close-packed 
[110] directions. In addition, it was noted that when 
the ion energy exceeded 1 kev, copper single crys - 
tals were intensely sputtered also in the [100] direc- 
tions, which follow the [110] directions in the order 
of close packing. 

It was deemed interesting to ascertain whether 
the sputtering coefficient of a metallic single crys- 
tal depended on the crystallographic direction at 
higher bombarding-ion energies (up to several 
times ten kev). We therefore investigated the 
sputtering of copper single crystals by beams of 
argon and hydrogen ions with energies up to 50 kev. 

The use of an ion beam!*-" offers many advan- 
tages over sputtering in gas-discharge plasma, 
where the number, energy, and angle of incidence 
of the ions cannot be determined accurately. The 
use of an ion beam has allowed us in the present 
investigation to study the sputtering of a single 
crystal copper by ions incident at various angles 
on the investigated (100) face. 


EXPERIMENTAL SETUP 


The experimental setup is illustrated in Fig. 1. 
The ion beam was produced by an ion gun, the prin- 
cipal element of which was an Ardenne-type'® ion 
source with double contacting of the plasma, im- 
proved by several investigators.!" 

The ion gun produced a well focused beam (6 
—12 mm in diameter) of argon and hydrogen ions, 
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FIG. 1. Diagram of experimental setup: 1—ion source, 
2—insulator, 3—single electrostatic lens, 4—container, 
5—viewing window, 6—quartz screen, 7 and 10-—glass col- 
lectors, 8—copper holder, 9—copper single crystal, 10—mica 
diaphragm. 


the currents being 3 and 20 ma respectively at an 
accelerating voltage of 50 kv. 

The ion beam, accelerated and focused by the 
single electrostatic lens, passed through an open- 
ing (4—8 mm in diameter) in a quartz screen 
and struck the specimen. The sputtered particles 
were deposited on a mica or glass collector, 
placed in front of the specimen parallel to its 
working surface. The collector used at normal 
ion incidence (@ = 0°), was a glass disk (7, Fig. 
1) 80 mm in diameter with an opening 5—10 mm 
in radius for the ion beam. The collector for 
inclined beams (a@ = 45 and 60°) was a rectangular 
glass plate measuring 30 x 40 or 40 X 60 mm. 
The distance between the sputtered plane and the 
collector ranged from 16 to 20 mm. 

The object was a single crystal of copper 15 
x 15 X 5 mm attached with low-melting point cad- 
mium solder to a heavy water-cooled copper holder, 
so that the sample temperature did not exceed 100 
— 200°C during the experiments. Before starting 
a series of experiments, the (100) face of the 
single crystal intended for the sputtering was 
ground and washed with alcohol. The dimensions 
of the sputtered surface were limited by a mica 
diaphragm with round hole of 5 to 6 mm diameter, 
placed over the working surface of the specimen. 

The vacuum maintained in the container during 
the time of the experiments was 1—2 x 10° mm 
Hg. The sputtering time and the ion-current den- 
sity were adjusted experimentally until sufficiently 
sharp and contrasting sputtered patches were ob- 
tained, suitable for observation in transmitted 
light. 


EXPERIMENTAL RESULTS 


Beamed emission of particles at different ener - 
gies, angles of incidence, and masses of the bom- 
barding ions. We first investigated the sputtered 
substance deposited on the collector at normal in- 
cidence of argon ions on the target (a =0). Fig- 


FIG. 2. Pictures of sputtered patches form 
tors under the following bombarding conditions: 
a) At, E=8 kev, = 0°, j = 0.02 ma/cm’, T = 55 min; 
b) At, E=10 kev, & = 60°, j = 0.5 ma/cm’, T = 15 min; 
c) At, E= 40 kev, & = 60°, j = 0.6 ma/cm’, T = 20 min; 
d) H{, E=40 kev, @= 60°, j = 0.8 ma/cm’, T = 50 min. 


ed on the collec- 


ure 2a shows the pattern produced on the collector 
when the (100) plane of single-crystal copper is 
bombarded with 8-kev ions. The photographs show 
that sputtering takes place essentially in four close- 
packed [110] directions from the (100) face, so that 
four symmetrical patches are produced on the col- 
lector (the distance between centers of the diago- 
nal spots is twice the distance from the sample to 
the screen). The sputtered patches were elliptical, 
since the conical beams of sputtered material 
struck the collector at 45°. Figure 2a does not 
show the patch corresponding to the [100] direc- 
tion since the atoms emitted from the target nor- 
mal to the sputtered surface pass through the hole 
in the collector and fall on the quartz screen. Pic- 
tures similar to Fig. 2a were obtained also with 

12, 20, 30, and 50 kev argon ions. 

The presence of a hole in the center of the col- 
lector for the passage of the ion beam did not per- 
mit us to investigate the central portion of the de- 
posit at normal ion incidence. This became pos- 
sible, however, when the investigated crystal plane 
and the collector plate parallel to it (on which the 
sputtered substance was deposited) were placed 
at a certain angle to the ion beam so that the latter 
passed beyond the collector and struck the speci- 
men at an angle a. The most favorable angle for 
this purpose was 60° (the distance from the speci- 
men to the collector being 16 mm). 

Experiments have shown that when single-crys- 
tal copper was sputtered with an inclined beam of 
argon ions (q@ = 60 and 45°), beamed emission of 
sputtered particles also takes place. The patterns 
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of the deposits on the collector are analogous to 
those obtained at normal incidence (a = 0) on the 
target. In addition, it becomes possible in this 
case to observe the central maximum correspond- 
ing to the [100] direction (Figs. 2b and 2c). The 
intensity of sputtering increases greatly with in- 
creasing angle a. Thus, to obtain a deposit of 
equal intensity the specimen had to be sputtered by 
normal-incidence ions several times longer than 
at a= 60° (other conditions being equal). 

The overall view of the deposit changes with in- 
creasing ion energy. Starting with an argon-ion 
energy of ~10 kev (a@ = 60°) the central patch 
increases sharply, possibly because of the appear- 
ance of four new spots, due to sputtering of sub- 
stance near the [113] and [112] directions. Figure 
3 shows curves obtained by measuring the density 


6, Arbitrary units 


FIG. 3. Curves obtained 
by photometry of the sput- 
tered deposit along the 
line AB of Fig. 2c, at the 
following ion energies: 
1-1.5 kev, 2-10 kev, 
3-40 kev. 
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of the deposits in the direction AB (see Fig. 2c) 
at various ion energies. At a bombarding-ion 
energy of only 1.5 or 2 kev (curve 1), no maxi- 
mum was observed in the intensity of single- 
erystal sputtering near the directions [113] and 
[112]. On the other hand, sputtering ions with en- 


_ergies 10 kev or more (curves 2 and 3) produced 


a clearly pronounced maximum in the deposit den- 
sity, corresponding to directions close to [113] 
and [112]. This phenomenon can be observed most 
clearly when the argon ion energy reaches 307 40 
kev (see Fig. 2c). At small ion energies (near 10 
kev) the increase in sputtering intensity near the 
[112] and [113] directions could be detected only 
by photometry of the deposit picture. 

We compared the density of the sputtered cop- 
per in the individual patches by suitable photom- 
eter measurements. The result was that the max- 
imum density Pe in the central patch ([100] direc- 
tion) relative to the maximum density Pg in the 
side patches ({110] direction) increases with in- 


- creasing energy of the bombarding ions, Thus, 


as the energy is changed from 1.5 to 50 kev, the 
ratio p=Pe¢/Psg more than doubles, from 1.5 to 
3.75 (Fig. 4). The patches obtained by sputtering 
single-crystal copper at argon ion energies of 20 
and 40 kev and @w = 45°, andat 6, 10, 20, 30, 38, 
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FIG. 4. Ratio of maximum 
density of deposit P, in the cen- 
tral patch (corresponding to the 
[100] direction) to the maximum 
density of the positive P, in the 
side patches (corresponding to 
the [110] directions) as a func- 
tion of the energy of bombard- 
ing ions, E. 
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&, kev 
45, and 50 kev and @ = 60° were analogous to 
those shown in Fig. 2. 

The preferred emission of particles from the 
(100) plane of copper in the close-packing direc- 
tions was observed not only in sputtering with ar- 
gon ions, when the best ratio of gas-ion mass to 
metal-atom mass is obtained,‘ but also in sput- 
tering by the much lighter hydrogen ions (Fig. 2d). 

Distribution of deposit density in individual 
patches. It is seen from Fig. 2 that the density in 
an individual patch of the deposit increases from 
the center towards the periphery. By photometry 
of the deposit we can establish the law of distribu- 
tion of the density of the sputtered substance in- 
side an individual patch. For this purpose we 
plotted, with a recording microphotometer MF-4, 
curves of the intensity of light transmitted by the 
investigated deposit. Examples of such curves 
(for the central and side patches) are shown in 
Fig. 5. The horizontal axis represents the ratio 
r = x/d, where x is the distance from the center 
of the patch to the investigated point, measured in 
the photometry direction, and d is the distance 
between the sample and the collector. The vertical 
axis represents the quantity 


J (r) =[S,— S ()]/ (8S) = Sma] - (1) 


Here S(r), S), and Spin are the intensities of 
light passing through the collector plate at the in- 
vestigated point, in a section free of deposit, and 
in the center of the patch (densest section) re- 
spectively. 

Let us assume now that the density of the cen- 
tral spot ([100] direction) obeys the “cosine 
law,7!8 i.e., the amount of matter per unit solid 
angle, emitted from the sputtered surface at an 
angle g to the normal from the plane of the 
sample is proportional to cos ¢@. 

Let a plane surface of radius R be sputtered. 
It can be shown that in this case the distribution 
of the density of matter deposited on a plane col- 
lector parallel to the sputtered surface is given 
by the relation 


1-7 eae 
alike Meee d Eee ==} (2) 
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where r,;=R/d and Py, is the density of the de- 
posit at the center of the patch. However, Eq. (2) 
is unwieldy, and it is more convenient to use in 
the calculations the approximate expression 


P(r)=P,/(1+?r), (3) 


which gives results that agree within 2.5% with 
those obtained with (1), provided r;=0.2 and r 
ranges from 0 to 0.45; these conditions are satis- 
fied in our experiment. 

Inasmuch as the density in this section of the 
deposit is connected with the intensity of light 
transmitted through it by the logarithmic law 


Ig (So/S (r)) = RP (r) (4) 


(k is a proportionality factor), we can readily ob- 
tain from (1), (3), and (4) the following relation 


J (r) = {1 — 10 FPo +r)’ f] [Ome Po} (5) 


which should be compared with the experimental 
curves to verify whether the “cosine law” is satis- 
fied for the density distribution of the sputtered 
matter near the [100] direction (within the limits 
of a central patch of xe = 7 mm _ corresponding to 
gy © 24°). The quantity kP) can be determined 
graphically if one point of a plot of (5) is made to 
-coincide with the experimental curve. 

The points computed from Eq. (5) are plotted 
in Fig. 5 (curve 1) and coincide within 0.15% with 
the experimental curve (within a single patch, 

r = X¢/d = 0.45). This means that the density 
distribution of the sputtered matter in the space 
near the preferred direction [100] obeys the co- 
sine law with accuracy to 1.5%. The photometer 
error and the error due to the use of an approxi- 
mate formula amount to 3%. Equally good agree- 
ment was obtained for the central patch ([100] 
direction) in sputtering of the (100) plane of cop- 
per by ions of various energies: 1.5, 40, and 50 
kev. 
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FIG. 5. Comparison of the experimental curves ob- 
aie tained by photometry (solid curves) with the theoretical 
ones, obtained from the ‘‘cosine law’’ (dotted): I — for 
the central patch [100] (photometry along the line CD, 
Fig. 2b), Il—for the side patch [110] (photometry along 
the line EF, Fig. 2b). 


The distribution of the deposit in the side patch 
in the [110] direction was plotted with a photom- 
eter along the line EF of Fig. 2b. In this case the 
cosine law P =P, cos ~ (where y is the angle of 
deviation from the [110] direction), for comparison 
with the experimental curves, is expressed approxi- 
mately by a formula analogous to (5). The compari- 
son of the experimental and computed curves for the 
side patch ([100] direction) is shown in Fig. 5 
(curve II). In this case the cosine law also holds 
accurate to 1 — 2% within the confines of a single 
spot (r = xg /d= 0.25), the radius of which is 
Xg = 4mm, corresponding to w~ * 10°. 

We can thus state that the density of a discrete 
patch on the picture is distributed in space in ac- 
cordance with the cosine law. 

Microrelief of the surface after sputtering. 

The anisotropy in the sputtering of a single crys- 
tal relative to the different crystallographic direc- 
tions, at ion energies up to 50 kev, indicates that 
the mechanism of evaporation of matter from local 
molten sections of the surface is no longer applic- 
able even for high ion energies. This is also cor- 
roborated by the absence of molten sections on 

the surface of a sample sputtered by fast ions. 

Figure 6 shows a relief of the (100) face of 
copper, formed by sputtering with argon and hy- 
drogen ion beams at 40 kev and an angle of inci- 
dence of 60°. We see the tetrahedral pyramidal- 
recesses, characteristic of this plane, similar to 
those produced by sputtering with slow ions.!! 
Oblique incidence of the ions on the (100) plane 
causes, in addition, the formation of less regular 
figures, stretched out in the direction of ion inci- 
dence (Fig. 6b). The outlines of these figures, as 
well as of the more detailed relief, are sufficiently 
clear, without visible traces of melting. 

In conclusion, the authors thank Professor B. K. 
Shembel’ and V. A. Teplyakov for providing the 
ion gun for these experiments, Professor G. V. 


‘DIRECTED EMISSION OF PARTICLES FROM A COPPER SINGLE CRYSTAL 


FIG. 6. Relief of the surface of the (100) face of copper 
after sputtering first with an inclined beam ( = 60°) of argon 
ions at E = 40 kev, j = 0.4 ma/cm’, T= 60 min, and then with 
hydrogen ions at E = 40 kev, j = 0.8 ma/cm’, and t= 75 min. 
a—(x1000), b—(x3000). 


’ Spivak for continuous interest in the work and for 
a discussion of its results, and B. K. Kondrat’ev 
for the preparation and performance of several ex- 
periments. 
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The dependence of the cross sections for the reactions Th™8?(C", 4n)Cm2*? and TH (Ge 
5n)Cm49 on the energy of the bombarding particles was determined by the irradiation of a 
stack of thin foils followed by radiochemical analysis of the reaction products. The curves 
of the reaction cross sections exhibit the pronounced peaks that characterize the evaporation | 
of neutrons from an excited compound nucleus. The peak cross sections for the two reactions | 


are 8 X 10729 cm* and 18 x 1072% cm?, respectively. It is evident from a comparison with the 


cross sections for other nuclear reactions that cross sections for neutron evaporation do not 


depend on Z?/A ina simple manner. 


Tue present paper presents results obtained from 
the investigation of nuclear reactions induced 
through the irradiation of thorium with accelerated 
carbon ions. These experiments comprise part of 
a broader program for the study of the laws of the 
nuclear reactions that occur when heavy nuclei are 
bombarded with multiply-charged ions. Specifically, 
these studies are intended to determine how the 
cross sections for the formation of different reac- 
tion products depend on the atomic number and 
mass of both the irradiated element and the bom- 
barding particle. 


EXPERIMENTAL PROCEDURE 


The cross sections for the reactions Th722(.C12, 
4n)Cm?40 and Th-(Cl, 5n)Cm?40 were determined 
as a function of incident-particle energy. We irra- 
diated a stack of thin foils, which were then sub- 
jected to radiochemical analysis of the reaction 
products. 

The Th? metal foils, which were rolled to a 
thickness of 3 —4 mg/cm”, were bombarded at the 
terminal radius of the 150-cm cyclotron of the 
U.S.S.R. Academy of Sciences by monoenergetic 
beams of *4c!® and *4c!® ions accelerated to 80 
and 82 Mev, respectively. After passing through 
the target the ions entered a collector which was 
electrically connected to a current integrator. In 
order to avoid possible overheating and destruction 
of the target the ion current was limited to a maxi- 
mum level of 0.2ua. The integrated current in all 
experiments was 0.7 —1.0ya per hour. 

A curium fraction was extracted chromatograph- 
ically from each irradiated foil and was then ana- 
lyzed by means of an ionization chamber and a 50- 


channel pulse-height analyzer. Cm2*? was identi- 
fied by the energy of the emitted a particles 
(6.25 Mev) and its half-life (26.8 days). Since 
the products of Th? decay include Rn??° and 
Bi?"?, which emit @ particles whose energies 
(6.28 and 6.05 Mev) are close to the energy of 
a particles from Cm, the chemical separation 
of the curium from the thorium had to be accom- 
panied by a sufficiently complete separation from 
the decay products that could produce an undesir- 
able background. A special technique was devel- 
oped to separate and purify curium from bombarded 
thorium. The curium was separated chromato- 
graphically from thorium and its decay products. 
Each bombarded thorium foil was dissolved in 
concentrated (10.7N) hydrochloric acid to which 
a specific amount of Am?“! had been added, from 
which the chemical yield of Cm?*’ could be deter- 
mined. The solution was boiled down to 3 —5 drops 
which were adsorbed in a chromatograph column 
containing a Dowex-50 cation-exchange resin 
brought into equilibrium with the concentrated hy- 
drochloric acid. The columns used were 90 mm 
high and 2 —3 mm in diameter. The columns were 
subsequently washed with concentrated hydrochloric 
acid, separate fractions of which were collected on 
platinum plates and analyzed by means of an ioniza- 
tion chamber. The elution curve is shown in Fig. 1. 
Measurements of the half-life (~10 hours) and 
energies (6.05 and 8.8 Mev) of the a@ particles 
show that the activity eluted with drops Nos. 10 to 
40 belongs to products of the thorium series, Bi2!2 
and Po?!?, which are related genetically to Pb2!2. 
Curium was eluted with drops Nos. 20 to 100. Thor- 
ium and some of its decay products begin to be 
eluted with the 80th drop. For measurements in 
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the ionization chamber we selected the fraction in 
drops Nos. 20 to 80, which contained more than 
80% of the curium. The a activity of the Bi?!? and 
Po?!2 partially contained in this fraction dropped 
practically to zero in a few days and did not inter- 
fere with measurements of the Cm?" content. Pur- 
ity of the separation of Cm**? from thorium was 
controlled by the content of the thorium-related 
products Po?!® and Po?!*, which emit 6.8- and 
8.8-Mev a particles. The counts of 6.8- and 8.8- 
Mev a@ particles and consequently also of unde- 
sired a@ particles from Rn?*° and Bi*!* did not as 
a rule exceed 0.2 pulses per minute. This repre- 
sented ~ 0.001 of the initial amount of thorium and 
its decay products in the curium fraction. At the 
peak of the reaction cross section the initial @ 
particle count in the energy range 6.2 —6.3 Mev 
was 4 or 5 pulses per minute. The intensity of 
Cm2“° q@ emission was thus 20 — 25 times as great 
as the background of Rn”? q@ particles. The reac- 
tion product Cm?" could thus be reliably identified 
over a broad range of cross-section variation. It 

- was not possible in these experiments to determine 
the cross sections for the reactions The? (C?) 
2n)Cm?2” and The -(C, 3n)Cm?” from the yield 
of 162-day Cm?2**, which emits 6.10-Mev a par- 
ticles. The count of 6.10-Mev a particles in the 
curium fraction did not appreciably exceed the back- 
ground of Bi?! a particles. 


EXPERIMENTAL RESULTS AND DISCUSSION 


The cross sections for Th222(Cc!?, 4n)Cm?*? 
and Th282(c!3, 5n)Cm2“° as a function of bombard- 
ing energy are shown in Fig. 2. The initial carbon- 
ion energy and the monoenergetic definition of the 
beam were determined with the aid of an aluminum 
absorber. The differential distribution curves of 
c!2 and C!8 ion ranges in aluminum are symmet- 
rical Gaussian curves with ~ 3% rms deviation 
from the mean range. The small spread of carbon- 
ion ranges indicates sufficient energy homogeneity 
of the beam, especially if we consider the possible 
instrumental effects, such as nonuniform aluminum 
absorber thickness, which would increase the natu- 
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ral range fluctuations. An experimental range- 
energy curve! was used to determine the initial 
Cc? ion energy. The initial C8 ion energy and 
the energy variation during passage through the 
thorium foils were determined from calculations 
of the C!? range in aluminum and the stopping 
power of thorium. 

The indicated experimental errors take into 
account the statistical errors of Cm?** o particle 
counts and the possible errors in determining the 
chemical yield of curium, the thickness of the ir- 
radiated thorium foils and the integral of ingoing 
current. 

The cross section curves in Fig. 2 exhibit the 
pronounced peaks that characterize neutron evapo- 
ration from excited compound nuclei. The Th??? 
(Cla 4n)Cm?" maximum is found at 67 Mev and 
that of Th?82(C!8, 5n)Cm?"? at 74 Mev, with half- 
widths of 9 and 8 Mev, respectively. The Th?%? 
(C13, 5n)Cm2"" peak is 2.3 times higher than that 
of Th?82(c!2, 4n)Cm**°, as a result of increased 
cross section for the formation of a compound 
nucleus when the ion energy rises from 67 to 74 
Mev. This effect outweighs the reduction in the 
yield of the final product for the case of the 5n 
reaction as a result of the fact that the emission 
of an additional neutron again involves the compe- 
tition between nuclear fission and neutron evapo- 
ration. 

It is interesting to compare the peak cross 
sections for the evaporation of five neutrons 
from different nuclides bombarded with heavy 
particles. In this way an approximate picture is 
obtained of the way in which the ratio between the 
neutron-evaporation and fission probabilities var- 
ies as a function of Z and A for the compound 
and intermediate nuclei. Although the cross sec- 
tion for neutron evaporation depends on the cross 
section for compound-nucleus formation, this fac- 
tor is unimportant when the cross sections for the 
evaporation of five neutrons are compared. At the 
maximum of the 5n-reaction cross section (~ 65 
—170 Mev) the cross section for compound-nucleus 
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formation has reached a very appreciable fraction 
of its possible maximum and is approximately in- 
dependent of the ions used as projectiles. 

We present a table of the peak cross sections 


ee a 


2 
. oy cm 
Reaction | max’ 


GUSEVA et al. 


for the evaporation of five neutrons from gold, 
thorium and uranium irradiated with carbon and 
nitrogen ions: 


Au9?7(N24, dn) Ru206 
pies (Eten on) Cm?40 


75-10-25 [2] 
“80-10-28 


2 
1 


Reaction | Cmax’ cm 
U288(C13, Sn) Ci 246 4 25-40-28 [8} 
U288(C12, 5) Cf246 90-10-29 [3] 


The same data are shown in Fig. 3 as a function 
of Z?/A for the compound nucleus. The ratio of 
the cross sections of gold and thorium is seen to 
be considerably larger than in the case of thorium 
compared with uranium. A similar comparison 
reported by Flerov at the Second International Con- 
ference on the Peaceful Uses of Atomic Energy* 
indicated that the neutron-evaporation cross sec- 
tions decrease monotonically by a factor of about 
15 for each unit increase in the value of VAIN for 
the compound nucleus. However, this law was 
based on data for the evaporation of four neutrons, 
which is less closely related than the 5n reaction 
to the competition between neutron evaporation and 
fission. 


206 
Au!97(N% 5n) Rn24 


FIG. 3. Cross 
section for the evapo- 
ration of five neutrons 
as a function of Z?/A 
for the compound nu- 
cleus. 
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The comparison of neutron-evaporation cross 
sections with values of Z*/A for the compound 
nucleus‘ was the first attempt to discover a law 
governing the competition between neutron evapo- 
ration and fission in heavy nuclei. It was thus 
found basically that the cross section decreases 
as Z increases. The new data obtained from the 


study of five-neutron evaporation have revealed 
a more complicated dependence on Z and A than — 
a simple exponential reduction of the cross sec- | 
tion as Z*/A increases. | 
The competition between neutron evaporation 
and fission as a function of nuclear parameters 
can be investigated in greater detail by comparing 
the values of [, /I'¢ (the ratio of neutron-emis- 
sion probability to the fission probability of the 
compound nucleus) for different nuclides. This 
has been done by Tarantin,® using the results pre- 
sented here and an investigation of certain other 
nuclear reactions induced by heavy ions. 
In conclusion the authors wish to thank Profes- 
sor G. N. Flerov for directing this investigation, 
and Professor N. N. Tunitskii and M. V. Tikhomirov 
for preparing highly enriched C?, 
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The cross sections for the inelastic interactions of 7* mesons with a mixture of C, F, and 
Cl nuclei were measured at ten values of the pion energy in the 80 —300 Mev region. The 
results are compared with curves calculated by the optical model assuming alternately a 
uniform charge density distribution in the nucleus and a Fermi-type distribution. It is shown 
that the experimental results satisfy the second assumption. The pion inelastic scattering 


cross sections were measured. 


A paper by Blinov and others! described experi- 


ments on the interaction of 80 —300 Mev 2m* mesons 


with the mixture of the elements C, F, and Cl 


which made up the working liquid in a 17-liter freon 


bubble chamber.” The analysis of the photographs 
taken with the aid of this chamber in 7*-meson 
beams from the synchrocyclotron of the Joint In- 
stitute for Nuclear Research determined the cross 
sections for exchange scattering and for star for- 
mation and the sum of the 7*-meson elastic and 
inelastic scattering cross sections. 

In the present work an analysis of the photo- 

_ graphs was done for the purpose of separating out 
all the inelastic interaction processes from the 
elastic. We found and analyzed 7400 events of 
various forms of interaction. 


RESULTS OBTAINED 


The numbers of events counted of the different 
interactions are given in Table I as a function of 
energy. 

The number N, includes not only the stars 
seen on the exposures but also the positive-pion 
stoppings not accompanied by tracks of products 
from a pion-nucleus interaction. Such events can 
be related either to stars with outgoing neutrons 
or to stars with low-energy protons, since protons 
with energy less than about 10 Mev did not make 
visible tracks in our chamber. Since not only 
positive-pion absorption but also charge exchange 
(*— n°) can take place in star formation, the 
number N, includes also the detected charge ex- 
change events, that is, star events accompanied 
by an electron-positron pair pointing toward the 
point of interaction (conversion of a y quantum 
from 1° decay). 
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TABLE I. Number of events found 


a7t-meson scattering 


a Absorption without visible tracks 
7" -meson of 77" mesons for nuclear transforma- 
energy in and charge Inelastic, |tion products 

Mev, 1 exchange, N, 

N, forward, back, 
3 4 

67—91 98 14 58 33 

91—115 150 29 143 38 

120—144 178 108 165 24 

144—165 267 120 266 35 

165—185 327 191 348 45 

185—205 447 286 4AT od 

210—230 226 138 224 18 

230—254 251 171 308 17 

251—273 341 218 434 13 

273—291 39S 281 439 16 


We attributed to the inelastic scattering (N,), 
first, those events where the positive-pion scat- 
tering was accompanied by charged particles (vis- 
ible on the plate) outgoing from the nucleus and, 
second, those scattering events without accompa- 
nying particles when a noticeable decrease of the 
pion energy after scattering could be established. 
An estimate of the 7* energy after scattering, in 
these cases, was carried out from the range or 
from the characteristic formation of ions along 
the track. 

The number of pion forward scattering events 
without visible charged particle tracks (N3) was 
obtained only in scatterings where the sum of the 
scattering angle projections for two stereoscopic 
exposures was greater than 10°. These events 
were fundamentally related to the elastic scatter- 
ing of positive pions on a nucleus. Obviously the 
number Ng includes also pion inelastic forward 
scattering events not accompanied by visible 
tracks of nuclear transformation products. 

As will be shown below, the pion elastic back- 
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ward scattering was relatively small in our energy 
region. Therefore the number of events Ny, is 
fundamentally attributed to the pion inelastic back- 
ward scattering, although tracks of interaction 
products were not visible on the plate. 

Calculation of the cross section for all inelastic 
processes oy was carried out using the number 
of interactions n= N, + No + (1+@)N4 where a 
is the forward/backward ratio calculated in each 
energy region for pion inelastic scattering. It is 
evident that aN, is the number of inelastic events 
which are included in the number Nj if it is taken 
that the quantity a@ is the same for scattering with 
and without visible interaction tracks. 

The value of the cross section 0, calculated 
with n included a small correction connected with 
the fact that N, actually included elastic scatter - 
ings, since backward elastic scattering always gave 
some contribution, even though small. This con- 
tribution could be estimated with enough accuracy 
for our purposes from the results of recent work 
by other authors. For 7m energies of 80 Mev there 
exist data for elastic scattering on carbon and alu- 
minum at angles up to 110° (reference 3). Elastic 
scattering on carbon at 150 Mev has been meas- 
ured up to 140° (reference 4). One can judge from 
the results of these two papers that the backward 
elastic scattering cross section comprises about 
5% of the inelastic processes cross section at a 
pion energy of 80 Mev and fall to 1% at 150 Mev. 

The results of the calculation of oy, are given 
in Table II. The results of calculating the inelas- 
tic cross section oj according to the number of 
interactions Ny + (1+q@)N,, with a correction for 
elastic backward scattering are also given there. 
All cross sections are calculated for the mixture 
of C, F, and Cl which we had in our chamber 
(20% carbon, 49% fluorine, 31% chlorine). The 
average geometrical cross section of this mixture 
is 485 mb, assuming that the nuclear radius is 
1.4A¥% 10n') omy 

Let us compare the data we obtained with the 


TABLE II 
eg a 
toh tea aed @,in units of oO; in units of 
the average the aver 
Pa va Gi mb abhieinas Ome geometneal 
CN cross section cross section 
79 344+44 | 0.71-40.09 125+32 | 0,26+0.07 
103 415+44 | 0.86+0.09 140+30 | 0,29+0.06 
132 025+49 | 1,08-++0.10 229+36 | 0.47-L0,07 
154 568-+-48 | 1.17-+0.10 223+33 | 0.46+0.07 
Li, 5967+43 | 1,17--0.09 255+34 | 0.53-+0.07 
195 573-+40 | 1,18-40,08 250-+31 0.52-+40,06 
220 505-+43 | 1,04-+0,09 215+30 | 0.4440.06 
241 464+37 | 0.96+0.08 206-27 0,42+0.06 
262 462+34 | 0.95-+0,07 191+23 0.49-+0,05 
282 442+31 | 0,91+0.06 196124 | 0 40-005 


results of other authors. The cross sections for 
the inelastic interactions of m* and m™ mesons 

at energies close to ours have been measured for 
light elements, chiefly carbon, by the methods of 
scintillation telescopes,°’® Wilson chambers in a | 
magnetic field,’ and propane bubble chambers .® 
The comparison of the data for total inelastic 
scattering cross sections is given in Table III. 


TABLE III 
Pi ory 
ion 
Ele- | , -41;. | inunits of the |Refer- 
ener | ment Re geometrical | ©ce | 
cross section 
216 c 350+24 | 1,08+0.07 [5] 
225 ( 346-+21 | 1.07+0.07 [8] 
225) Al 596+30 | 1,07+0,05 [8] 
230 © 307+37 | 0,95+0.11 [7] 
256 E eee 4 01? ns [°] 
3 5 
260 @ 296+ 0,.92+9'Q9 [8] 
290 ‘c 269-426 | 0.83+0,08 [5] 


Comparing the cross sections given in Table III 
with our data for nearby energy points (Table II), 
we see a good agreement of the results for the total 
cross sections for inelastic interactions as ex- 
pressed in units of the geometrical cross section. 
In the work of Wang Kan-Chang et al.’ there was 
also measured the cross section for inelastic scat- 
tering for carbon at a pion energy of 260 Mev, 
which turned out to be 120°38 mb or (0.3773-(2) Og 
(Og is the geometrical cross section). This quan- 
tity agrees within the limits of error with our value, 
oj = (0.49 + 0.05) og measured at 262 Mev (Table 
Il). 


COMPARISON OF THE EXPERIMENTAL RESULTS 
WITH THEORY 


To compare our results with theory we shall 
use the optical model of the nucleus. Here one 
must bear in mind that in the basic work on the 
optical model,’ the expressions for the cross sec- 
tions of inelastic and elastic processes were ob- 
tained under the assumption of a uniform distribution 
of charge in the nucleus. It is well known, however, 
that experiments on high-energy electron scatter - 
ing’? agree best with the nuclear model in which 
the charge density p is described by the Fermi 
function 


(r) = (0) /[1 + exp(=4)], (1) 
where c=1.08A%/ 10° em and z= 0.53 x 10713 
cm. Expressions for the interaction cross sections 
using distribution (1) were obtained in the work of 
Cronin et al.!! It is evidently interesting; in com- 
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paring the experimental values of the cross sec- 
tions with theory, to carry out calculations for the 
two cases: for a homogeneous distribution and for 
the Fermi distribution. 

For a homogeneous charge distribution in the 
nucleus we have? 


(2) 


“ise —2kR 
pare (pet ectape |, 


where R is the radius of the nucleus and k is the 
coefficient of absorption. For positive pions the 
quantity k is connected with the cross sections 
for the interaction of pions with nucleons in the 
following way (without taking into account the 
Pauli principle ) 


k= 4 (Zot, + (A—Z) om], (3) 


where Om and op are the total cross sections 
for the interaction of positive and negative pions 
with protons. 

If the charge density in the nucleus follows the 
Fermi distribution, we get the expression!! 

co 
Ses an | {1 — exp [— 2sp (0) S (b)}} bab, (4) 
0 
where o = [Zo + (A-Z)onp ]/A, and the func- 
tion S(b) is calculated in the paper by Cronin et 
al. for various values of the parameter c. 

The experimental values of the cross sections 
Om and o7p, necessary to calculate k and a, 
were taken by us from the work of Anderson.” In 
calculating o, by (2) weset R=1.4 A‘/3 10-13 om; 
Oy was calculated by (4) with the parameter value 
c = 1.08 As 10748 em, which follows from the elec- 
tron scattering experiments.!” In addition, the 
values of oy were increased by the factor (1 - 
Ze’/RE,) in order to take into account the Cou- 
lomb interaction of the m* mesons with the protons 
inside the nucleus. 

The results of the o, calculations are shown 
in the figure. The experimental values of oy 
found in our work (Table II) are also shown there. 
As follows from the figure, these values satisfy the 
theoretical curve I, using the Fermi distribution, 
much better than curve II, calculated assuming a 
homogeneous charge density in the nucleus. 

In conclusion, we express our deep gratitude to 
Vv. A. Shebanov for much valuable advice, to I. Yu. 
Kobzarev and N. I. Petrov for examining the re- 
sults, to I. S. Bruk for making it possible to do the 
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computations on the electronic calculator M-2 of 
the Institute of Electronic and Control Machines 
of the U.S.S.R. Academy of Sciences, and to R. A. 
Ioffe for carrying out the calculations. 
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The integral cross sections for the Rayleigh scattering of Co®” y rays from U, Pb, W, Ta, 
Sn, Cu and Ni have been measured for the angular intervals 15’ to 1°00’ "and 15° (toc2 030 
The results confirm the prediction of the Debye-Franz theory that at small angles the cross 
section for Rayleigh scattering is proportional to the square of the atomic number of the scat- 
terer. It is further shown that at the angles considered, the experimental values of the Ray- 
leigh cross sections are greater than the theoretically predicted ones, and that with decreasing 
Z the angular dependence of the cross section becomes more pronounced than that indicated by 


theory. 


1. INTRODUCTION 


eee energies of order 1 Mev, y rays can interact 
elastically with matter through Rayleigh scattering 
from bound electrons, resonance scattering from 
nuclei, Thomson scattering from nuclei as charges, 
and potential scattering with the formation of virtual 
pairs in the field of the nucleus (the so-called 
Delbrick scattering). Rayleigh scattering at x-ray 
frequencies has long been known, but the other ef- 
fects, together with Rayleigh scattering at high y-ray 
energies, has not been studied experimentally. 

There are two fundamental difficulties in the ex- 
perimental investigation of elastic scattering of y 
rays of about 1 Mev energy. The first is that the 
cross section for elastic scattering is much less 
than that for inelastic Compton scattering. The 
second difficulty is that the elastically scattered 
photons are masked by a hard component of the 
bremsstrahlung from Compton and photo-electrons, 
together with radiation from the annihilation of pos- 
itrons. Using scintillation techniques, the inelastic 
Compton component can be discriminated against 
at large angles, but the hard bremsstrahlung re- 
mains troublesome. 

Of the four processes for elastic scattering, 
Rayleigh scattering has the biggest cross section. 
There are several reasons why an experimental 
study of Rayleigh scattering is of interest. Accord- 
ing to the non-relativistic theory of Debye and 
Franz,'»? which is based on the Thomas-Fermi 
approximation to the distribution of electron charge 
in an atom, at large scattering angles the cross 
section is proportional to the cube of the atomic 
number of the scatterer. Bethe and Levinger® 
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carried out relativistic calculations, using Dirac 
wave functions for the K electrons, and at large 
angles obtained somewhat lower cross sections 
than those predicted by Debye and Franz, and a 
variation of the cross section with atomic number 
given by Z®—zZ}°. More exact relativistic cal- 
culations of the cross section for Rayleigh scat- 
tering, with several terms of the Born expansion 
into a sum over intermediate states being taken 
into account, have been carried out recently*~* 
for y-ray energies 0.32, 0.64, 1.28 and 2.56 mc’. 
At all angles the cross sections so obtained are 
lower than those given by the Debye-Franz theory 
and vary with the atomic number as Z°. 

In resonance scattering experiments, Rayleigh 
scattering gives rise to a background whose mag- 
nitude must be known before a reliable value for 
the resonance scattering cross section can be ob- 
tained. In recent years, resonance scattering has 
become one of the fundamental methods for meas- 
uring the lifetimes of excited states as short as 
1071! sec. The resonance scattering technique is 
useful in solving other important problems, too. 
Finally, although it has now become possible to 
measure Rayleigh scattering, the existence of 
Delbriick and Thomson scattering has not yet been 
demonstrated experimentally. Since these com- 
pete with Rayleigh scattering, it is important in 
studying them to have reliable theoretical and ex- 
perimental data on the cross section and angular 
distribution of the Rayleigh scattering, together 
with its dependence on the energy of the y rays 
and the atomic number of the scatterer. 

Rayleigh scattering has a strong angular de- 
pendence, as predicted by theory. At large angles, 
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the cross section for Rayleigh scattering is several 


_ orders of magnitude less than that for Compton 


scattering, while at small angles it is considerably 
larger than Compton scattering. Hence there are 
two convenient regions for experimental studies 

of Rayleigh scattering: 1) large angles, where the 
soft Compton component can be discriminated 
against; 2) small angles, where Compton scatter- 
ing is negligible compared to Rayleigh scattering. 

There have been a number of experiments car- 
ried out in recent years?!" at larger scattering 
angles (> 30°). These experiments measured the 
magnitude of the Rayleigh cross section, its angu- 
lar dependence, and variation with Z, for y-ray 
energies in the range 0.41—2.76 Mev. The results 
of various authors do not agree, which can be ex- 
plained by the difficulty of allowing for the second- 
ary hard component contained in the measured 
elastic scattering. 

In the work now being reported we studied the 
Rayleigh scattering of Co® rays at small angles 
(< 3°) and the behavior of the cross section as a 
function of the atomic number of the scatterer. 
The results are compared with the Debye-Franz 
theory. 


2. THEORY 


According to Debye,! the cross section for Ray- 
leigh scattering on the electron cloud of an atom 
is, at x ray energies, given by the formula 


b/r 
AnesZ? /\ 2 A\2 

o= oe | ) udu, (1) 
where Ep, is the electron rest mass, A is the y- 
ray wavelength, Z the atomic number of the scat- 
terer, b =5.9x 107871 om, u = (b/d) sin (0/2), 
and @ is the scattering angle. The electron struc- 
ture factor f=A/Z is determined by the expres- 
sion 
Kage ere SESS, dx, (2) 


u 


Sin Ux 
where (x) is the Fermi function, x = r/a 
(x = distance from the nucleus, a =b/47 is a char- 
acteristic radius ). Debye carried out this integra- 
tion graphically for the range 0 =u < 27. Franz” 
extended Debye’s calculations to the range u = 27, 
the function f= A/Z being obtained in analytic 
form as a series 

feo AED 


pea a u Poe (3) 


Over the Debye range (0 <u S 27), the value of 
the integral in (1) is 0.6, while over Franz’ range 
(27 <u <b/A) it is 0.2 — mA/2b. Hence, the total 
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cross section for Rayleigh scattering is 
o = AnetZ2E5* (0/6)? (0.8 — mh / 20). (4) 


The y rays from Co® have mean energy Ey = 1.25 
Mev; for lead the cross section becomes o = 3.71 X 
107 em*. Since 0.6/[0.8 —7A/2b] > 0.75, more 
than 75% of the radiation will be scattered through 
an angle smaller than some angle 4. 

From the relation u = 27 =b/A sin (@)/2) and 
for Ey = 1.25 Mev we find, for lead, 4) ~ 5.3”, 
while for aluminum 6) ~ 2.8°. From this it is 
evident that Rayleigh scattering is predominantly 
through small angles. From (1) we can easily de- 
rive an expression for the differential cross sec- 
tion for Rayleigh scattering: 


S (0) = (e4Z? / 2E2)(A/Z)? = 3,971 - 10-8. Z2(A/Z)*. (5) 


For 6—0 ((A/Z)* —1) the cross section for Ray- 
leigh scattering is proportional to Z?, and reaches 


a maximum, independent of the y-ray energy, given 
by 


S (8)maz = 3.971 + 10-2822, (6) 


3. EXPERIMENTAL TECHNIQUE 


Figure 1 shows a diagram of the experiment. 
The lead blocks Pb, — Pb, were arranged so that 
the holes through their centers (hole diameter 
5 mm) were lined up. The Co® source was a 
metal cylinder 10 mm long, diameter 5 mm, and 
had an activity 1.8C. The detection system con- 
sisted of a scintillation counter with a NalI(T1) 
crystal and an integral discriminator. The elec- 
tronics operated stably, as indicated by the fact 
that over 12 —15 hours the counting rate did not 
change by more than 2 or 3 statistical errors. 
The statistical error +VN/N ina single meas- 
surement was +0.3%. As scatterers we used U, 
Pb, W, Ta, Sn, Cu, and Ni discs with diameter 
25 mm and thickness ly, = 2/uz, where pz is the 
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FIG. 1. Schematic diagram of the experimental set up. 
S—source, D—detector, pw—plexiglas washer for mounting 
the scatterers, 0,,6,, and 6, — maximum scattering angles in 
the scatterer positions N,, N,, and N,. 
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linear absorption coefficient for Col y rays in 
the element used. 

The Rayleigh-scattered radiation was meas- 
ured as a small addition to a background provided 
by the direct beam. The magnitude of this in- 
crease depends on the solid angles subtended by 
the scatterer at the source and detector and the 
corresponding linear angle 9m x. The number 
of scattered y quanta is given by the formula 


8 max 
tee Nox \ Qn (8) sin 9.d0 = fyeNaX%q(8max)s (7) 


0 


where Ng is the number of atoms per cc in the 
scatterer, x is the thickness of the scatterer and 
0)(9max) is the scattering cross section for the 
interval 0° to @max: 

It is clear that the amount of scattered radiation 
adding to the primary beam will depend on Omax- 
The scatterer was successively placed in positions 
Ny, Ng, and N3 (Fig. 1), in which positions the 
maximal scattering angles 6,, 0,, and 93 were 
as given in Table I. The maximal scattering angle 
Omax depends on the maximal linear angles Am ax 
and Bmax subtended by the scatterer at the source 
and detector respectively. The angles £3 and £, 
were eachequal to 0°04’, while 8; was 0°09’. The 
finite thickness of the scatterer gave rise to an 
uncertainty in the scattering angles, also shown 
in Table I. 

Knowing the difference in y counts between 
two positions of the scatterer, for instance N, and 
Ns, we can calculate the total scattering cross sec- 
tion (ot)? corresponding to the interval 0, to 63, 
the calculation being done according to the formula 


(9¢)1 = (Is —h) /T,Nax. (8) 


This method obviously is useful only for scattering 
processes whose differential cross section is suf- 

ficiently large at small angles. According to the- 

ory, in the angle interval 0 — 2°30’ Rayleigh scat- 
tering of y rays with E,,= 1.25 Mev from heavy 
elements amounts to 1.5% of the direct beam. 
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4, COMPTON SCATTERING AND THE UNEQUAL 
CONTRIBUTIONS OF DIFFERENT SCATTERING: 


ANGLES 


The cross section determined from experiment 
using formula (8) is the sum of the Rayleigh cross 
section and all the other possible elastic and in- 
elastic processes. We need correct only for Comp- 
ton scattering because the contribution of all the 
other processes is negligibly small. At small 
angles, Compton and Rayleigh scattered quanta 
have practically the same energy and cannot be 
separated from each other. Hence the contribution 
of Compton scattering was computed theoretically. 
The Rayleigh cross section was then obtained as 
the difference between the total, measured, cross 
section and the contribution from Compton scat- 
tering: (oR)exp = (ot)exp — (9C)theor. Theoret- 
ical values for the Rayleigh scattering were com- 
puted graphically. Sp(@) was calculated from 
formula (5); the quantity f(@) =27Sp(@) sin @ is 
shown in Fig. 2. 

In calculating the theoretical Rayleigh and Comp- 


2nS(6) sin 0 
oan 


\ 
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12 2h 36" 48’ 1° 0 


12' 24 36' b8' 2° W2' 2h 36 4B! 3° 
FIG. 2. Angular distribution of Rayleigh and Compton scat- 

tered y rays from uranium. Solid curve — without taking the 

function F(Q) into account; dashed curves —taking F(Q) into 


account. 


TABLE I. Maximal scattering angles 


{ 
U 2°35’412' | 2°38’4.12' | 0°58’.2' | 4902/42" 0°06’ 0°45 
Pb 2°27°419' | 2°31’19" | 0°56/=E2’ | 0°59/-L2" 0°06" 0°45" 
W 2°33’443’ | 2°37’13" | 0°58’2" | 41°02/202" 0°06" 0°45! 
Ta 2°32’$14’ | 2°36/4-14' | 0°58/2' | 1°02"4.9" 0°06" 0°15! 
Sn 2°18/+29' | 2°21’29" | 0°55E5" | 0°59/2b5" 0°06" 0°45! 
Cu 2°22'+25' | 2°26'25’ | 0°56’E4’ | 1°0"2L4" 0°06" 0°45" 
Ni 2°33’+24' | 2°27°24' | 0°56’E4’ | 1°0/2E4" 0°06" 0°45’ 
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ton scattering cross sections, it is necessary to 
take account of the fact that different angles in the 
range 0° to 84,5, contribute differently. The an- 
gular distribution function for particles emitted 
by the source and falling on the scatterer was, 

at our request, graciously furnished by Prof.G. A. 
Grinberg. This function was calculated for our 
special case, where 1 >a (a being the diameter 
of the source and scatterer, while 7 is the dis- 
tance between them) and has the form 


F (~) = (p—sing)sing, (9) 
where 


~ = 2arc cos (/8/2a). 


From the plot of F vs. @g (Fig. 3) it follows 
that large scattering angles (small ~) and small 
scattering angles (large ~) contribute relatively 
little as compared with intermediate angles. 


£ Cae 
2 


FIG. 3. Dependence of F on 9. 


To correct for the unequal weight of different 
scattering angles, the function f(@) = 27S(@) sin 6 
for Rayleigh and Compton scattering was multi- 
plied by the function F(g), for our values of the 


parameter 2a/1 and the result integrated graph- 
ically. The product of these functions is shown in 
Fig. 2 for uranium. The theoretical values for the 
Rayleigh and Compton cross sections are shown in 
Table II, which also gives the corresponding cross 
sections without this correction (indicated by *). 


5. MEASUREMENTS AND RESULTS 


The measurements were carried out in the fol- 
lowing way. The scatterer was placed first in one 
position, then in another, for example Ny and Ns. 
In these positions, counts I, and I; were collected 
for five minutes each. In a single measurement, 
lasting five minutes, about 128,000 counts were 
collected, the background being about 500. 

Several series of measurements were made on 
each scatterer; in a series, the counting rate for 
each position of the scatterer was determined 
40 —50 times. The arithmetic mean and mean 
square deviation of the differences in counting 
rates between the two scatterer positions was 
determined, the average being taken over several 
series, and the total scattering cross section de- 
termined from (8). The experimental data obtained 
are shown in Table II. 


Figure 4 shows, in a semi-logarithmic plot, the 
theoretical and experimental dependence of the Ray- 
leigh scattering cross section on the atomic num- 
ber of the scatterer for the two intervals 15’ to 
1°00" and 15’ to 2° 307 

The following conclusions can be drawn from 
an analysis of the experimental data. 


TABLE II 
Angle = 
Interval 0, 0, 
Cross sec- i. * 
tion in barns @, ye Go) theor ©, Nese OR tneor © "ness On) exp 


(per nucleus) 


Uranium 0.217 £0,014 0,047 
Lead Onl D202, 0.038 


Tungsten 0.126 +0.011 0.036 
Tantalum 0.154 £0,009 0.036 
Tin 0.0468 +0.0028 0.0493 
Copper 0.0175 +0,0012 0.0430 
Nickel 0.0134 +0.0018 0.0128 


0.027 0.198 0,166 0.180 +0.044 
0.024 0.144 0,120 OMb4eeOnO12 
0.020 0.412 0.095 0.106 +0.040 
0.020 0.107 0,090 0.131 =0.009 
0.0392 | 0.0318 | 0.0357 +0.0028 
0.0102 | 0.0085 | 0,0106 +0.0012 
0.0093 | 0.0077 | 0.0062 +0.0018 


ee UE EEE NEEIEnEE EEEREnD EER EEE EERE EREEERRRREER REE REREERREEEEREEEEEEEED c! 


Angle | 


Interval 4, F 0, 
Cross sec- | * * 
tion in pied 5) exp CO)tneor @o)theor Cp) theor CR theor @2 exp 
(per nucleus } 

i 0,085 =0.040 0.007 0,004 0.098 0,069 0.084 +0,010 
ae 0.074 £0,050 0,006 0.003 0.072 0.050 0.071 £0.005 
Tungsten 0.058 £0.013 0.006 0.003 0.058 0.041 0.055 0.013 
Tantalum 0.083 £0.014 0.006 0.003 0,055 0.040 0.080 £0,014 
Tin 0.0310 +0.0012 0.0035 | 0.0045 | 0.0220 | 0.0152 | 0.0295 +0 0012 
Copper 0.0127 +0.0015 0.0021 | 0.0040 | 0,0059 | 0.0045 | 0.0117 0.0015 
Nickel 00053 =0.0012 0.0020 } 0.0010 | 0.0055 } 0.0041 | 0.0043 +0 0012 
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FIG. 4. Dependence of the Rayleigh scattering cross sec- 
tion on the atomic number of the scatterer. Dashed curve — 
theoretical, solid curve —experimental. xX —experimental points 
for the angle interval 6,-0,; O —for the interval 0,—6, . 


1. The cross section for Rayleigh scattering 
at small angles is greater than that predicted by 
the Debye-Franz theory. The experimental cross 
section becomes ever bigger than the theoretical 
one as the scattering angle decreases. 

2. The. experimental curves for of and oF 
tend to come together as Z decreases. It follows 
that the experimental scattering cross section 
varies more strongly with decreasing Z than does 
the theoretical one. The experimental values of 
of and of} coincide for Cu and Ni, i.e., for these 
elements we did not see Rayleigh scattering, within 
the limits of experimental error, at angles greater 
than 1°. 

3. According to theory, about half the Rayleigh 
scattered radiation should be scattered through 
angles 0, =15’ to @, = 2°30’. The agreement 
between the general trend of the experimental 
and theoretical curves for o? over this range 
of angles confirms the theoretical prediction that 
the Rayleigh scattering cross section should be 
proportional to the square of the atomic number 
of the scatterer. 

The experimental points for Ta and Ni are 
anomalous. The scattering cross section for Ta 
turned out to be significantly greater than for its 
neighbor W, while for Ni the state of affairs is 
reversed, its cross section being markedly less 
than that for Cu. In this connection, it should be 
noted that a smooth variation of the angular dis- 


tribution can be interrupted by diffraction effects. | 
For Co” y rays, with energy Ey = 1.25 Mev, the 
wave length is 10-!° em, while interatomic dis- 
tances are of order 10-8 cm. From the relation 

nr = 2d sin @ it follows that the first diffraction 
maximum will be at an angle 30’. 

It should also be noted that elastic resonance 
scattering can occur in Ni; this will be out of 
phase with the Rayleigh scattering!" and wili com- 
pete with it. The observed decrease in the ampli- 
tude for elastic scattering can be explained by a 
strong resonance scattering peak at small angles, 
the mean differential cross section in the interval 
6,-9) being of order 1.37 x 107*4 cm?/sterad. 

In conclusion, the authors would like to thank 
Prof. G. A. Grinberg for his help in making the 
calculations. 
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The lifetime of the first excited state of Ne®! was measured using a 50-channel time analyzer. 
The measurements gave the value Tip = (6.2 + 6.2) x 107!! sec. A brief description of the 


time analyzer is given. 


ike lifetime of the first excited state of Ne?!, at 
0.35 Mev, has been measured with a Po-O!® neu- 
tron source. The source was a solution of Po*!® 
nitrate in water enriched to 24% in O'8. The 
pe (a, n) Ne?! reaction in the source is accompa- 
nied by the 1.38 —0.35-Mev gamma cascade. The 
intensity of the direct transition from the second 
excited state to the ground state is lower by at 
least a factor of ten than the cascade transition. 
The lifetime was measured using a multichannel 
time analyzer. The use of multichannel analyzers 
has various advantages over delayed coincidence 
methods. In multichannel analyzers, the whole 
time distribution of the pulses is taken simultane- 
ously. This enables one to shorten the measuring 
time, reduce the effect of instability of the appa- 
ratus, and improve the statistical accuracy of the 
measurement. Green and Bell! used a multichan- 
nel analyzer successfully to measure the lifetime 


_ of positrons in quartz crystals. 


Our analyzer was built following the time-to- 
pulse height conversion scheme proposed by Neil- 
son and James.” A block diagram of the apparatus 
is shown in Fig. 1. The detectors of the radiation 
were 40 x 40 mm crystals of Nal(Tl) and FEU-1V 
photomultipliers. The output signals from the anode 


_ of each multiplier pass through the broadband am- 


plified UR-3 to a pulse-shaping circuit. The posi- 
tive rectangular pulses after shaping have an am- 
plitude ~1.5 v and a duration of 2 x 107° sec. The 
time-to-pulse-height conversion circuit was built 
like the one described in the paper of Neilson and 
James.” The converter element was a 6A3P tube, 
cut off by a pair of grids. When the positive rec- 
tangular pulses are applied to both grids of the 
tube, a charge is produced in the anode circuit 
which is proportional to the time of overlap of the 
input pulses. The output pulses from the converter 
are amplified and pass through a gating circuit to 
an AI-50 50-channel pulse analyzer. The gating 
circuit is opened by pulses from a slow coincidence 
CILCuit, 
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Nal(T/) 


1st channel 2nd channel 


FIG. 1. Block diagram of multichannel time analyzer. 
1—FEU-1V; 2-200 Mcs amplifier; 3—pulse-shaping cir- 
cuit; 4—converter circuit; 5—delay line; 6 — preamplifier; 
7 —\inear amplifier; 8—single-channel pulse analyzer; 
9—coincidence circuit with T = 2 x 10°’ sec; 10—gating 
circuit; 11—50-channel pulse analyzer. 


Amplitude discrimination on the pulses from 
each detector is accomplished by using single- 
channel analyzers in a slow coincidence circuit 
with a resolving time of 2 x 107’ sec. The single 
channel analyzers enable one to select gamma lines 
of definite energy in each detector, and enable one 
to improve the resolution of the time analyzer. A 
calibration curve taken using self-coincidences 
showed that the analyzer linearity is good in the 
range from 3 X 10~° to 18 x 10°? see. The width 
of the analyzer channels was 4.6 X 107)sec. 

After calibrating the analyzer, we introduced a 
fixed delay line with a delay of 11 x 10~° sec into 
the second channel between the anode of the multi- 
plier and the UR-3 amplifier. In this way the 
“null” of the time analyzer was shifted to the 
middle of the linear region of the calibration curve. 
The single-channel discriminator of the first 
counter was set to record y quanta with energy 
0.35 Mev, the discriminator of the second counter 
was set to record y quanta with energy 1.38 Mev. 
The channel width of each discriminator was set 
equal to the width of the photopeak. 

With this setup, we used a Co source to meas- 
ure the resolution of the time analyzer. The first 
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FIG. 2. Resolution curve of time analyzer. 


counter recorded part of the Compton distribution 
from the 1.17-Mev line, the second counter re- 
corded the photopeak of the 1.33-Mev line. Since 
the lifetime of the first excited state of Ni®° is® 
detox 10s sec, we could assume for our measure- 
ments that the 1.17- and 1.38-Mev quanta are 
emitted simultaneously. The resolving time was 
oT =14.5 ~10— sec (see Fig. 2). The asymmetry 
of the distribution curve is due to the difference 
of excitation energy in the first and second crystal. 
The operation of the analyzer was checked on a 
source with an artificial “lifetime.” For this pur- 
pose the Co® source was placed between the de- 
tectors, and the time distribution curve of artifi- 
cially delayed pulses was measured. This curve 
was determined from the sum of ten measurements, 
made with different delay times of t, = At/2, t, 
=t, + At, ete. A step delay line with At = 4 x 107! 
sec was introduced into the first channel of the 
analyzer. The time of the measurement for each 
delay t, was determined from the expression 
Ty = const + exp (—ty)/®), where © is the “life- 
time.” The distribution curve of the delayed pulses 
was compared with the prompt curve of the distri- 
bution (Fig. 2), using Bay’s‘ method. For a source 
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with an artificial “lifetime” © =1 * 107* sec, we | 
found experimentally a value (1.1 + 0.1) x 10~° sec. | 
The lifetime of Ne?! was measured by compar- 
ing the distributions from the Po-O!8 and Co® 
sources. The data were treated by Bay’s method‘ 
and Newton’s method.® The half-life, found from 
an average of nine measurements, is T1/2 = (6.2 
+ 6.2) x107!! see (where we give the mean square _ 
error of the average). A correction for internal 
conversion is not necessary in this case, since it 
ig eoGi0 4 
Thus the upper limit on the half-life of the first 
excited state of Ne”! is 1 x 107!° sec. | 
Middleton and Tai® have shown that the spins | 
and parity of the ground and first excited states 
of Ne*! are %* and %*. From measurements of 
y-y angular correlation’ for Ne?! it follows that 
the 0.35-Mev transition is dipole. The single par- 
ticle model® gives a half life for a magnetic dipole 
transition of Ty; = 6 x 107 sec: 
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SCATTERING OF A PHOTON BY A NUCLEON IN THE ONE-MESON APPROXIMATION 


E. D. ZHIZHIN 
Submitted to JETP editor March 24, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 994-999 (October, 1959) 
Photon-nucleon scattering due to strong interactions is treated taking into account the ex- 


change of a single meson. The scattering matrix is computed for values of angular mo- 
mentum up to J = u, . The angular distributions for reactions involving polarized particles 


are presented. 


1. SCATTERING MATRIX IN THE ONE-MESON 
APPROXIMATION 


As was shown by Okun’ and Pomeranchuk! in 
peripheral interactions, when in effect the particles 
exchange the smallest possible number of pions, it 
is possible to use contemporary meson theory to 
calculate processes involving large orbital angular 


momenta. 


, ° * 
i Photon-nucleon scattering in the one-meson 


approximation is described by the diagram shown 
in the figure. The matrix element for this process 
may be written as 


te i Ig. Via (way stt1) m 
~ (2m)? © [(4e — ki)? — vp] Er 


x{Eo[ (My — ne) x&,]} 8 (ky + pi — Re — Pra), (1) 


where £& is the photon unit polarization vector, k 

- and p are the photon and nucleon momenta, w 
and E are the photon and nucleon energies, n, - 
and ny, are unit vectors in the direction of motion 
of the initial and final photon, yp is the pion mass, 
I. is the vertex function (yyr’), the subscripts 1 
and 2 refer to initial and final particles and units 
are used such that h =c=1. The expression is 
written in the center of mass coordinate system, 
hence k, = —p; = wn, Kk, = —P)p =wn,; the z axis 
is chosen in the direction of ny and uj, u, are 
unit spinor amplitudes. 

The scattering amplitude which determines the 
probability for the transition from the initial state 
(when the photon has momentum k, and prescribed 
polarization and the nucleon has momentum p, and 
prescribed spin projection onto the z axis) to the 
final state (when the photon has momentum k, and 
prescribed polarization and the nucleon has momen- 
tum p, and prescribed spin projection onto the z 
axis) is given by the expression 


£ (0, ©) =C {026 (my — Mg) 03} {65 +[(m1 — ma)xE,]} / (x — cos 8), 
C=TgVa/8nwo(E; +o), x=1+p?/ 20%, (2) 


Vv Nia 


Here 0 is the angle between ny and n, in the 
center-of-mass system, and vy, v2 are unit 
spinors. 

To separate out large angular momenta we go 
over to the angular momentum ‘representation. In 
this representation the state of a system consisting 
of a photon and a nucleon is specified by the total 
angular momentum L and parity 2 of the photon, 
by the spin of the nucleon, and by the conserved 
quantities J, My and II. Here J is the total 
angular momentum of the entire system, My is 
its projection on the z axis, and II = (—)bat”r4 
= (—)l2+\2 is the parity of the entire system. The 
scattering amplitude in this representation 
R(LoAq; LyAy; JIL) is related to the scattering 
amplitude £(@,~) by:? 


aie P) cake Vez >» R(Leho; Lida; JI) Et A ae 


JL gAoL1A4 
«VDE Xi MGC) ae 
Myw4 


(3) 


where W(JMjLpA,) is the function describing the 
state of the system with total angular momentum J 
and z component Mg. Since J is determined by 
the vector addition J= L, +S, where S, is the 
spin of the final nucleon we have 


X (On,01) (Oakes (J MyLoh)), 


JM. 
YY, (JM yLoho) a s; Chemis YM, (ny) Duy: (4) 
U2 


In (3) and (4), C?},. are Clebsch-Gordan coeffi- 
cients and YA (0) are vector spherical harmon- 


707 


708 E. Di -ZHIiZ HEN 


ics (defined, for example, in reference 3). 

Using the orthogonality properties of the spher- 
ical harmonics and the Clebsch-Gordan coefficients 
the following expression for the scattering matrix 
may be obtained from (2) and (3) after some simple 
calculations: 


f i 2. P + LotAs—Li— Ay ¢__ 1 ArtAg 
R (Loko; Lyhky; JT) = fA ( ) 
JMy 
< > Cia 2M24/2e2 Cr 1M 3/21 
UyUeMy 


{u) 6 (n, — np) ae Gare (n2)-j (my — Ne) XY} My, (n,)| ee 
x \ x — cos 9 (5) 


In order to obtain the final expressions we use 
the formulas 
[nx Yim (m)]= i Y Tat (n), 


(o-n) Vy, = — V40 Qua (n), (6) 


where 21 1p, (2) is a spherical spinor (defined in 


reference 3). After some simple but tedious cal- 
culations we obtain the following expression for 
the scattering matrix: 


Ruby is JU) = —i4) If) Qs 4 1) Pee’ 


x 2 Claus 8 (laba) V De +1 [Cr Let Q,, (x) 6 (JLoLy) 
— 2 Bi CCC ieose arent La I) 

ste ive DE dn (JL2L1))| a py ers ieee) 
xV 2s +1 | Ci Qr, (x) b JLeLa) — 2 Chores (x) 


% (CPC Hab (ILaL1) + VOCE ad, (Ials))]}. (7) 


Here we have introduced the following abbrevia- 
tions: 


JY/ J1/2 J8/ J8/ 
b (J LoL) = Chine CL iB/,—Y, a Chay, Chaya), ? 


Oey) —— Cy Cr By Con = Cr ty Cy a aCe 
6(,A2) indicates that in the sum over 1, only the 
term with l, = Ly, enters if A, =0, and only the 
terms with /,=L),+1 if A, =1; Q)(x) are the 
Legendre functions of the second kind (for an ana- 
lytic expression for Q](x) see reference 4; for a 
table of values see reference 5). 

Values of R(LoA,; LyAy; JIL) upto J = v7, are 
given in the table. 


2. ANGULAR DISTRIBUTIONS 


The angular distribution may be expressed in 
the form 


do /do = Sp losfo,f*], (8) 


where 


a =—(1+&)(1 + 4&9), Py = — (1 + Gee) (1 + &o) 


(9) 


are density matrices describing the initial and final 
states respectively of the nucleon-photon system. 
Here &, and & are photon polarization vectors, 
¢,; and ¢, are nucleon polarization vectors, 0 
are the Pauli matrices and w, =0z, W2 = Ox, 
w3 = Ody. We follow here the definitions given by 
Tolhoek.® 

Let us write the angular distribution as a sum 


of sixteen terms: 

do / do = By+ Dy (&:) + Pi (E) + Py (61) + Pi (&) 
+ Bo (E, &) + Po (bi, $2) + Po (Er, H) + Pe (G1, Se) 
+ Be (Ea, &:)-+ Po (Ea, So) + Ps (Er, a, $1) + Ps (E1, &2, Se) 
+ Bs (&1, 61, 62) + Ps (Ba, $1, G2) + Pa (Er, Ge, S162). (10) 


To average over the polarization states of an 
initial particle we remove from (10) the terms con- 
taining the corresponding polarization vector and 
multiply the cross section by 2; to sum over the 
polarization states of a final particle we simply 
remove the corresponding terms from the total 
cross section (10). 

In Eq. (8) we write f in the form of a matrix 
whose elements represent the scattering amplitude 
with prescribed polarizations for the photon and 
nucleon 

f= Sy 2%, 8) 60 u), (11) 
where a(a, 8), b(A, uw) depend on the polariza- 
tions of the nucleon and photon and are given by 
(see Goertzel)! 


a(*/e5 4/2) =(1—cos8), a(—*7/2; —17/2) =—(1— cos 8), 
a('/s; —¥Y2) = —sinbe~, — a(—g; Ys) = —sin ote, 
(12) 
61; 1) =6(—1;— 1) = 0, b(1;— 1) = ie? (1 — cos 8), 
b(— 1; 1) = — ie** (1 — cos 8). (13) 
From (11), (12), and (13) we find. 
Dy = — C?(1 — cos 8)*/ (x — cos 6)2, 
, (&1) =, ($1) =D (€2) = 9 (G2) = 0 (14) 
oo cose) e ao 
2 (Br Ba) = fee (x — cos 6)? ‘S211 
“| (23213 — Sop 219) COS 2p —(Fsstie + S29613) Sin 29}, (15) 
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Values of the coefficients D(LpA,; Lydy; J) = —iR(LyAg; LyA4y; JIL) 


: 
| 
j 


o, Mev 

: 68.5 97 116 
D 
D (41,0; 1,0; 3/2) 0.7726 1,099 1.262 
Dito 1s 454) 3/5) 0.3863 0.5493 C 6307 
DU GF Oars 375) —0.3022 —0. 4065 —0 4522 
D (2,0; 2,0; 3/s) 3.739- 10-2 7,986 - 10-2 1.085 -40-4 
ID Ca Mie 7a lees) 2.493 -10-? 5.324-10-2 7,237-10-2 
D\(2,,0; 3,1; 5/2) —3,079-10-* | —6,072-10-2 —7.863-10 
D (3,0; 3,0; °/2) 3.157-10-8 4,031-10-2 1.677-10-2 
DS Agwos 1; 45) 2.368-10-8 7,732 -10-8 1.258.10-2 
D (3,0; 4,1; 7/2) —3,942.10-3 | —1.174-10-2 —1,.802.10-? 
D (4,0; 4,0; 7/2) | 0.3320-10-8 dO Ons 0.3270.10-2 

| 


*The D (Le, Ag} jae A J) 
saa 2,1; %/2)=—D (2,9; 2,0; 2/2); 
D(3,1, 3,4; 7/2); D (4,4; 4,4; 


satisfy the following relations: 


D(2,0; 2,0; 8) =— D (2,1; 
7/2) = — D (4,0; 4,0; 7/2); D(a, 


137 154 247 308 

1,402 1,487 1.696 1.830 

0.7012 0.7433 0,8480 0.9152 

—0.4877 —0,5069 —0,5470 —0,3657 

0.1380 0.1580 0.2164 0.2620 

9,203-10-2 0.1054 0.1443 0.1747 

—9.527-10-2 —0, 1056 —0.1309 —0,1457 
2.467-10-2 3.072-10-2 5.168. 10-2 7.170-10-2 
1.850-10-2 2.304-40-2 3.876-10-2 5,377-10-2 
—2.500-40-2 —2.989-10-2 —4,424.10-2 —5,454-40-2 
0.5592. 10-2 0.7610-10-2 1.592.102 2.561-10-2 
ugh 3/5): “DGE Bt y= DE.o - 5.0," a Pa. mee 0 ane 
CR We NR “dN SJON se Giles UNycas ION IR? (08 =D (6,8; c/s 


rfl a, and 6 are values of the angular momenta L, and L,; @, 6 are values of the photon parities A, and r, eonehea and ne == > +1 


a=1— 


®, Ge G1) ak ®, (&1, i) zs ®, (E2, $1) Sa ®, (E2, Ge) = 0, 
o (C1, 62) = OL 

x {(G5 (m1 — Me)) ($1 (1 — me)) — ($1$2) (1— cos 9)}, 
®; (&1, Es, G1) == D3; (&1, E>, i) 


= 5 (&, $1, So) = Ps (Ge, Or, &2) = 0, (16) 


1 i es Q)2 
Pg (G1, §2, 1, 2) = 2 - =e oP 


E5612) COS 2p— (Goa€19 - Go9613) Sin 29} 


x {= €01813+-(Eoshi3 


x, ((S1 (1 — me)) ($2 (ft — m2)) —(6,52) (1 — cos 0)}. (17) 
To separate out large angular momenta it is 
necessary to express the amplitude in terms of the 
scattering matrix. Making use of (3), we obtain 
the desired expressions for the angular distribu- 


tions. 


a) Angular distribution for unpolarized particles. 


Using the formulas®.® 


l 
yy, Gus Puiu ena a— LOO -4—f3 
a 


SS) Qi oF 1) Cay. W (abcdef) 


and 


m’ (21 1) (21 1 
Yim () Yine(a) = (— 1)" LY EP EEED 
«Crow Gi agri ve(N) 


we obtain (see Morita et al.) 


Goo) AD fe (62 ORL Lae sl) 


do 
Caeeivepatey eg 
X ay (JLod Le) ay (JL J L;) Py (cos 9), (18) 
where 
Oi LI) =) (QE) (27-2) Cr Anya 
SOC mew (Ld aie) (19) 


The summation is over all values of the angular 
momenta, their projections and v, W(a,b,c,d,e, f) 
is the Racah coefficient. 

b) Photon polarized before and after the reaction, 
nucleon unpolarized 
-+- (E313 — So2%12) COS 2p 


ane 
1 — 54641 


dc (1, &) / do aa 


— (43612 -- Sais) Sin 2¢} (C? / 32) > R (Loko; Lyhy; JT) 


ee eee get SS 


Ga? C20 Dei Serpe be Soe. : 
SCRA Se Liha Rabb shed Be Oe sak ti 


ashe! Ladle) Ly a(cos.) (20) 
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c) Nucleon polarized before and after the reac- 
tion, photon unpolarized 


do (1, $2) /do= {1 aS le ERS 


— (6x62) (C?/32) DR (Lodo; Lats; JT) 
SG Lk 
Say (Ind Ls) aI Lad Ly) P, (cos 8): (21) 
The expressions for R(LoA,; LyAy; JIL) calculated 
in the first section are valid only for sufficiently 
large angular momenta. Therefore, as was done 
for nucleons by Grashin,!° the terms correspond- 
ing to small values of angular momenta may be 
separated from the sum over angular momenta in 
(18), (20), and (21) and treated as adjustable param- 
eters to be determined by experiment or by a future 
exact theory. 

In conclusion I wish to express gratitude to 
V. B. Berestetskii, L. B. Okun’, and I. Ya. Pomer- 
anchuk for suggesting this research and for their 
interest in the work. I also wish to thank V. P. 
Ignatenko for useful discussions. 
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The absorption coefficient of sound due to viscosity and heat conduction is derived in relativ- 
istic hydrodynamics. The structure of relativistic low-intensity shock waves is considered. 


INTRODUCTION 


lr a relativistic liquid possesses viscosity and 
heat conduction, then this leads to the gradual dis- 
sipation of the energy of the sound waves, i.e., to 
the absorption of the sound. The energy dissipated 
per unit time Emech can be found by making use 
of the equation for the entropy increase, and also 
the expression for the maximum work performed 
in the transition from a given non-equilibrium state 
to a state of thermodynamic equilibrium (see ref- 
erence 1). 

The expression for the maximum work is 


Pinech = Lie ES); (1) 


Here the energy E(S) = f €(s)dVo; integration is 
carried out over the volume of the liquid, dV) is 
the element of volume in the proper system of the 
observer; Ep is the initial energy, and E(S) is 
the energy of the body in the equilibrium state with 
the same entropy S which the body had initially. 
Starting out from (1), we can write the expression 
for the dissipated energy in the following form: 


° 


dS 
E mech = — ToC \ a dv. (2) 


Here Ty) = 9¢/ds is the temperature which the body 
would have had in the state of thermodynamic equi- 
librium; ds = cdrT,- where dr is the differential 

of proper time; dV is the volume element in the 
laboratory system of the observer. The expres- 
sion under the integral in Eq. (2) is determined by 
the equation for the growth of the entropy:” 


dS J Sdn a oF 4 eee 3) 
ds pease: ax! 


Here S is the entropy density, n is the density 
of number of particles per unit volume, while w 
is the heat function referred to a single particle; 
v;_is the additional term in the four vector of the 


Gait 


density of material flow nj and Tj, is the four- 
tensor of the viscosity (see reference 2). 


CALCULATION OF THE SOUND ABSORPTION 
COEFFICIENT 


For calculation of the dissipation of energy in 
the sound wave we make use of the fact that the 
velocity of motion of the particles of the liquid v 
in the sound wave is small, and that the motion 
takes place adiabatically. Then, taking it into 
account that the temperature at an infinitely dis- 
tant surface tends to a constant limit, we obtain 
Emecn ~—To\—-(0 + Gr) + Tx \[—4 (2) 


n 


2 OT ow 1 Ow 


ahigp Ox Ox On Ox 
—ze(F) av —7 ES | (SE) wv. (4) 


1p 


(Here n and ¢ are the two coefficients of viscos- | 
ity, while x is the coefficient of heat conduction, 
taken in correspondence with its nonrelativistic 
value. ) 

For the determination of the integrals entering 
into (4), we make use of a series of relations which 
hold for a sound wave and also of a number of 
thermodynamic relations between arbitrary ther- 
modynamical quantities. It is not difficult to show 
(see reference 2) that the following relations hold: 


p’ = (Op /08)o8 = (W /c?*) cv, 
w’ = (dw/ dp), p’ = (W /nc*) cov, 
T’ = (OT / Op)op’ = (W /c?) co (OT /Op)o? (5) 


(Cc) is the sound velocity, W is the heat function 
per unit volume). The primed quantities in these 
relations refer to small increments in the sound 
wave, the derivatives are taken at constant entropy 
o per single particle, and the velocity v = ap/8x, 
where gy is the velocity potential. The mean en- 
ergy density of the sound wave in relativistic hy- 
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drodynamics in the laboratory system is given by 
the expression 
0 (8+ 2p)/c. (6) 
If we denote by 
Cp =T(00/0T)p, cy =T(00/0T)y (6a) 


the heat capacity per single particle at constant 
pressure and constant volume 1/n = mV, EeSpec= 
tively, then, if we make use of the thermodynam- 
ical identities 
de=nTds—n’wd(1/n). dw=Tds--(1/n)dp, 
du = —odT + (1/n)dp, (7) 


we can obtain the following formulas: 


wor =T[s(2)[ /2 (a). (8) 


Cab % . ai ( : ae (9) 
eu, par ao 


Making use of (9), and the value of the derivatives 
Op 


O(n), =— W neo if Cee (10a) 
we write out Eq. (8) in the form 
Cy TW c2 a(ijn) 7 
ies Mee : “ei E oT I, : 1) 


Pp 


The integrals entering into (4) will be computed 
for a plane wave of the form v = vy) cos (kx—ut), 
the time average energy of such a wave in a volume 
V,) of liquid being, in accord with (6), 


E = = 0 (8 + 2p) /c’. (12) 


The first integral in Eq. (4) vanishes in the mean; 


the same also applies to the integral of (d°w/dx*)/w. 


Using (8) — (12) and 


Orn to 78 pevai 

ee aad Aoetee eae 
(6 is the coefficient of thermal expansion), the 
sound absorption coefficient 


(12a) 


¥ =|Emecn| /2C)E (13) 


takes the following final form in relativistic hydro- 
dynamics: 


wc? 1 4 W if 1 
(areet ONS G (4 | +-¢) +%(sa)(4-—+). 
2(e-+ 2p) Os yy nen, \ Cy Cy 
a ak Wie Grae Cy 7 
—@ la —z,) 6 (1-30) | (14) 


(where k = w/cy). In the nonrelativistic limit, (14) 
goes over into the usual expression for the sound 
absorption coefficient. 


THICKNESS OF SHOCK WAVES 


It is well known that a weak shock wave in non- 
relativistic hydrodynamics has a finite thickness 
which is inversely proportional to the amplitude 
of the wave. 

The distribution of thermodynamical quantities 
over the thickness of the shock wave is found with 
the help of the usual hydrodynamical laws of con- 
servation of mass, energy and momentum, with ac- | 
count of streaming produced by viscosity and heat 
conduction. In relativistic hydrodynamics, the cor- | 
responding conservation laws have the following 
form: 


nu x ates Pi Ne oO rane | / 
(1 — 08 / c2)/ era ad) ax TF) OTe (+) | 
nv } 
& a, 15 
Vi—v?/e J, ( ) 
Bae te se aa ee eae 1 ie v a 
OS aes e (3 1 ren To ax to? al 


2 
= nw FEEL + p, (16) 


poe v 4 v du 0 a2) 

Fcc, € 4 ee as [#2 5 C2 aNOL 
v 

ce? (1 — v2 | c?) 


See, (17) 
(the shock wave moves from the right to the left, 
the state in front of the shock wave is denoted 
without bars ). 

Proceeding in the usual fashion, we expand the 
values of all quantities on the shock wave in a 
series of powers of the entropy jump Ac =o0-o 
and the pressure jump Ap=p-p. Taking the 
thermodynamic identities (7) into account, we have 


w—w=TAc 


c= eG) 
— ae ( 


1 0 Al 

2 
7), 42 ay alone 
0 


Os 3 
x bp — tt Galea). 2" anime ye 


Here we have neglected terms in Ao and Ap 
higher than the first and third, because Ago- (as 

we shall see below) has an order of smallness 

not higher than second. Further, we express the 
derivatives in (15) in terms of derivatives of p 

and o., In this case, it is necessary to recall that 
differentiation with respect to x and t increases 
the order of smallness of quantities per unit value 
(since the width of the shock wave is inversely pro- 
portional to the amplitude of the wave). Therefore, 
the derivatives op/dx and dp/dt are quantities 
of second order of smallness, while the derivatives 
d0/8x and d0/8t are third order. Thus, on the 
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whole, the mass flow brought about by the thermal 
conductivity has a second order of smallness in 
Eq. (15). As a result we obtain (15) in the form 


w OT\r ne I \ oko 
it ip.) i 72 | Ox 


no es 1 dw 
ae ore wo) F (ap, 


b(t to)! ya. (19) 


It is then easy to find the expansion for v. Hence, 
substituting the resultant expansions in (16), we 
find an equation which connects the pressure and 
entropy jumps (this relation is too cumbersome 
to write down here). 

To determine the energy jump Ao on the dis- 
continuity, it is necessary to make use of both 
Eqs. (16) and (17), first subtracting the second, 
multiplied by v/c, from the first. Carrying out 
a number of transformations of the thermodynam- 
ical derivatives, we finally obtain the following ex- 
pression of second order relative to Ap: 


[C+ star) + ater © Sy Ge) 90+ tee ae 


wee ci \ Onis ap j dp 
mas i( =F Jaleo) [3 ne? (4 + j2/ 2c?) ot Ja, 
(20) 


(20a) 


The right side of Eq. (20) vanishes along with 
dp/8x and op/éat at great distances on both sides 
of the surface of discontinuity (a replacement 
of 8p/9x by 8p/8dx is valid with accuracy up to 
terms of third order of smallness). At these dis- 
tances, the pressure is equal to p and p,, re- 
spectively. In other words, the quadratic (in p) 
expression on the left side of (20) has the roots 
p=p and p=p,. Therefore Eq. (20) can be rep- 
resented in the form 


1 a en Eh IT 
[s tan =(—)4 gn eonn” Op? \ n (p 


ee i a. Op j Op) 
eal (1 ! saan) Op \n \, le: + ne? (1 + j2/n2c2) 2 Ot | 
(21) 


p) (p = 1) 


From the system of ordinary differential equations 
which correspond to Eq. (21), we find, by integrat- 
ing with respect to x, 


p— te MP tanh : (22) 


where 


5 8a (e +. 2p) / n?®W 


Olas (et Geae(e)(I-B) @) 


Here it is taken into account that the velocity of the 
weak shock wave in zeroth approximation is equal 
to the sound velocity c? and therefore can be ex- 


panded to the same approximation: 


jin=o/V1I—e/e. (23a) 


As expected, the quantity a is related to the sound 
absorption coefficient (14), namely y = aw?. 

The quantity 6, determines the width of the 
shock wave in relativistic hydrodynamics. We see 
that even here the width of the shock wave is in- 
versely proportional to the amplitude of the wave. 
In the nonrelativistic limit, the first term in the 
square brackets in the denominator can be neg- 
lected in comparison with the second; then, (23) 
reduces to the well-known nonrelativistic expres- 
sion. 

Integration over t gives 


= sea jg /e u 

p— BFP BP tanh, (24) 
where 
8a (e + 2p) co / n?We? 


‘Say, oii Sieaiew 37) kate TEA Re ee 
a?) les é ( : )+(S) a : )| (1-4) (25) 


6¢ determines the variation of the pressure over 
the thickness of the shock wave as a function of 
time. In the nonrelativistic limit, 6,4 tends to 
zero. 

For the variation of the entropy inside the dis- 
continuity, we have the following results: 


Bais ieee? (=), [= ( : ) (=) fet (= | (Di =) 


i 
nwoT / Op, ) : Ge 


o = 


x ie 
a2 —2 \ 
x (cosh 3, -++ cosh 5 ne 


The entropy reaches a maximum inside the discon- 
tinuity (for x =0 and t=0). At large distances 
on both sides of the shock wave, for x—+ and 
t—+o, this formula gives o=0. This is con- 
nected with the fact that in relativistic hydrodynam- 
ics, as well as in nonrelativistic, the total discon- 
tinuity in the entropy is a quantity of third order in 
Ap, while o-—o is of second order. 


11,. D. Landau and E. M. Lifshitz, Craructuueckas 
dusuka. (Statistical Physics) (English translation, 
Pergamon Press, 1958). 

21,. D. Landau and E. M. Lifshitz, Mexanuxa 
cnuomHbix cpeg (Mechanics of Continuous Media ) 
(Gostekhizdat, 1954). 

31. M. Khalatnikov, JETP 27, 529 (1954). 


Translated by R. T. Beyer 
196 


SOVIET PHYSICS JETP VOLUME 387(10), NUMBER 4 
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It is shown that outside the framework of the Hamiltonian formalism, and when one takes into 
account only the selection rules that are characteristic of the Lee model, the conditions of 
analyticity lead (even in the simplest N + @ sector) to a contradiction with the condition of 
unitarity. Owing to the existence of crossing symmetry this contradiction does not arise in 
the usual meson theories (at any rate for a static nucleon in the one-meson approximation, 
which in the Lee model is analogous to the case of the N+ 96 sector). 


APRIL, 1960 | 


wre recently there have been!” a number of 
interesting attempts to construct a theory of the 
strong interactions on the basis of a combination 

of the conditions of unitarity and analyticity. In this 
connection it is interesting to examine what such 

an approach gives in the simple case of the Lee 
model.’ As is well known, in the usual Hamiltonian 
formalism of quantum field theory unphysical states 
appear in the Lee model,‘ and the theory is found 

to be self-contradictory. 

It is shown below that outside the framework of 
the Hamiltonian formalism, and when we take into 
account only the selection rules that are character- 
istic of the Lee model (and which, as is well known, 
destroy the crossing symmetry of the theory), even 
in the simplest N +96 sector the condition of unitar- 
ity is incompatible with the condition of analyticity 
of the scattering amplitude. Thus, independently of 
the formalism used, just the assumption that the 
selection rule V==N +8 holds, with the theory 
nonrelativistic in particles V and N, leads to 
clearly unphysical results. Unlike the Lee model, 
the usual meson theories, characterized by cross- 
ing symmetry, do not lead to a similar contradic- 
tion,* in any case for a static nucleon in the sim- 
plest one-meson approximation, which is analogous 
to the case of the N +94 sector in the Lee model. 

Let us first examine in detail the case of meson 
theories that have crossing symmetry as a charac- 
teristic feature; this case has been studied in ear- 
lier papers.°»® For definiteness we shall speak of 
the theory of scalar charged mesons with scalar 
coupling and a static nucleon. In this case for 
u/M «1, w/M «1, where w= (p? + 21/2 is 
the energy of the meson, the meson-nucleon scat- 
tering amplitude depends only on w. For a point 


*A similar statement is contained in a paper by Mandelstam} 
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oo 


FIG. 1 


interaction it is given by an analytic function A(w), 
such that A,(w) =A(w+titT) for the scattering of 
m* mesons by protons and A_(w) =A(-—w-iT) 
for the scattering of m [where t—0; these re- 
lations hold in the physical region |w| =u; in the 
region |w|<yp the function A(w) is a real quan- 
tity]. The relation A_(w) =A*(—w) expresses 
the crossing symmetry of the theory; it is not hard 
to see that this is a consequence of the fact that in 
the whole set of diagrams for the scattering of a 
meson by a nucleon each diagram, for example any 
of those of Fig. 1a, can be paired with another, as 
in Fig. 1b, in which the incident and scattered me- 
sons are interchanged. 

The function A(w) satisfies the conditions of 
unitarity (w >) 


Im A (w+ it) = Vo — p?| A (o) [2 +... (1) 
Im A (— o — it) = Vo? — p? | A (—o) |? +... (2) 


(where in the right members we have neglected terms 
corresponding to the occurrence of two or more 
mesons ), and a condition of analyticity, which, on 
the assumption that for w— oo the quantity | A |* 
falls off sufficiently rapidly, can be written in the 
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form of the well known dispersion relation 


2 4 f ImA(o! +i) do’ 
A(o) = #4 | See a 
uw 


—u 

Im A (@’ — it) dw’ 

an Ato inde (3) 
(here g is the coupling constant, normalized in a 
definite way). 

As is well known, the appearance of the last 
term in the right member of Eq. (3) is due to the 
crossing symmetry, since because of the equation 
A(w —it) =A_(-—w) the function A(w) hasa 
branch point not only at w=+y [where the am- 
plitude A,(w) has a branch point] but also at 
W=-wy, since here the amplitude A_(—w) has 
a branch point. Substitution of (1) and (2) in (8) 
leads to the Low equations, whose general solution 
has been found by Castillejo, Dalitz, and Dyson.°® 
These authors remarked that the most general 
form of an analytic function satisfying the unitar- 
ity relations (1) and (2), having a pole with residue 
g? at w=0, and having two branches for |w| >, 
is 


ae 
where 
H =, 4 ae 1 Cane (ok Fa) ode" 
a es 
fo ee im rt \d 
o Im w’ — it) dw’ 
= \ oe SIA + R(0), (5) 
with 
R, 
Ro) =) ——*— + Ro. (6) 


Here Ry and R,. are real positive numbers, and 
the Wy are also real quantities, namely the values 
of w at which A(w) is zero. It follows immedi- 
ately from (1), (2), and (4) that 

St aie oe eee (7) 


1) 


for w’ >w and w’ <—yp, respectively; therefore 
both the integrals in (5) [the integral J,j(w) from 
yp. to » and the integral J,(w) from -—© to —p] 
can be calculated immediately: 


J(o) = J, (0) + Jz (0) 


20 c V 0’? — p2dw’ ws Ve — oF (8) 
% \ wo’ (w/2 — w* — it) o 
wu 


[for w >p, inthe regions +(w+itT) the root 
(ir eo )/2 is defined so that it takes the value 


+i(w? — y2)¥2]. Therefore, by (4), (5), and (8) 


A(o) == {1 —g*[J (0) + Ro). (9) 


This function will satisfy the relation (3) if the 
curly bracket in (9) does not vanish for any value 
of w, i.e., if A(w) has no other poles besides 
the pole at the point w= 0. It follows directly from 
(9), (8), and (6) that this requirement can be satis- 
fied if all |wy|>p (except just one value | Wny iE 
which can be less than p), and if 

4 
TERW) ye 
[if R(w) =0, i.e., for that solution for which 
WA(wW) vanishes nowhere it is enough if g? SANs 

Thus from these results, obtained by Castillejo, 
Dalitz, and Dyson, it follows that in the case of the 
meson theories the unitarity and analyticity condi- 
tions (1) — (3) are compatible and determine the 
scattering amplitude in the form (9). 

The situation is quite different in the case of 
the Lee model. Let us consider the simplest 
N +96 sector and denote by a(w) the analytic 
function whose value at the point w+t+it (w>,p) 
determines the amplitude of the scattering N+ 0. 
Instead of Eqs. (1) — (8), the unitarity and analy- 
ticity conditions are now written in the form 


gS 


Ina(o+i)=Vor—ela(o)f, 1) 
a(o) = = aoe = \ lin aileirr he = Fe) ey, (12) 


tb 
where €) = My-— My, and from the condition of 
stability of the V particle it follows that €) < yp. 
Unlike (1), Eq. (11) is exact, because transitions 
from the N+8@ sector into other sectors are for- 
bidden. There is no term in (12) analogous to the 
last term in (3), since now the values of the func- 
tion a(w) for negative w (more exactly, for any 
w<yp) do not have the physical meaning of the am- 
plitude of some process, as they could in the meson 
theories. 

Just as in the preceding case of the meson the- 
ories we can see that the most general form of the 
analytic function a(w) that satisfies the unitarity 
condition (11), and that has a pole at w=€) and 
a branch point at w=yn,* is 

4 4 


OSs areal? (13) 
where 
Imh(o +it) = Se (14) 


*The general form of the analytic function satisfied the 
condition, also satisfied by A(w), that for complex the 
sign of ImwA(w) is the same as that of Imw. This require- 
ment follows from the analyticity condition (12) [and from 
Eq. (3) for A@)]. 
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h(o) = ++ J, (0) + 9 () (15) 
J, (0) == [ Ga ee des’ (16) 
1 

and, in analogy with Eq. (6), 

Sle enor 1 
p(o) = > —*—+(0—&)Reo. (17) 

On = Eo n 


n 


Allthe Rp and Ro are real and positive, and the 
Wy are real. 
The value of a(w), that follows from (13) — 


(©) + p(@)]}7 


(17) 


a(o) = (18) 


coincides for p(w) =0 with the well known exact 
solution of the usual Hamiltonian equations of the 
Lee model in quantum field theory. 

The analyticity relation (12) will be satisfied if 
a(w) has no poles other than that at w=e€). In 
particular, the curly brackets in (18) must not 
vanish for any real w<vyp [in the case of the 
meson theories, owing to the crossing symmetry, 
it was enough to require that the curly brackets 
in (9) be nonvanishing only in the range -yp = WwW 
<p; for |w|>wyp, in particular, and for w < —p, 
the integral J(w) contained an imaginary part 
known to be different from zero]. This, however, 
can be so only for g? = 0. In other words, for any 
g’ #0 (g*>0) and for any choice of the numbers 
Wy and Ry in (17), there is always a real value 
w <p for which the curly brackets in (18) vanish. 

What has been said follows immediately from 
(18) if we take into account the fact that, according 
to (16) and (17), J{j(w) >0 and p’(w) >0, ive., 
both these functions, J,(w) and p(w), are in- 
creasing functions. Besides this it follows from 
(16) that at w=yp the integral J,(w) has a cer- 
tain finite positive value, andfor w—-—o it in- 
creases without limit in absolute value, while re- 
maining a negative quantity: 

4 | «| 


JE(@)= - In mee ye 


Therefore if we choose all the wy, larger than 
u the expression in curly brackets in (18) will be a 
a positive quantity at w=p and a negative num- 
ber of arbitrarily large absolute value for w—-wo. 
It is clear that at some value of w this expression 
vanishes. If, on the other hand, we choose one (or 
several) Wy smaller than wu and note that near 
such an Wy the behavior of p(w), by Eq. (17), 
is given by a discontinuous curve of the type shown 
in Fig. 2, it is all the more clear that at some value 
of w in the region w<yp the curly brackets in (18) 
will have a (possibly multiple) zero. 
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Since (18) is the most general form of an ana- 
lytic function that satisfies the condition of unitar- ‘ 
ity (11), it is clear that no solution of (11) and (12) 
exists. In other words, in the Lee model the con- 
ditions of unitarity and analyticity are not compat- 
ible. 

In conclusion we shall demonstrate the incom- 
patibility of Eqs. (11) and (12) by a different method. | 
Let us set w—w+it in Eq. (12) and write 


a(@ + it) = (u(@) + iv (@)) /2 (& —o — it) 
[v(w) 0, for o> yp). | 
Then from Eq. (11) we have | 
v(o) = a at al =F (0p 


Substitution of this in Eq. (12) leads to an integral 
equation for the function u(w): 


u(o) = g?-+=P 


(eset wo’? — 
x w— w’ Ve (w’ ey. 


(the symbol P means that the integral is taken in 
the sense of the principal value). As can easily be 
seen, this equation cannot have any solution (real 

by definition) if g? #0. In fact, for w—o it 


gives 
hey 


uw 


\\ da’ 
ey Vo?—p 


OO. =e 
Ga Ol 

(19) 
Since the integral in the right member is positive, 
u(%*) cannot be equal to zero. But for u(~) #0 
the integral in the left member diverges logarith- 
mically, and it then follows from the equation that 
u(~*) — 2. Onthe other hand, u(~) cannot exceed 
unity; otherwise, in the region w’ — © the square 
root in the integrand becomes imaginary and the 
right side of (19) is a complex number. 


u (co) = g* 4 


Vio) 


PIG. 2 


} 
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The effect of multiple scattering on the process of pair production by a fast particle going 
through a medium is considered. Calculations are carried out using a method developed 


previously by Migdal. 
1. INTRODUCTION 


IeANDAU and Pomeranchuk!*? have shown that 
radiation processes in media are cut down consid- 
erably at high energies because of multiple scat- 
tering. Taking this effect into account, Migdal?-§ 
obtained cross sections for bremsstrahlung and 
pair production by y rays. 

In this work, the influence of the medium on 
pair production by charged particles is considered. 
With this in mind, following Migdal,° we establish 
the connection between the transition probability 
and the density matrix, and then use the equations 
for the density matrix, averaged over the coordi- 
nates of the scattering atoms. 

Expressions (16) — (19) obtained for the cross 
section go over at low energies into those from the 
theory neglecting the influence of the medium, and 
at high energies give a substantially reduced prob- 
ability for the process considered. 


2. EFFECT OF MULTIPLE SCATTERING ON 
PAIR PRODUCTION BY CHARGED PARTICLES 
IN THE MEDIUM 


We denote systems of electron and positron solu- 
tions to the Dirac equation in the medium by Wg 
and $s, respectively, defining them by 


Fi a ; 
F(t, t) =e tu see 
s 
Ota) ania Cera, 
Ss 


where vA and us are unit spin amplitudes, 
Hie Hl at V (t-— 7.) 


is the Dirac Hamiltonian in the external field of 
the scatterers.* 

Taking into account the fact that at high ener- 
gies the scattering leaves the spin state and abso- 


*We employ the system of units in which fi =c = m= 1. 
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lute value of the momentum almost unchanged, we 
obtain 


We (r, t) = »} orem (efit Af 
P=Ps 


Der, Di Dy 0 ee er ee (1) 
P=Ps 

where the signs + and — remind us that the ma- 
trix element does not depend on the orientation of 
the spin, but does depend on the sign of the energy. 

Processes of first and second order (see ref- 
erence 6) contribute to the effect considered. The 
largest term in the integral cross section comes 
from the second-order process in which the ef- 
fects of the external field on the wave functions of 
the resulting electron and positron are taken into 
account, but the initial particle is viewed as free. 
The corresponding matrix element has the form* 


Ne ES a We (x) (F(x ~u@ (x’)) D(x’— x) dx dx’, (2) 
where 
I, = Pyexp {i(p—p’)r—i(E—E’)t} 


is the transition current of initial particles. If the 
latter have zero spin, then 


Pu (Pp yi ZEEE, 
and for spin 4 
pe (ur uup’ : 


Using Eq. (1), the matrix element (2) takes the 
form: 


Ga 


0 
o 
aL U. Ot ee Ae epgp yk = — 
M ares p2 \ dte te > (1% uOu—p,) (get) >. (e Hol yea =p. 
0 


Pi 
Here ty is the time of motion in the medium, 


* The notation is that used in the book of Akhiezer and 
Berestetskii.’ 
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The quantity <|M?|>, 

. ..> denotes an average over the co- 
ordinates of the scatterers, enters into the tran- 
sition probability. In the future it will be conven- 
ient to integrate the quantity <|M|?> over the 
angle of emission of the positron, since, as is 
easily seen from Eq. (1), this is practically equiv- 
alent to integration over d°p,. We obtain 


QP Poe. 


\< <|MP> d®p, = Re ea \ at \ dt'eto (t'—t)" 
0 0 


api apo an = As 
a (2x)3 (Ws Yu0k-p,) (Ukjo—po\vLk/2-+ ps) 


Ht) tH (#?—2).— 
x <(e _, ple Jp, 


—iHt’ 
—k, p2—k/2 (e : rive, o>. (3) 


Employing the equality 


ae —iH (t’—t —f 
(e is Veta: p= 2 [e ae gaia p’ (e eh -, p> 
p’ 


denoting t’-—t=7T and using the fact that one can 
average independently over the coordinates of the 
scatterers which enter through the factors etiHt 
and e*!H7T, we can put (3) into the form 


\ <M dp, = aan Re Py P, \ dt of dteiet 


0 0 


x (oe cals 9 fhe 


rhe See Ay 
(27)8 (2x) ptuOkp,) (Ukje—ps Uk jo-+p2 ) 


x fo (Ps Pu f) fe — (Pi Pa» *)s 
(Gaara uae ee — = 55, eft” (P_» Pi, ¢) 


C(O okie ps (Co) pk, phe = fie ~ (Pts Pa» *)- (4) 
The functions fy) and fk were introduced by Mig- 
dal.® They obey the same equation as the averaged 
density matrix (see reference 4). 

We now sum the expression (4) over the spins 
of the final state and average over those of the 


initial state, obtaining 


ty 
—_ =+ > Jame dp, == e*ReA,. (p, p’) \ dt \ dt ei@t 
0 


oa de 


8p, Guy (Pi, P2) Ee 
1 oe eee Fe (Bas Pas AFL (Bas Pas 2) ) 


where 


IN Xe mD eh 
Gis (Pi, Pz) a » (Up, %u0k-p,) (Uk/o—ps YvLk/o-+ pe)» 


Ay Az 
[° pap 0s) 2B” for spin 0, 
nt 


|ceer SP te (iP —_m) 7 (i9’ —m) for spin 3. 
(6) 


Ayy (Pp, Pp’) = 


In so far as we are interested in only the inte- 
gral cross sections, we can make the following re- 
placements (compare reference 6) 


GuvApy > 4 lea wn 


+ (1— ka ,0) (1 — R70.) Gay Aaa, (7) 


where 


Gy = Gy =F Goo, AY = Ay a Nop. 


The further transformation of (5) and calcula- 
tion of quantities entering into (7) is carried out 
just as in the work of Migdal.’ Introducing the 
notation 


p=np(1—#/2)+ p§, p’ =n(p—k— pb? /2) + pf, 


Pi~ng+gn, Perng+ gy, 
g=|p_| g=|g—k/2|, (8) 
we have 


1 ke aan 
Ghz Ar | att + (k—q)*] 2? Toh 


P= Ge q)e 


4 1+ g?n? m+ p?0? pi een) m+ pe? 9 
gape acer “sem q(k—q) roam |) 


Here, for scalar particles 
LA, =pe/p(p—k), +Au =(p—k/2)?/p(p—R), 


and for spin-3 particles 


4 2p2 2 Ads k 2 292 4) 
Dy eae ae ; = Nu = I. 
Further we find 
Pine fet 
il ae Re| \ deer 
0 0 
x\ ded ea 
NOo (4, t) v(%, t) (Rk? — w?)? » (10) 


where we have set 
== Po / pe Pas 1 


fo* (p_, Pa» ¢) apy / (22)® = 8 (p_ — pr) dpyvo (8, t) dB, 


fas ~ (Pi, Pa, t) G3 pg / (2m)? = 5 (pe — g) dpod (4, 7) dy. 


Here the function vo(, t) is normalized by 
\20(®, 7 t)d® =1. (11) 


In addition, we use & to denote the vector angle 
between k and p_. Then 


&=p_/p_—n+n—pi/pi=§—Mg/q- (12) 


The probability of pair production with summed 
energy between k and k+dk and electron energy 


wy 
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between q and q+dq, per unit distance in the 
medium, can now be written in the form 


hk? dkq? dq ¢ dl 
w(p, k, g) dkdg = \a dd dk. 
Using (11) and (12) and the equality dédé@ 
= (g/q)* dédn), we obtain 


w(p, k, q) = — Reh decir \ a dy dno gat aa O(a t), 
(13) 
where 
hk? — w? = kh? (m? + 6?) / p(p—R), 


and AypGyp is given by (9). 

The integrals in (13) have the same form as 
those in the work of Migdal. The only difference 
consists in the fact that in our case k # w, in so 
far as we are dealing with virtual quanta. This can 
be taken into account by simply redefining the pa- 
rameter a@ which enters into the equation for the 


function e!“Ty(n, 7) (see reference 5). We have 
po k (M2 + p?62) g oh kg? 
DLO Soy TY AQ) 


Mines ee - 


The meaning of the parameters a and £ is clear 
from the expansion 


[Epetk/2 — &p,—k— ©] /2Q =a + By? /2. (14) 
In our notation 
Oi 7Z nl pore, 


where L= In (6max/@min). In order of magnitude, 
Q corresponds to the root mean square scattering 
angle per unit track length. We discuss the choice 
of angles 9max and @min below. 

As shown in reference 5, the effect of multiple 
scattering is determined by the size of the param- 
eter 


Rees A gih ag) (AP Fp) V k 
2V 28 Sp (p—k) q (k — q) Qg? © 


For §>1, the effect of multiple scattering 
vanishes. We note now that, in so far as the time 
is concerned, times T < t, = s/aQ(1+s) are es- 
sential, so that for ty) >t,, the integration over 
dr can be extended to infinity. Then one obtains 


Re \ Ger dc\ dy do 0(q, t) = four G (s), 


Re \ eo de\ dy dy (N70) 0 (9, =) = = (s), 
0 a 


Re \ (hee az\ 4? dn do V (N, t) 
0 
C a5) 
= Re| eer de\ np dy dn 0 (m )=— 3030 
o 
5 C , 2 21 ~ 
Re | efor de | u?ni dn doo (n, *) = sogr @ (3). (15) 
0 


The first of two of these equations were obtained 
by Migdal. The remaining are derived analogously. 
Now, employing (13) — (15), we finally obtain 

for spin-3 particles, after integration over dé, 


2rpnZ? 

Wy, (D» ky 4) = sa37 eB 

XL (pa e—*TA(s, x) + a 5 (s, x)| 

p2 i 

+ GLC (S, x)+2 = x)| 

ae mes Re (s, x), (16) 
and for particles with zero spin 

4ronZ? 

Wo(p, k, gq) = 3x (137222 


x1 {P= “[A(s, 5) 2 Ee x)| 


4q (k — ee Dye 


Here 


j (z— x — 1) G(sz) dz 


A(s, M)) == 22 (z— 1)? ’ 
1+ 
Cea! eo st eGieeyel 
Hija | S—eenoine ce a eee 
1>* 14x 
c ® (sz) d 
DS ee \ we (18) 
1+x 
re G d. 1 
E(s, x)= \ SCR s=4{k/q(k—9) Qe", 
ix 
x = mq (k—q)/p(p—k), (19) 


and ® and G are functions introduced by Migdal.° 


Konass a 
® (s) = G(s) <1, 


and for s <1: 


@(s)=6s, G(s) = 12ns? = (6s)?. 


EFFECT OF MULTIPLE SCATTERING ON PAIR PRODUCTION 


In the intermediate region 0.1<s <1, these 


functions can be approximated, to within a reason- 


able accuracy, by the following simple expressions 


@(s)~6s/(6s+1), G(s) = (6s)?/[(6s)2-+ 1]. (20) 


| The error from using these expressions oscillates 
from 10% at the edges of the interval to 20% in 
| the middle of it. 


The integrals (18) are easy to find by using ex- 
pressions (20). We will not give the very lengthy 
formulae which result here, but consider only lim- 
iting cases. 

1. s >1/(1+x). Then, in complete agreement 
with the results of the theory® neglecting effects of 
the medium, we obtain 


A(s, x) =(1 + 2x)In(1+—) —2, 
B(s, x) =(1 +x)In(I+=)—1, 
1+ 2x 


C(s, x)= 7S — 2x In(1+ >), 


D(s, x)=1—xIn (1+ 4), 


E(s, x) = 1/1 +x). (21) 
peso / (lx). Then 

A(s, x)= 36s?In ——, B(s, x)= 6sIn =, 

isa) 00s | 1) (Ss x)= 6s,  E (Ss) x) Ses. (22) 


We turn now to understanding the magnitudes 
of the angles 9max and @min, which enter into 
L. The quantity @min = qmin/g = 23/137 ¢ is 
determined by the minimum momentum transfer; 
O@max is of the same order of magnitude as the 
mean angle of particle emission. For s >1, the 
latter is determined by Eq. (14), giving 


8max ~ Vie ~V a/8 ar V1 se x/2 =). 
The multiple scattering has the effect of broaden- 
ing the angular distribution. As shown in refer- 
ence 5, for s «1 we obtain 7% ~ 62/s, so that 


Onax 8/V s = Vd Se x)/Sg?. 
At high energies, the quantity 6)/Vs can ex- 


ceed the angle of diffraction on the nucleus, 0; = 
1/Rg, where R=0.5 ZY, Then one should take 


Omax = 0,. Thus, we find 


In(190 Z—~*#V 1+ x) for ss 1, Vi+x<190 2” 

2 In (190 Z—) for s>1, VI +x >190 Z—/ 

In (190 Z~* V4 +x)s) fors<1, VI+x)/s < 190 Z—* 

21n (190 Z—s) for s<1, Vii+x)/s > 190 Z—”* 
(23) 
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One knows the numerical factor in the argument 
of the logarithm only to within order of magnitude. 
The number 190 was only a convenient choice. 

Through the use of Eqs. (22) and (23) for k « 
p/m, xK1, s«1, Eqs. (16) and (17) assume 
the same form 


4 
6sx ~ 


16r2nZ? 2 GN 
w(p, k, )~ TBR (pa = "sin 


(24) 
The condition s « 1, according to Eq. (19), means 


s = 1400 [kt/q (k —q)]2 <1, (25) 


where t is the radiation length in centimeters, and 
k and q are in units of mec’. 

Multiple scattering will have a substantial effect 
on the integral cross section if Eq. (25) is fulfilled 
for values of q and k—q «p/m, i.e., for ener- 
gies of the initial particle p > 2°10° tuc?. 

The theory described here is applicable to elec- 
trons when the energies of the pair particles are 
much less than the energy of the electron. 


3. DISCUSSION OF RESULTS 


We considered the effect of multiple scattering, 
only on second-order processes. If the initial par- 
ticle is an electron, the effect of the medium will 
also substantially decrease the contribution of the 
first-order processes, so that, as in the usual the- 
ory, they can be completely neglected in the region 
k<p. If m> 1, the medium has little effect on 
the first-order processes, and their contribution 
is given by formulae obtained previously.° 

We note, further, that at high energies, when 
the multiple scattering (or the effect of polariza- 
tion of the medium ) cuts down substantially the 
probability of bremsstrahlung with emission of 
soft quanta, direct production of pairs may become 
the main source of low-energy particles appearing 
in showers. In fact, according to Eq. (25), the ef- 
fect of the medium on pair production is appreci- 
able only for k> 10!2 ev, whereas its effect on 
bremsstrahlung becomes important already for 
p?/k > 10!2 ev (see reference 5). Take, for ex- 
ample, p = 5 x 10! ev. Then, already for p/k 
> 200, the production of pairs is more important 
than emission of bremsstrahlung. This situation 
should be taken into account in analysis of shower 
processes, especially when the showers have pene- 
trated only small depths. 

In conclusion, I would like to express my deep 
gratitude to Prof. A. B. Migdal for his interest in 
the work and valuable discussions. 
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We consider copper complexes Guys for which there are, in contradistinction to other 
paramagnetic complexes, in first approximation an infinite number of geometries within 

a certain manifold corresponding to the minimum energy, instead of one well-defined 
geometry. Using crystal field theory we establish the connection between the geometry 

of the complex and the electron density distribution of the Cu?* ion. “Geometrical degen- 
eracy” leads to the result that the latter may experience finite (permanent) distortions; 

it is shown that the changes in the “crystalline” field corresponding to these distortions 
should lead to oscillations of the electron cloud of the Cu?* ion relative to the nucleus. 

We also consider the influence of the interactions which lead to a partial stabilization of 
the complex. It is shown that even when these interactions are taken into account the elec- 
tron cloud continues to oscillate but at a lower frequency, and the frequency depends on the 
mass of the corner atoms. We have considered the influence of the effect considered on the 


hyperfine structure and g-factors in free complexes. 


1. INTRODUCTION 


Ir is well established that in copper salts in which 
the crystalline electrical field at the position of the 
Cu?* ion has a symmetry higher than a tetragonal 
one! and, as an exception, in copper Tutton salts” 
where the crystalline field is tetragonal, the mag- 
nitudes of the g-factors and of the hyperfine- 
structure (hfs) constants are temperature depend- 
ent: they are strongly anisotropic at low tempera- 
tures and become isotropic at high temperatures, 
while the hfs constant is considerably decreased 
at high temperatures. Aqueous solutions of copper 
salts have a peculiar behavior. 

The behavior of a Cu2* ion in salts with a tri- 
gonal (or higher) symmetry was explained by the 
dynamic character of the Jahn-Teller effect which 
occurs in these salts.* The behavior of a copper 
ion in Tutton salts? and also in aqueous solutions‘*® 
has not yet been adequately explained. 

There are grounds for assuming that the Jahn- 
Teller effect is also responsible for the decrease 


- and isotropy of the hfs constant in aqueous solu- 


tions of copper salts (and, apparently, as an ex- 
ception, in Tutton salts). This is indicated by the 
fact that both in a free Cu?*Y, complex and also 
in the complex situated in a force field with tri- 
gonal symmetry, the ground state of the Cu2* ion 
is two-fold degenerate, if the Jahn-Teller effect 
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is not taken into account, while in both cases the 
degeneracy is lifted thanks to the Jahn-Teller effect. 
Since the Jahn-Teller effect in Cu?*Y, complexes 

in a trigonal field has a dynamic character, it fol- 
lows from the above analogy that it must also have 

a dynamic character in free complexes. 

It is the aim of the present paper to consider 
from the same point of view all peculiarities of 
paramagnetic resonance of copper ions which, 
according to one consideration or another, may 
be ascribed to the dynamical character of the nor- 
mal Jahn-Teller effect. 

General considerations about the nature of the 
effect are given in Sec. 2. A theory of the phenome- 
non in free (not fixed in a lattice) Cw ey, com - 
plexes is offered in Sec. 3. A general discussion 
is given in Sec. 4 of the influence of the effect on 
the paramagnetic resonance of Cu2* in complexes 
with different corner atoms Y. 


2. THE JAHN-TELLER EFFECT IN FREE 
COPPER COMPLEXES 


The Jahn-Teller theorem® applied to XY, com- 
plexes proves that the octahedral configuration 
formed by such complexes is unstable, if the atom 
(ion) X is in a degenerate state. 

The Hamiltonian leading to a Jahn-Teller effect 
can be written in the form’® 


Vie. 


b c d 


H = Hour + (VeQe+ VsQs) + +k(QE + Q3). (1) 


The term BCE is the energy of the ion in a crys- 
talline field of cubic symmetry and is considered 
as the unperturbed Hamiltonian; the second and 
third terms are perturbations. For our purpose 
it is sufficient to consider only the influence of the 
perturbation on the lowest orbital cubic doublet 
(for the sake of brevity we indicate by this term 
the lowest two-fold degenerate orbital state of the 
Cu?* in the field of cubic symmetry). 

The Jahn-Teller effect as such is connected 
with the term linear in Q, and Qs3, where 


Vee i8C(ee—r)/ V3, Ver —18CCt— 9) 


are operators with matrix elements 


<1 |Va| 41> = — <be|Vs| de> 
= <b; |Val a> = <bo|Vel¢d = —a, 


and r(x,y,z) is the radius vector taken from the 
nucleus to the electron of the incomplete shell of 
the Cu** ion. If the corner atoms Y are electric 
dipoles with moment yp, C = e’u/R° where e’ is 
the electron charge and R the equilibrium distance 
between Cu2* and Y ina regular octahedral com- 
plex. 

For our further calculations we put Q3 =p cos 6, 
Q, =p sin @. The notation of the variables Q,) and 
@3 in (1) is the same as the notation for the two- 
fold degenerate vibrational coordinates of a regu- 
lar octahedral complex XY, (of the type Eg), al- 
though they characterize in the given case static 
distortions of the complex. These variables can 
be expressed as follows in terms of displacements 
in a Cartesian system of coordinates (see Fig. 1): 


Qa = aerate — sae Y2— Ys) LV3% 
Q. = ; (1 — Xa— Yo + Ys). 

Expression (1) determines the energy of the 
Cu2* ion as a function of the geometrical param- 
eters Q@. and Q3 (or p and @). On the other 


hand, the energy of the Cu2*Y, “molecule” as a 
function of the same variables is equal to* 


*Since we are interested in the connection between the 
geometry of the complex and the electron density distribution 
we have omitted from Eq. (la) third order displacement terms 
caused by the interaction between the corner atoms Y and the 
effective charge of the Cu?* nucleus. 
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FIG. 1. Static distortions of an octahedral complex 
of symmetry Q, and Q, (a: for 0=0, b: for O=7/25 
c: for @=7, d: for 0= 37/2). @—initial geometry, 
0 —structure arising due to the static Jahn-Teller 
effect 


He = Ur +V2Q2+VsQs + FR(Q+Qs), (a) 


where Uj) is the potential energy of the Curly, 
“molecule” when it has the symmetry of a regular 
octahedron. 

In order to find the stable geometry it is nec- 
essary first to diagonalize (la) and then to impose 
a minimum condition.’ We get (see Fig. 2) 


5 = == 0 Ye. NE v= oor, 


Po = (Q2 + Q5)" =[al/k. (1b) 
The eigenfunctions of the Cu®* ion are of the form 


$1 = {(1 + cos 6) $, + (1 —cos 6)” b}/V2, (2a) 
$2 = {(1 —cos 6)"; —(1 + cos) *h.}/VW2, (2b) 


where 7%, and zy are the functions of the lowest 
orbital cubic doublet of the copper ion. 

It is clear from (1b) that neither the energy of 
the Cu?* ion (the eigenvalues of the ground-state 
energy and the magnitude of the level splitting ) 
nor the energy of the Cuw*Y; “molecule” (equal to 
U,) — E) depend on the parameter @, which charac- 
terizes the geometry of the complex and the form 
of the eigenfunction of the ground state of the Cu2* 
ion. 

The fact that the energy of the complex is inde- 
pendent of the deformation (within the limits Q3 
+ Q2 = p? = const) leads to a situation where the 
usual Jahn-Teller effect has a dynamic character. 
The complex can, namely, go over freely (as long 
as we do not take into account interactions leading 


FIG. 2. Energy level splitting for the ion: a—in a field 
of cubic symmetry, b—thanks to the Jahn-Teller effect, c— 
thanks to the Jahn-Teller effect, taking the third order approxi- 
mation in the displacements of the corner atoms Y from the 
position corresponding to a regular octahedral configuration 
into account. 
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a sufficiently high frequency, determined by ex- 


) ternal conditions; the latter is caused by the fact 
| that all these arrangements correspond to the same 


energy. 


We shall now consider what influence is exerted 


| by this phenomenon on the electron density distri- 
Mi bution of the Cu?* ion. The external force changes 


the geometry of the complex, causing a change 


} in the distribution in the electron cloud of the 
} magnetic ion (and a change in the ground-state 
| eigenfunction of Cu?*),. 


This explains the fact 
that although there are no nondiagonal perturba- 
tion matrix elements which can be responsible 
for a mixing of the cubic eigenfunctions of the ion, 
nevertheless, in this complex, the eigenfunctions 


_ of the ground state of the ion are superpositions 


of the eigenfunctions of the orbital cubic doublet 
with, generally speaking, arbitrary coefficients 


_ that are subject to the conditions of orthogonality 
» and normalization [see (2a), where @ is arbitrary ]. 


The geometry of a complex with a degenerate 
ion in a solid is determined by the crystal lattice, 
so that the distribution of the electron cloud of 
the magnetic ion is fixed, thanks to the stability 
of the complex. The given effect can therefore 
take place in a solid containing a copper complex 
only in the special cases mentioned above (Sec.1). 

To elucidate the influence of the dynamic char- 
acter of the Jahn-Teller effect in free complexes 
with other paramagnetic ions we need a special 


consideration. We can point here, however, to the 


essential difference between the copper ion and 

the other ions in that not one of the latter possesses 
the aforementioned degeneracy with respect to the 
geometry of the complex (with the exception of 
Cr?* and Mn®*, which have an even number of 
electrons ). 

The first to introduce the idea of the dynamic 
nature of the Jahn-Teller effect in copper com- 
plexes were Abragam and Pryce? in order to ex- 
plain the small magnitude and the isotropy of the 
hyperfine structure constant and the isotropy of 
the g-factor in copper salts with trigonal sym- 
metry. In accordance with the dynamic character 
of the effect, they used in their calculations eigen- 
functions of the ground state of Cu2* in the form 
p ="W cos 6+ tp, sin 8, and assumed that 0 was 
a cyclic coordinate. After averaging over @ they 
obtained g-factors and hfs constants that agreed 
with experiment. The ideal case where the energy 
of the complex is independent of the character of 
the deformation (within the limits Qe + Q3 = const ) 
is, however, in actual fact not realized. It has been 
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( toa suppression of the effect, see Sec. 3) from 
one geometrical arrangement to another one with 
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established (see, for instance, reference 8) that in 
reality the Cu2*Y, complexes have structures with 
a Dip symmetry. The change in potential energy 
of the complex is equal to A3p* cos 30 (A; ~ con- 
stant, |A3|p> ~ 600 cem™!, A; < 0)? (see Fig. 2), 
if we use polar coordinates p, @ in the Qo, Qs 
plane. Thus, there is no free “rotation” of the 
complex in the Q»., Q3 plane. All the same, ex- 
periment shows that in some cases the hfs con- 
stant is averaged, and this averaging cannot be 
ascribed to exchange interactions.’ It is therefore 
expedient to consider the connection between the 
Jahn-Teller effect and the vibrational motion of 
the complex. 


3. THE JAHN-TELLER EFFECT, TAKING THE 
THIRD ORDER APPROXIMATION IN THE DIS- 
PLACEMENTS INTO ACCOUNT 


If one considers the energy of the Cu2* ion as 
a function of the parameters Q, and Q3 which 
characterize the change in the geometry of the 
complex, the Hamiltonian of the problem becomes 


= H oap+ V2Q.+VsQs + +h(Q3+ Q5) 4 


A30° cos 39. 
(3) 


Its eigenvalues are 


E = hap + + kp? + Ap? cos 38. (4a) 


From this we get, from the requirement that the 
energy of the system be a minimum, 


Ey = — 09-4 > Rp? i Ape, . AE 2ap), 
p, = (k— VR? — I2a| Ag |) /6| As], (4b) 


where E, is the energy eigenvalue of the Cu2* ion 
corresponding to the ground state. At the same 
time, E, characterizes the change in potential 
energy of the Cun. complex, considered as a 
molecule, when the complex goes over from an 
unstable octahedral configuration to a stable bi- 
pyramidal one. Thanks to the presence of a term 
linear in Q, and Qs; in the Hamiltonian (8), the 
regular octahedral configuration of the Cu’*Y, is 
therefore again unstable, but now both the energy 
of Cu2* and the energy of Cu?*Y, as a molecule 
depend on the angle 8, and their minimum is re- 
alized at 6 =6)=0, 27/3, and 47/3. 

Our problem will now consist of establishing 
the dependence of the electron density in Cu2+ on 
the vibrations of the deformed complex. To do 
this we consider Cu’*Y, as a vibrational system. 
The Hamiltonian of the problem has in that case 
the form 


FH = Uy £V2Qe + VsQs + + RQ + Qs) + Asp cos 36, 
(5) 
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where Uj is the potential energy of a complex that 
has octahedral symmetry. Before we evaluate the 
normal vibrations of the system, the Hamiltonian 
of which is given by (5), it is necessary to find the 
form of the potential function of the complex when 
it has the symmetry corresponding to the energy 
minimum. 

Let Qj: Q., Q3 (j =1,...,13) be the displace- 
ments of the regular octahedral complex, which 
have the symmetry of the vibrational coordinates 
Q}: Qo, Qs. The potential function of the bipyram- 
idal complex can in these variables be written in 
the form 


where Qs and Qs are the displacements of the 
corner atoms Y. Expanding (6) in a Taylor series 
in the vicinity of Qj = Q, =Q3;=0 we get 


U(Q} =0; Q3, QW) =U (0) 
+ S1U8} (0) Q2" / nl + SUG} (0) QS" /n! , (7) 


where U(0) =U, is the potential function of the 
regular octahedral complex. The function 

U (QS =n): Qs, Q3) expressed in this form is 
identical with 


U (Qi =0; po, 8) =U, + U (p>, 9), (8) 


where U(p,8) is (4a). 

We do not consider it our task to calculate the 
normal vibrations of the deformed bipyramidal 
complex and to discuss at the same time the pe- 
culiar nature of the vibrations which may occur in 
this case because the metallic ion is not in an S- 
state. Our aim is to show that among the normal 
vibrational coordinates of the bipyramidal complex 
there will be coordinates of the kind q = py) — p 
and y= 99 — @ which will have the symmetries 
3; and Q» respectively; this follows from the 
relations p = (Q3 + Q3)'/”, 6 = arc tan (Qo /Qs3) 
if we take into account that Q=0 and Qu io: 
We shall in particular be interested in vibrations 
of the type y, because they influence essentially 
the electronic density of Cu?*. 

Expanding (8) in q and y in the neighborhood 
of po, 9) we get 


U (p, 8) =U (Po; %) + + (k — 6 | As| po Cos 39) g? 


+4 (&+9]A3|p$cos 36,) 72. (9) 


Apart from this, we must take into account the con- 


tribution from the linear term.’ We have 
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EB = —| Ci |VaQe + VsQs| g2>|*/ AE, 


where AE is the magnitude of the shift of the low- 
est orbital doublet of Cu2* (see Fig. 2); one must 
take the matrix element with respect to the unper- 
turbed wave functions of the copper ion gy} = 94(49) | 
and 2 = 92(9) [(2a), (2b)]. | 

If we consider E as a correction of the second! 
order to the energy of the ion, we must take the ma- 
trix element with respect to wave functions of Cu2*4 
where the complex is in the vibrational ground state. 
One sees easily that E") = 0, since 


<p, (8) |Vopsin 9 + Vp cos | p. (8)> = 0 


for the values py and @=0. We are, however, in-— 
terested in the contribution of the linear term to the > 
vibrational energy of the complex and not to the en-— 
ergy of the Cu2* ion, i.e., we must find 


U" (gas Qa) = E? (QS + GQ} 2 Ga) BOO 


where Q$ and Q§ are the values of Q, and Q3 
at the minimum of the potential energy of the de- 
formed complex, and gq, =Q»:, q3 = Q3 are the vi- 
brational coordinates. The calculation shows that 


U' (qa» Js) =~ — = kqz = — + ko’, 
so that 
U (p, 8) = U (60, 9) + = (k — 6 | As| po cos 385) g? 


+ 4-| As | po cos 38, + 7*. (9a) 


It is necessary to note that vibrations of the 
type y possess a peculiar spatial degeneracy: in 
some fixed system of coordinates identical vibra- 
tions may occur when the complex is stretched 
along the x, y, or z axis; it is essential for this 
that for the transition, let us say from x to y, 
the system must overcome a relatively high poten- 
tial barrier (see Fig. 3). 

We shall now consider the connection between 
the vibrations of the complex of the type y and 
the form of the eigenfunctions of the copper ground 
state. If the complex is in the vibrational ground 


FIG. 3. Curve of the potential energy U(p,, 0) of the 
complex. 
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state as far as the coordinate y is concerned, the 
eigenfunction of) of the copper ground state is a 
pure 7%, [see (2a) and (2b)]. The combinations 
pf) = dy, + (v3/2) ~, correspond to a change in 
the configuration of the complex; in some fixed 
system of xyz coordinates, namely, the functions 
p{?) and oe}? may be the eigenfunctions of the 
Cu?* ion when the complex is stretched along the 
x andthe y axis respectively, if gy") is defined 
relative to the z axis. 


If the complex performs vibrations of type y 


_ with some frequency, the cubic eigenfunction Po 


will be mixed with the same frequency into the 
eigenfunction 9, of the ground state of the ion. 
The amplitude with which y, is present in the 
Superposition (, (1, %.) is determined by the 
expression (1-cos 0)!//2 [see (2a)]. 

The interdependence of the eigenvibrations of 
the complex and the form of the function 9g, of 
the ground state of Cu’* is a consequence of 
the connection, already noted by us, of the geom- 
etry of the complex and the distribution of the 
electron cloud of the magnetic ion. In the equi- 
librium state of the complex at.a temperature T, 
the eigenfunction 7. will be present in gy, with 
some average intensity a? = 4 <(1-cos 6 )>avy 
(time average) so that the eigenfunctions will be 
of the form* 


Ol = (1 — a?) '/2 dy me as . (10) 


An arbitrary physical quantity L obtained by quan- 
tum mechanical averaging over the ground state of 
the system (such as the g-factor, the hfs con- 
stants, and so on) will therefore be of the form 


Li =< ofl, >, 
Le < by Lo, 


L=L,—a?(L,—L,), 


(11) 


This mechanism was considered by us. It gives a 
qualitatively correct dependence of the g -factors 
and the hfs constants on the temperature, but 
under the given conditions it is not unique and is, 
apparently, not the main mechanism. 

Indeed it is well known!” that if a quantum par- 
ticle with momentum p is in a potential well U(x) 
of the form depicted in Fig. 4, while U(x) satis- 
fies the condition for quasi-classical behavior: 
mhF/p* «x 1, F = —9U/08x, the probability (per 
unit time) for the overcoming of the barrier is 
equal to 


*The eigenfunctions w, and yw, taken by us in the LMSS, 
representations are arbitrary spin and orbital functions. This 
is connected with the fact that <wW, | A(L-S)|, >= 0, where 
d(L-S) is the spin-orbit interaction. 
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FIG. 4. Curve of 
the potential energy /B: 
U(x). aves 
highs pal 
i 
a b a 


b 
w = (09/2) exp[— 267 | paz], 
a 
since during a unit time interval a particle perform- 
ing classical vibrations inside the well impinges 
wy /2m times on the barrier. 
The considerations given here are applicable 
in our case to vibrations of type y if the condition 
for quasi-classical behavior is satisfied for the 
potential curve U(p),@) (see Fig. 3). Calcula- 
tion shows that the condition for quasi-classical 
behavior is satisfied for U(p), 8) so that we get 
0 
w (E) = (@/n) exp |—2n2| | M(®)a9)], 
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(12a) 
where 


U (po, 9) = Uy (1 —cos 38), Uy =| As| po 


and M(é@) is found from the equation 
M?/2J + U (po, 9) =E£. 


J is the moment of inertia for the “rotation” of 
the complex along the circle Q3 + Q3 = const; for 
the hydrated complex J ~ 7.8 x 107!°g-cm? (for 
py = 0.3 10-8 cm);? E is the energy. 

It is clear that if the vibrations have large am- 
plitudes they will no longer be harmonic, but for 
2|A3|p% >> E we can restrict ourselves to the 
harmonic-oscillator approximation for a rough 
estimate of the frequency wy, of the vibrations. 
For hydrated complexes Wy) * 5 X 10'3 sec"! 

(fiw) ¥ 300 cem*?). 
Since Jw? = 9|A3| 3, 
8. 
\ V 2(E/U,— (1 —cos 8)] a }- 


1 


(12b) 


It is unfortunately difficult to perform the ther- 
modynamic averaging (12b) and to find W(T; M, Up) 
explicitly (M is the mass of the corner atoms Y, 
and 2U, the height of the potential barrier). In- 
deed, for such an averaging it is assumed that E 
changes from 0 to . For a sufficiently large 
increase of E the theory of small vibrations be- 
comes, however, inapplicable so that wy = w)(E). 

It is well known that an exchange interaction 
of the order of I~ 1 em? (I/F = Wexch ~ 2 
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<10" sec!) leads practically to a complete re- 
moval of hfs in copper: The given mechanism will 
thus be essential for the averaging of the hfs and 
g-factor, only if the frequency of the “rotation” of 
the electron density 2nw ~ 10! sec™!. 

In addition to the tunnel effect, another factor 
contributing to the “rotation” of the electron den- 
sity is the classical mechanism of overcoming the 
potential barrier through energy fluctuations. This. 
mechanism is not considered in the present paper. 


4, DISCUSSION 


The decrease in the hfs constant, which is ob- 
served in a number of cases in solid salts of ele- 
ments of the iron group and in particular in copper 
salts, is usually explained either by exchange inter- 
actions or by a partial covalent bond between the 
magnetic ion and the corner atoms. 

We propose still another mechanism for solu- 
tions of copper salts, which under well defined con- 
ditions may lead to both isotropy and a decrease 
of the hfs constants and at the same time to iso- 
tropy of the g -factor; this mechanism predicts, 
generally speaking, a temperature dependence of 
the hfs constants and of the g -factors. 

If there occurs a “rotation” of the electron den- 
sity, as discussed in Sec. 3, the eigenfunction of 
the ground state can be written in the form 


go, = [1—o (@))" dy + % (w) be, 
a (w) = (1—cos 2rwt)”/V 2 , 


and the magnitude of L is equal to the time 
average 


L= © |b) evev= Li — <o? @)) av (1, —L,). 


For such an average the ratio of 27w and the 
frequency of the Larmor precession Wreg is an 
important quantity. If the barrier is sufficiently 
low so that 27Tw > Wyeg one may put the period 
T equal to 27/wreg. We have then 
L =+ (Ly “42 L.). 


<a (@)yav= Ve, ; 
This corresponds to a complete averaging of the 
quantity L. 

In the other extreme case, when the barrier is 
so high that 27W = Wreg, one cannot average the 
quantity L by taking the overcoming of the barrier 
into account. Only the eigenvibrations of the com- 
plex can in that case influence the magnitude of L; 
however, calculation shows that the influence of 
these vibrations is unimportant. 

When 27W ~ Wreg the magnitude of L will be 
temperature dependent. As was mentioned already 
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it is difficult to get an explicit expression for this 
dependence. 

In hydrated complexes Cu?*(H,O), in solutions 
and also in copper salts with a trigonal symmetry, 
complete averaging apparently does take place. 
Bearing in mind that* 


gt = gP 2.28, ge 2.0, 
;A| = 85-10-*em , |B |=78- 10 ens 


(2) 


g?=g9 ~2.11, ge = 2.46, 


| A® | = 110-10-em, | B® | = 30- 10~emt?, 
we get 


Ox = By 219, ge 2,23, 


| A|~17-10-eni?, | B| = 24-10-cmrt. 


In evaluating |A| and |B| we have taken into 
account the theoretical considerations about the 
signs of the constants A and B."! 

In the framework of the given theory there is: 
also an explanation for the experimental fact that 
some copper complexes, as a rule with heavy cor- 
ner atoms,” havea hyperfine structure. Indeed, 
the theoretical considerations involve the three 
parameters J, wp», and |A3| 3 which are con- 
nected by the relation Jw? = 9|A3|p%. A change 
in the corner atoms may lead both to a change in 
|A3 | 93 and to a change in J due to a change in the 
effective mass of the complex (J ¥ Mp3): one 
must understand by M not the total mass of the 
corner atoms, but some effective mass, since the 
corner atoms Y do not take part in the vibrations 
of the complex as a whole. If we assume that |As|p3 
does not change appreciably when we make a sub- 
stitution of the corner atoms, we obtain all the 
same an important dependence of W on the mass 
of the corner atoms, as follows from Eq. (12b) 

(wo = V9] As] p2/J ). We have not enough data 
about the character of the change of the quantities 
mentioned at our disposal to make concrete cal- 
culations. 

In conclusion the author expresses his deep 
gratitude to B. M. Kozyrev for a discussion of 
his results and to S. A. Al’tshuler for his interest 
in the work. 
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The nucleon + core model with intermediate coupling between the nucleon and the phonon oe | 
tations of the core has been considered in a number of papers!~° as a possible way of describing | 


the spectra of odd nuclei in the atomic weight region where even-even nuclei have level spectra | 


similar to that of the vibrational quadrupole excitations of the nuclear surface (phonons ). The 
state of the nucleon + core system is a superposition of nucleon states and core states with vari- 
ous numbers of phonons. The energy levels and the wave functions of the system have been de- 
termined approximately by diagonalizing the energy matrix, which is cut off at a certain number 
of phonons, N. The convergence of the approximations for various cutoff values N is investi- 
gated on the simple model of spinless photons, which leads to an energy matrix which retains 

the main features of the matrix for phonons with spin. 


INTRODUCTION 


Tre level spectrum of even-even nuclei in the 
regions 60 =A =150 and 190 <A < 214 has the 
characteristic features of the vibrational spectrum 
of the quadrupole excitations of the nucleus:! 1) the 
ratio of the energies of the second and first excited 
states, E,/E,, is close to the value 2; 2) the re- 
duced probabilities for E2 transitions exhibit a 
collective character; 3) the intensities of the M1 
transitions are below the estimates given by the 
single-particle model; 4) the reduced probabilities 
for the “crossing” E2 transitions are smaller than 
the probabilities for E2 transitions between adjacent 
levels. 

The model of vibrational quadrupole excitations 
of the nucleus predicts three degenerate states with 
spins I=0, 2, and 4 for the second excited level. 
If the conditions of adiabatic motion of the nucleons 
of the core and collective motion of the core are 
violated, this degeneracy is removed. At present 
three levels are known for Cdjj? and Hg}?8. 

For the case of the adjacent odd nuclei it is nat- 
ural to try to apply the nucleon + core model for the 
description of the level spectrum of the nucleus. 
This model has been considered earlier by a num- 
ber of authors!~° and is now regarded as one of the 
possible descriptions of the odd nuclei.’ 

In the framework of this model the state of the 
nucleon + core system is given by a solution of the 
Schrodinger equation with Hamiltonian!» 
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H=Ayi: “eines se Hat : (1) . 


Feyipe — = By (— 1)" aie = 3) Co(—1)* dey —u, (2) 
v : 


ub 


Hepig= — k S\aa.¥ ou(8, 9), 


u 


A singie= — (h?/2M) A + U(r) (3) 


single is the Hamiltonian of the nucleon in the 
field of the nuclear core, U(r). For U(r) one 
takes either the radially symmetric potential of 
the Nilsson type® or the optical model potential. 
Qo, are the deformation parameters of the surface 
of the nucleus, 


R(8, gy) = Roll + % + >) G2uY oul. 


k is the coupling constant of the interaction of the 
nucleon with the nuclear surface; it can only be esti- 
mated within a particular model of the motion of 
the nucleon in the deformed nucleus. Thus we have, 
for a nucleon in a rectangular potential well with 
depth Uy and with a deformed surface,! 


Aepig= — UpR)S (r — Ro) >) GouY ou (9, 9), 
p. 


after averaging over the state of the nucleon with 
quantum numbers njuj, we obtain 
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<A epig> = —UoR3 | Rnj (Ro)? Saau¥ ou (8, 9)- 
Hence ‘ 


k = UpR3| Raj (Ro) |? = 40 to 50 Mev. 


i 


| It follows that the dimensionless coupling param- 


eter kK =kvVfhw 2C, /hw is not small, and that 
perturbation theory with respect to kK cannot be 
applied if hw and the stiffness C, are small: 
Cy ~ 20 + 60 Mev, fiw © 0.2 to 0.8 Mev. 

One usually seeks the solution of the Schrédinger 
equation for the system in the form of an expansion 
in terms of core states ir (v is the number of 
phonons, and A and My are the angular momen- 


| tum and its projection on the axis of quantization): 


Yim 


Do FCM, Vapi, 


njhy CN 
[Pjyjn is the function of the nucleon in the spheric- 


ally symmetric field U(r)]. The amplitudes a7’ 
are then determined by diagonalizing the energy 
matrix. 

Approximate solutions of the equation Hy = Ew 
were found in references 1, 3, and 5 by cutting off 
the energy matrix at a certain number of phonons 
and assuming that the nucleon moment j is a good 
quantum number. The cut-off was carried out at 
the values N =1, 2, and 3. Since the validity of 
the model depends on the comparison of the ex- 
perimental data with the results of the model, 
there naturally arises the question of the accuracy 
of these approximations and to what extent the ob- 

_ tained results can be used in the analysis of the 
experimental data. 


THE NUCLEON + CORE MODEL WITH SPINLESS 
PHONONS 


The investigation of the convergence with re- 
spect to N for matrices with phonons with spin 
is difficult, because the state 7%), for a given 
number of phonons v has contributions from sev- 
eral states with different 1. The rank of the ma- 
trix is, therefore, considerably greater than N. 
For this reason we consider the process of approxi- 
mation on the simple model of spinless phonons. 
The energy matrix in this model, however, retains 
the basic features of the matrix for phonons with 

- spin. As model Hamiltonian we take 
Ay=LGr +e D—*@ +9): (5) 

i.e., we assume that the state of the “nucleon” does 
not change. This is equivalent to the assumption 
that n and j are good quantum numbers. Here 


q° and q are the creation and annihilation oper- 
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ators of the “phonons” and xk is a dimensionless 
parameter which characterizes the coupling of the 
nucleon degree of freedom with the “phonons”. The 
exact solution for the Hamiltonian (5) is known: we 
introduce the new phonon operators p=Q-—«k and 
p* = q*-«, and obtain 

A=} (Bb + BP, 
We are, however, not interested in the exact value 
of the energy level Ej, but in the process of ap- 
proximating Ej; by cutting off the energy matrix 
at the number of phonons N. 


We therefore expand the Wj; function of the sys- 
tem into a series in terms of states of the core: 


(G*)*x0/V VI 5 


E; = howe; = hw [i+ >). 


Yi = djaiy, where y, 
Xo is the “vacuum” wave function. 
Substituting the series W = > avXp in the 
Vv 


Schrodinger equation H)y¥ = EW, we obtain the 
energy matrix 


(vs) a,—“xVvP0 diay—x V Vays = 0; 


here the factor 4 is included in e€, so that for 


="0 (free oscillator), €,=v. We regard equa- 
tion (6) as a recurrence relation for the coeffi- 
cients ay. Choosing a, as the independent co- 
efficient, we find all a, successively in terms 
of ap: 


(6) 


dy = fy (8)/(—x)Vv1, (7) 


where 
furs (€-) = (€—¥) fe — fai 
fi(e) = 6. 


Cutting off the matrix (6) at a certain phonon 
number N corresponds to the equation ayy; = 0 
or fN,, = 0. From this we find N+1 roots, 
€j(N), which are the eigenvalues of the Hamilto- 
nian in the given approximation. For each root 
€;(N) we find the set of amplitudes a}(N) which 
determines the wave function of the i-th state. As 
is seen from (8), the essential coupling parameter 
is not kK, but x*; we therefore carried out calcu- 
lations for xk? = 0.5, 1, 2, and 3. The roots «j(N) 
for each Kk? were found graphically by constructing 
the corresponding polynomial fy,,(¢€). The re- 
sults of the calculation of the energy levels for the 
ground and first three excited levels are given in 
the figure. 

To illustrate the convergence process with re- 
spect to N, we list in Tables I to IV the ampli- 
tudes of the wave functions of the system in the 
first excited and ground states for the parameter 
values K2=1 and x*=3. The calculations were 


(8) 
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Dependence of the energy levels €, on the number of phonons N for various values of x?. 


carried out with slide rule accuracy. As is seen 
from the tables, the coefficients of the wave func- 
tions have appreciable magnitudes in the intervai 
N=1to5. The ab(N) become smaller by an 
order of magnitude only for pv ~ 5. The solution 
given by the cut-off matrix can therefore only be 
close to the actual solution for N *5 or 6. The 
errors in the calculation of the matrix elements 
of operators with functions obtained from an en- 
ergy matrix cut off at N=<3 may be large, es- 


pecially in the case of operators which are pro- 
portional to qq, G*q*, qq* and higher powers 
of the operators q and @q*. 

The approximation €j(N) to the exact value 
€j(%) can, at least in the region AN <5, be ex- 
pressed by the exponential function 


:(N) —e; (00) = 8,(N) = 8 exp{—a;(N —N): (9) 


N} and éf are indicated in the figure for x? = 1. 
For 6} we have the relation 
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TABLE I. Amplitudes a}(N) for €) with x? =1 
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I ea a en 
N | Ey | ao | ay | az ag a, a, 
4 —0.62 0.85 0.53 -— = a = 
2 —0,86 0.72 0.62 0.34 _ — a 
3 —0.96 0.65 0.62 0.40 0,17 = = 
4 —0.99 0,63 0.62 0.42 0.22 0.067 — 
b) —1.0 0.60 0.60 0,43 0.25 0.12 0.054 
TABLE II. Amplitudes a}(N) for «, with Kk? =1 
N £1 ay ay ay a, a a, dg 
1 1.62 0.53 —0,85 — — == =. = 
2 OWT 0.66 —0,54 —0.56 = — = = 
3 0,32 0.68 —0.22 —0.58 | —0.39 -- — = 
4 0.14 0.66 —0.09 —0.52 | —0.49 | —0,25 — — 
5 0.05 0.63 —0.03 —0.47 | —0,50 | —0,33 | —0.13 = 
6 0,013 0,64 —0,008 | —0,47 | —0,50 | —0.37 | —0.22 | —0.095 
TABLE III. Amplitudes aj, (N) for €9 with x2 =3 
N Eo ay ay az | as | a, as a. 
| 
4 —1.3 0.94 0,40 — — = = = 
2 —2.0 0.84 0,54 0,19 _ = — = 
3 —2,44 0.73 0,59 0.34 0.13 = = = 
4 —2,70 0,68 0,61 0,37 0.17 0,054 = se 
b) —2,86 0.62 0.60 0.39 0,20 0,084 0.025 = 
6 —2.92 0,62 0.60 0,42 0.23 0,10 0.04 0.012 
TABLE IV, Amplitudes al(N) for ¢, with x? =3 
N &y ay ay Qz | as | a, a; Ag 
| 
4 2.3 0,79 0700 -— — = == 
2 0.70 0,94 —0,.22 | —0.24 — — = = 
3 =0G2V 0.96 0,065} —0.21 —0.12 = — _ 
4 —0,86 0,95 0,27 | —0.10 —0.13 | —0.06 — = 
Bi) —1,30 0,91 0.39 0.00 —0.11 | —0.08 | —0,03 —_ 
6 —1,54 0,87 0,44 0.061! —0.16 | —0.14 | —0.07 |—0.02 
TABLE V 
ue ay ay a ae a, a tg e 
1,0 0.80 0.75 0.70 0,60 ~0.70 1,50 
1,5 0.75 0.65 0.55 0.50 ~0.60 1,75 
20 0.70 0.55 0.45 0.40 ~0.50 1.90 
3,0 0,55 0,40 0,40 — ~0.45 2),20 
89 = x? + N? tan 9 (x). (10) the energy matrix with respect to the number of 


included phonons, N, becomes worse as K 


2 and 


The values of aj(k?) and tan ¢ (kK?) are listed in 
Table V (@ is the average value of the parameter 
a; over the four energy levels). In view of the 
crudeness of the calculation of the energy levels, 
the values of a; and tang reflect only qualita - 
tively the behavior of the energy matrix. 

It follows from Table V that the convergence of 


the index of the level, i, increase, since the ex- 
ponent ar; (K?) decreases while 6} becomes larger 
(the error in the term Ey of the energy reaches the 
order fw/2 for cutoff at N=3 and x2 = 3). 

This simple model of phonons without spin per- 
mits us to make some qualitative remarks about 
the more realistic model with phonons with spin 
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as well, since the energy matrix retains its oscil- 
latory character even in this case. 

For simplicity we restrict ourselves to a model 
in which the state of the nucleon does not change, 
i.e., the principal quantum number n and the total 
angular momentum j of the nucleon are good quan- 
tum numbers. The state of the system is described 
by the function 


Yim = Dd alin > Crating Got (11) 
vA wpe 
For the matrix elements of the operator Hepig of 
(3) (see, for example, reference 3) we have, after 
some transformations, 


<j, vA, IM| Aepig |i, v'’ IM) 


ay: 3 2 [Cssrott (247*/as. Li) 
X {<vA|[ BI V’> uw (TP2; MI}V V+ 1844, ve (12) 


Here u(afyd6; eg) is the Racah function (see, 
for example, reference 9). The reduced matrix 
element <vA||§|| v’A’> has the order of magni- 
tude ~ 3 to 1. 

The effective coupling constant between the pho- 
nons and the nucleon is given by 


eee = % (Coo U (21j */e; Li}, (13) 
where 


x =k V (5/4r) (hw/2C,)/ho, 
{Croio & (2Uj a; Lj)}? 


E(L + 2) (21 — 1)/(2t + 3) (21 + 1)? 


for} ="1-- Ts 
~ (2 ~ 1)/(21 + 1)? i a 


for pare ye 
Introducing the matrices 
(Te, vtabay = CAB I|y + IND w (L723 jd, 
(tea daar = <v— 1X" |[B ff vad we (Pr2s 7”) 


and the state vector ay, with components a,), 
we write the energy matrix in a form similar to 
equation (6): 


(v nk 9) ay — “eff Vy ar ] "ty, vtyay+1 
a eee Vv teen = 0. (14) 


The analysis of this matrix is considerably more 
difficult than in the case (6). However, utilizing 
the similarity in the forms of the matrices (14) 
and (6), we can apply the results obtained earlier 
for qualitative estimates in this case. 


Let us consider the particular nucleus Cai}? 
(reference 6). For the even-even nucleus Catto 
we have hw = 0.656 Mev and Cy, = 58 Mev; the 
odd nucleon can be in the states 381,, 2ds/2, 2d5/2, 
gz; and 1hj1/2. The corresponding constants 
Kapp are equal to: 


States: 3s1/5 2d3/2 2d>/s 1g7/2 41h). 


g 
roe 0)" ‘£5607, 80 <5 hake ae 


The number of phonons, N, to be included in the 
energy matrix is determined by the accuracy re- 
quired for the position of the energy terms. 

If the admissible error in the position of the 
term is equal to A, the required number of pho- 
nons can be estimated from the relation 


A fiw >> 24, exp (— aN). (15) 


For Kate we must take the largest among all pos- 
sible values. 

If j is not a good quantum number, all nucleon 
states with the same parity are combined into a 
single energy matrix. The convergence of this 
matrix with respect to the included number of pho- 
nons is determined by the largest value of the coup-- 
ling constant for nucleon states with the same par- 
ity. In the case of Cj}! pw largest coupling con- 
stant for even states is Kee = = 2.5. This constant 
corresponds to the exponent @ © 0.5. If the spec- 
trum is to have an accuracy of the distance to the 
first excited level, E, = 0.247 Mev, we must in- 
clude at least four phonons. 

If the accuracy is increased (A = 80 kev, N = 6; 
and for A= 20 kev, N =Q), the number of phonons 
is higher. 

In the case of Cd!!911! we used the values for 
hw and Cy, quoted in the well known review ar- 
ticle of Bohr, Mottelson, et al.° These values 
were obtained by fitting the experimental data on 
the Coulomb excitation of the nuclei in the frame- 
work of the hydrodynamic theory of vibrational 
excitations of the nucleus. On the whole, the hy- 
drodynamic theory contradicts the experimental 
results, so that the question of the structure of 
the vibrational excitations of the nuclei remains 
open. The abovementioned example of Cd!!%111 
must, therefore, be regarded only as an illustra- 
tion of the convergence process for the energy 
matrix with respect to the number of phonons. 

In conclusion I sincerely thank S. T. Belyaev, 
B. T. Geilikman, and L. A. Sliv for their interest 
in this work. 
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A modification of Lee and Yang’s theory of strange-particle parity doublets is considered in 
which parity conjugation invariance is extended to weak interactions. As a result parity non- 
conservation in weak interactions is found to be closely related to a change in strangeness. 
Results of the analysis pertaining to the “forward-backward” asymmetry of the hyperon 
decay products are compared with the corresponding consequences due to parity nonconser- 
vation in strange particle production and interaction processes. Both interpretations are 
found to yield the same results as far as particles with odd strangeness are concerned. The 


two approaches can be distinguished by studying processes involving = 


1. INTRODUCTION 


kee question of parity nonconservation in strong 
interactions of elementary particles has recently 
come to hold considerable interest.'~" 

Starting from a renormalizable Yukawa inter- 
action for elementary particles, Solov’ev!‘ has 
shown that the requirement of CP invariance for the 
Lagrangian together with the laws of charge con- 
servation and isotopic invariance results in space 
parity conservation for electromagnetic and strong 
interactions of ordinary particles. On the other 
hand CP invariance and isotopic invariance do 
not lead to space parity conservation for strong 
interactions involving strange particles — iso- 
topic-invariant additions to the usual Lagrangian, 
which violate parity conservation, are possible. 

Parity nonconservation in strong interactions 
involving strange particles should lead to the ap- 
pearance of a component of the polarization vector 
in the plane of their production and should result 
in a “forward-backward” (“right-left”) asymme- 
try in the distribution of the decay products. So 
far experiments have given no evidence for the 
existence of such an asymmetry,° although one 
cannot exclude the possibility that the angular 
dependence of the longitudinal polarization is 
such that a vanishing asymmetry results after 
averaging over the angle of emission of the hy- 
perons. It is also possible that this polarization 
will become detectable as the energy of strange 
particle production increases. 

In this paper we wish to show that effects aris- 
ing from parity nonconservation in strong interac- 
tions of strange particles, in particular the above- 
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hyperons. 


mentioned asymmetry, would also arise in a parity- 
conserving theory, namely, a modification of the 
parity-doublets theory of Lee and Yang®*? which 
would not contradict any other experimental facts. 


2. STATEMENT OF THE PROBLEM 


We amplify the Lee and Yang parity-doublets 
hypothesis by the requirement that all weak (and 
electromagnetic ) as well as strong interactions 
of elementary particles be invariant under the CP 
operation of parity conjugation 0<~T, A; <> Ag, 
etc. In this way parity doubling of all particles with 
odd strangeness is introduced. 

It is easy to see that this requirement automat- 
ically leads to parity nonconservation in weak in- 
teractions of strange particles whenever strange- 
ness changes by an odd number.* Indeed in such 
cases we have strange particles with odd strange- 
ness before (A-, Z- and K-decays) or after 
(=-decay) the decay. The requirement that the 
decay process be invariant under parity conjuga- 
tion then results in either the decay of particles 
of opposite parities into ordinary particles in the 
same orbital states or (in the =-decay case) the 
decay of a strange particle of definite parity into 
a strange particle of one or the other intrinsic 
parity, the decay products being in the same or- 
bital states in both cases. As a result, parity 
nonconservation in the decay is closely related 
to the change in strangeness. 

Extending CPinvariance to the decays causes 
the parity doublets to have the same lifetime and 


*It is interesting to note that the decay H+ n+ for which 
AS = 2, would be parity conserving were it to exist. 
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not to differ from each other in either weak or 
strong interactions. Consequently the question 

of the existence of a long-lived component of the 
2 -hyperon parity doublet, not found in the experi- 
ments of Alvarez,!° does not arise. 

It is obvious that all known experimental facts 
which can be explained by the theory with parity 
nonconservation in decays without doubling the 
number of particles can also be explained by the 
present approach. 

The existence of K -particle doublets permits 
the introduction in a natural way of a strong KKa 
interaction, which leads to a number of experi- 
mentally-confirmed consequences. However this 
interaction may also be introduced in Solov’ev’s 
theory, where there is no need for parity doublets, 
since the conservation of combined parity permits 
the Lagrangian of a strong (parity violating) local 
KKm interaction to be written in the form 


Lxn = ikn {K*K.D + KK, ® '}, 


where @® is the wave function of the 7 meson. 

However this Lagrangian is not invariant under 
rotations in isotopic spin space. Consequently it 
is possible in principle to verify the K -particle 
doublet hypothesis by studying the universality of 
isotopic invariance in strong interactions and the 
existence of a strong KKz7 interaction. (In this 
connection we should mention the work of Taylor?! 
in which very general considerations based on a 
method of Chew!” are used to show, by comparing 
the theory with the experimental results on the 
production of strange particles, that a strong KK7 
interaction is necessary.) It is true that one must 
keep in mind the hypothesis advanced by Pais!*’!4 
according to which the K* and K* mesons have 
opposite parity. Here there are two possibilities: 
the KK7z interaction conserves parity but isotopic 
invariance is violated,!® or the alternative — iso- 
topic spin is conserved but parity conservation is 
violated.'* 

It is seen that the question of K -meson doub- 
lets can hardly be solved in the framework dis- 
cussed above. A real possibility for verifying 
the parity doublets hypothesis will be indicated 
below. 

Before passing on to a study of the consequences 
of the hypothesis of strange particle doubling on the 
processes of their interaction and production we 
note the following circumstance. 

The revival in this paper of the parity doublets 
hypothesis is connected with the fact that, as will 
be seen later, the existence of a “forward-backward” 
(“right-left” ) asymmetry in processes involving 
strange particles may be explained not only by 
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giving up space parity conservation in strong in- 
teractions of strange particles but also on the 
basis of the above introduced hypothesis. Also 

it is possible to find experimental tests to deter- 
mine whether the “forward-backward” (“right- 
left”) asymmetry in processes involving A and 
x particles is due to parity nonconservation in 
strong interactions or not. 


3. INTERACTION AND PRODUCTION OF 
STRANGE PARTICLES 


Turning now to effects resulting from the hy- 
pothesis discussed above we use the notation of 
Lee and Yang.? 

Let us consider first the process of K™ -particle 
capture by protons leading to formation of 2 -hy- 
peron doublets which subsequently decay, with the 
K™ beam consisting of a coherent mixture of 07 
and T particles with amplitudes ag and ar. 

The density matrix describing the 2” -hyperon 
beam at the instant of production (t = 0) is given 
b 
i 1,(0) +Pi(0)e J (0) + Bi (O)e 
pase (: (+ BS (Oe Ia(0) + Pa es (2) 


The diagonal terms in Eq. (1) correspond to the 
usual density matrix for a beam of intensity I 
and polarization P, the off-diagonal terms re- 
sult from interference effects between the doublet 
components of opposite parity: J is a pseudoscalar, 
~ is a polar vector. The time dependence of these 
quantities is given by the exponential factor e At 
where A~! is the lifetime of the =~ particles 
(it is the same for 2; and 2» in the model 
under consideration ). 

For the capture process Ij, Jj, Pj and ¥j 
are given by 


Ty (0) = Ty (4) leo =|%@ P| a? + | oe? ]?, 

T, (0) = ||? | b|? + [oe |? | a)? 

J (0) =agxt lal? + aaF jb), Py (0) = Re [agxtab"] ks/kz, 
P, (0) = Re [agxtba*] ks/kz, 

$$ (0) = [aq P ab + |, 2 ba"} kx/ke, (2) 


where ky is the momentum of the 2” hyperon. 
In Eq. (2) a and b denote the amplitudes for the 
processes 9° +p—2Z,;+7°(7T +p—2Z)+7") and 
6-+p— 25 +.0* (tT +p —2j, +7) respectively. 
These processes are dynamically different since 
they lead to final states with different orbital an- 
gular momenta, so that a ~b. 

The = ~-hyperon decay process is described 
by the column (cf. reference 9) 


Ao [1 + xok] \ 


M=(Brieteal )? 2 
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where « is the degree of parity nonconservation 
in the decay, and k is a unit vector along the di- 
rection of the decay nucleon (in the hyperon rest 
frame).* Ay and By are related to the probabili- 
ties A; of the Z, of the Z, decay by 


| Bo |? {1 + x7] = de. (4) 


(Of course, in our model expression (3) must com- 
mute with the parity conjugation operator Cp so 
that Ay =+By) and x =+1. However we find it 
convenient in the following to use this general 
notation for purposes of comparison and only to 
impose the above equalities in the final expres- 
sions. ) 

We obtain for the angular distribution of the 
nucleons relative to the direction of emission of 
the =~ hyperons (in the hyperon rest frame): 


| Ay |? [1 + x?] =), 


W = Sp (MDM*) = N + Qcos8, (5) 
N =}{la)? + | 6/7} | a9 + a |? 
Q=-+Allag? +|a.|? + Re agat] 2 Re ab*, (5’) 


where the upper sign corresponds to x =1 and the 
lower sign to k=-—1. 

A characteristic of the “forward-backward” 
asymmetry formula obtained here, as distinct from 
the results of Lee and Yang,’ is the coherence of 
the @ and T particles in the K~-capture proc- 
ess. This fact is obviously related to parity non- 
conservation in the act of decay. 

The circumstance that no “forward-backward” 
asymmetry has been observed in K™ captures may 
be explained by assuming that one of the amplitudes 
a, b is small in comparison with the other at en- 
ergies of the order of the energy available in the 
K” capture process. Of course, neither here nor 
below do we obtain any changes in lifetime charac- 
teristic of the Lee and Yang work, since A; =A, =A 
and the masses of the components of the doublet 
are strictly equal. 

Let us consider next production of A and 2 
hyperons in 7-N or N-N collisions. In this case, 
after “averaging” over all remaining particles in- 
volved in the reaction, we get? 


oly J=0, 
P = P* = vk ince + veka, (6) 


P= Poon, 


where Pj are the usual polarization vectors, n 
= Kine X Ka; pw, 4, vg are constants depending on 
the dynamics of the process; Kinc and ka are 


*We assume here for simplicity that the degree of parity 
nonconservation x is the same in the decay of %, and &,, 
although from the invariance of expression (3) under the 
6+ + conjugation one can deduce only that Mee le AIS: 
however does not affect results connected with maximal parity 
nonconservation in the decay when x? = 1, 


unit vectors in the direction of the incident par- 

ticle and of the hyperon in the center of mass sys- 1 

tem. | 
For the angular distribution of the decay nucle-_ 

ons in the rest frame of the hyperon we find the 

expression 

W =[|A\? +1 Bo PIC +2) 0+ 2xpnk] | 
+ (1 + #2) 2Re AyBo (vikine + veka) ke (7) 


Here k is a unit vector in the direction of the 
nucleon momentum; we do not as yet consider our 
specific model and therefore use expression (3). 
This corresponds to the fact that parity nonconser- 
vation is not connected with the invariance of weak 
interactions under the @<~7T conjugation. 

The term proportional to « and intrinsically 
connected with parity nonconservation in the decay 
gives rise to the “up-down” asymmetry. The 
“forward-backward” (“right-left” ) asymmetry, 
expressed by the second term in (7) could also 
arise if parity were conserved in the decay proc- 
ess. In that case the “effective” asymmetry co- 
efficients in the decay would be, generally speak- 
ing, different in the direction n and kine + vek,. 
This is an example of the independence of effects 
due to parity nonconservation in the decay from 
those due to the parity doublets in the conventional 
treatment, as was pointed out in the past by Arno- 
witt and Teutsch.® 

On the other hand, if parity is not conserved 
in the strange particle production process then 
the density matrix for the hyperon beam will have 
the following structure:* 


T+eP+of, 


and for the decay M = Ao(1+kok). 
For the corresponding angular distribution we 
find 


W =|A) PU (1 + x?) + 2x (P+ §) k] (8) 


with the same asymmetry coefficients. However 

it is not difficult to see that Eq. (7) also gives equal 
asymmetry coefficients if we take into account the 
equalities Ay =+Bg, Kk =+1, which hold in our ap- 
proach. In that case 


= Sha (Pce 2) kd (9) 


and the consequences due to parity nonconservation 


*Let us note the difference in the formal apparatus in our 
case and in the case of parity nonconservation in strong in- 
teractions. In the latter case the density matrix for particles 
produced in strong interactions has on the diagonal pseudo- 
scalar terms, whereas in our case the pseudoscalars appear 
only for the off-diagonal elements of the density matrix. 
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are the same as the consequences arising from our 


- model. 


Let us consider one more interesting example of 


{. a process involving strange particles* 


ap ps N=" Dp, (10) 


in which the capture takes place from the S -state 
of the continuous spectrum. If parity is not con- 
served in this process the A particle should be 
produced in S as wellas P states, so that the 
transition amplitude has the form (compare ref- 
erence 16): 


ally + aells + x [(?/2) 2b kaS + 3'2b,k aS’ Ty + bsk,+ ST], 
(11) 
where aj and bx are amplitudes for the S—S 


and S-~-P transitions respectively, 


Ty = ~(3 + 959), I; = zr (1 — 999), 


S= = (6, + 99), 


and x is the degree of parity nonconservation in 
the process (10). The subscript 1 in the spin ma- 
trices refers to the strange particles, subscript 2 
to the proton. For the angular distribution of 7 
mesons from the A’ decay we obtain the following 
expression: 


W=rd/ [8 ao 4Re (xo) Krk ,x/(1 + x?)], 


Ss’ = > (9,;— 9), 


(12) 


where I is the intensity of the =" beam, 
a= > 1V ear (b; + b2/V 2) + + af bs), 
B= +[3|a,|? + |a.|? +3] 1|? + 9 [be |? + 3 ibs Pl. 


Let us now discuss the same process from the 
point of view of the parity doublets hypothesis 
advanced here. The density matrix of the inci- 
dent =°-hyperon beam consisting of =! and 2} 
has the form (for hyperons of low kinetic energy ): 


Li 
Pia ft Tis G 


We assume, without loss of generality, that the 
relative parity of 5, and A, is positive. Then 
the reaction corresponds to S—S transitions. 
and the existence of doublets of the 2 and A 
particles will result in the S— P transitions: 
Zy42+P—7 Ag, +p. In this case the transition 
amplitude is in the form of a 2 x 2 matrix 


(13) 


(Sop 


S—P Seas) 


SoS oy 


where S—S, S—P represent symbolically the 


*It is in this reaction that a nonvanishing ‘“‘forward — back- 
ward’? asymmetry of 7 mesons from A® decay was observed, 


although the results are not definitive. 
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amplitudes of the corresponding transitions of the 
strange particle + proton system, taken from the 
work of Pais and Treiman.!® 

After some calculations we find for W the fol- 
lowing expression: 


W =I +ReJ]P+2Re(I-+J)ak k,}, (15) 


where we have already set kK =+1, as well as 
FF = I, =f. 


4, DISCUSSION OF RESULTS 


From a comparison of (8) and (9) with (12) and 
(15) the conclusion follows that if parity noncon- 
servation in the decay is the maximum possible 
(as is in agreement with experimental data) then 
the consequences due to parity nonconservation in 
the strong interactions of strange particles are the 
same, as far as production of particles with odd 
strangeness is concerned, as the consequences 
due to the hypothesis of invariance of all interac- 
tions under the @ <~T conjugation. 

The two approaches (should the “forward-back- 
ward” asymmetry be definitely proven) may, how- 
ever, be distinguished by studying, for example, 


reactions producing = particles: 


Ew Por ST sh Re 

hs a a ee OS Ge 
If the “forward-backward” (“right-left” ) asym- 
metry in processes involving A and 2 particles 
is connected with invariance of the interactions 
under the @ <~T conjugation then there should 
be no “forward-backward” (“right-left” ) asym- 
metry in the distribution of the XW particles (1- 
mesons) from the = decay because the =” 
particle is not a parity doublet and consequently 
will have zero longitudinal polarization (in our 
model parity is conserved in strong interactions ). 
If, however, the indicated asymmetry is due to 
parity nonconservation in the strange particle 
production process then the asymmetry of Ng 
particles (7™- mesons) from = decay will, 
generally speaking, be different from zero. 

Indeed, in the framework of parity nonconser- 

vation for processes involving K mesons and hy- 
perons, the reactions (16) may be caused by the 
following renormalizable parity -conserving inter- 
actions (we assume here for simplicity that the 
parity of all fermions and K mesons is positive); 


(16) 


gs(NOA+ AO*N], g,[Bt20*A + AOt,3] 


and the following CP and charge-invariant but 
parity nonconserving interactions: 


igs [NysA0 ae? AO*Y5N], ig, [Byst207A ae AO st2=]. 
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The effective matrix element for the process, in- 
cluding interferences between the interactions with 
primed and unprimed constants, will contain pseudo- 
scalar terms and, generally speaking, the = par- 
ticle will be longitudinally polarized. 

The same conclusions follow from Sakata 
model in which the interaction (AA)(NN) re- 
sponsible for the production of strange particles 
of any strangeness does not, generally speaking, 
conserve parity.’ 

In connection with all that has been said a study 
of reactions of the type (16) becomes of great in- 
terest. 

In conclusion we might venture the hypothesis 
that the various kinds of asymmetries of physical 
processes are not a consequence of an asymmetry 
of space but are due to specific properties of the 
neutrino and of the strange particles. It is possible 
that invariance of all interactions under the “6-T 
conjugation” is a formal expression of some pe- 
culiar intrinsic properties of strange particles. 
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A method is proposed for the exact calculation of integrals over momentum space in the 


covariant statistical theory of the multiple production of particles. 


The method can be 


applied in other types of theory, though the calculations become more complicated. Ap- 
proximate and exact calculations are carried out. 


See Gudea and Sudarshan! have proposed a co- 
variant formulation of the statistical theory of the 
multiple production of mesons. In this formula- 
tion the probability of the production of n particles 
of arbitrary masses m, is proportional to an in- 
tegral over energy-momentum space, 


1a TT ae 8 (k? + m?) (a —P), (1) 
f=1 
where k is the four-momentum of a meson (ky 
=ie) and P is the momentum of the system (in 
the center-of-mass system P =0, Py=iG).* We 
shall discuss a method for performing the integra- 
tion of Eq. (1). 
After integrating over all the kj we get 


rai (3k) (2-6). (2) 


(A similar form is found in the integral that ap- 
pears in the quantum-field treatment of the proc- 
ess, if the wave functions are normalized to ¢j a 
We have under the integral sign the remaining part 
of the matrix element, but at high energies it is ob- 
viously almost constant.”) The integration in (2) 
can be carried out by a method similar to that de- 
vised by Lepore and Stuart.® Using the Fourier 
representation for the 6 function, we bring (2) to 
the formt 


eee adie. 


eller cos §— ie (3) 


4 
Q 


co 
x \ dk | ded (cos 6) 
0 
*We are setting i=c =m_=1 (m7 is the mass of the 7 
meson). 
tIn (3)—(7) it is assumed for simplicity that all the par- 
ticles are 7 mesons. 
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After the integrations over the angles and some 
simple transformations we get 


oO co 


[= 25? Pt 6" \ den dae Sige) 
0 —co \ 
where 
1 -fonevPameae 
u 
yowk+1), w=1/6, «=16, z=r6. (6) 


Obviously y represents the total energy, and pu 
the rest energy, of a meson. Consequently y =uy, 
and for y = w the integrand can be set equal to 
zero, after which the integration can be extended 
from 0 to, and we can use the formulas of the 
Laplace transformation,‘ defining the original func- 
tion as 


mip. ao 
0 » 9¥SP 
Then 
= FE Ky WV Pa), (6) 
where K,(x) is the Macdonald cylinder function 
[Ky (x) = -30H{?)(ix)]. 


Thus the calculation of the quantity (1) reduces 

to the calculation of the integral 
La \ dae e oe 
0 —oo (2? — a?) 

The calculation of integrals of this form encounters 
difficulties® and is usually done approximately. In 
the extreme relativistic case the calculations can 
be carried through to the end. For this case we can 
set ae = 0; then 


ee 


2" ik, uV2—a. (1) 


fee | 2 ae: (8) 
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By displacing the poles in a suitable way, we can 
perform the integration by the method of residues. 
Integrating first over z and then over a, we get 
finally 


oe ee ee ee (9) 


Thus for n=2 the integral I does not depend on 
the energy, for n=3 we have I~ 6’, and so on. 


Exact computations show that for n= 2 the approx- 


imate value (9) is useful for practical purposes for 


arbitrary energy, and for n=3 it is good for ener- 


gies 6 >2.5 x10 ev (i.e., for kinetic energies in 
the laboratory system larger than 1.45 x 10° ev). 
For n= 4, 5, and so on, the threshold for the use- 
fulness of (9) increases, so that exact computation 
is necessary. 

The exact calculation can be carried out in the 
following way.” Integrating over k, in (2) and tak- 
ing account of the 6 function of the momentum we 
get 

f=" \er" [] rt aes (> ¢+e—é). 
2 


t=2 


(10) 


Here 


B= (RE 1)* = [Daag + RoE 2 (Pr—a ke) + 1], 
where 


n 
Pa—r = >; k;, Pa—r = [Preree Ar Rea a 2 (Pr—r—1 ee 
r+1 
For the further integration over k, we go over to 
spherical coordinates, taking the polar axis along 
the momentum py-_—». After the integrations over 
the polar angle 6, andthe azimuth @, we get 


a n dsp. 
1 = 2" (2n)\ de» [| =e (11) 
i=4 


é €3h3 Pn» ; 
For the integration over ks we take the axis of 


spherical coordinates along py —3; using the fact 
that 


Pn--2 = V Pe, =F ke +2p,,_,hs COS OF. 


we integrate first over cos 93 (we take the inte- 


gral in the sense of the principal value, since py _, 
can pass through the value zero). It is not hard to 
show in this way that in any case the integral (11) 
reduces to the form 


T= - (2n)"™ \ [] i — mi)” de; deg de, . (12) 
img 


Here the m-meson mass (m,=1) has been re- 

placed by masses mj; thus the formula holds for 

the production of particles of arbitrary masses. 
It is convenient to go over to the kinetic ener- 


L. G. YAKOVLEV 


gies xi = €j —Mi. The expression (12) then takes 
the form 


I = = (Qn)" > \ II (x7 +- 2m; xi)" dx; dx» GX: (13) | 


i=4 
In Eq. (13) we must perform (n-1) successive in 
tegrations. Let us find the region of integration, 
taking account of the existence of a maximum 
energy for each of the particles .® 
The kinetic energies of the particles lie in the 


ranges 


O<xu<h, (14) 


i et ee 15 
i= $—— m=z teem) 


Here M is the sum of the rest masses of all the 
particles except the one in question, and T is the 
kinetic energy of the syste 7: 


T=6— > m= >) x 
i=] 


i=1 
From these equations there follow the relations 
T—tig)u= i ip mre <s UP 
2 
T —Tr-g— ti S Xn + Xs GT —Ty_3. (16) 


Let us consider for simplicity the case in which 
m, =M,=m3. Simple arguments show that the in- 
tegral over X,, X3 is equal to the area of the en- 
tire triangle shown in Fig. 1 for Typ-3 = T-t, 


I 


T-Ty.g ty ts 


FIG. 1 


and for Ty_3 = T-—t, it is equal to the area of 


4) 
4 


4 


the shaded region. The areas in question are easily 


calculated, and the further analysis of the limits of 


integration in terms of the relations (14) — (16) also 


presents no difficulty. 

For n=3 we have Ty —3 = 0, and because 
t; = T we find that I is simply equal to the area 
of the shaded region multiplied by 7°; that is, 


p=te[r_y (r—1y] 


f=1 


(17) 


| 
‘il, [for n=2 we have 1=2(3-—67)¥?], 
il For n=4 wehave Ty—3=x,, and the expres- 
| sion (13) breaks up into two terms* (x, =T-t or 
‘\) X, = T-t), in which the integrand contains the 
product of (x? + 2m,x,)¥? by the value of the cor- 
Hh responding area (as a function of X,). Thus, on 
_ making some transformations, we get 

t 

- ni{ (7 — x4)? (x2 + 2x4)" day 


0 


Tt 
ey \ (T — t — x4)? (x2 +. 2x.) dx, 
0 


=F (T—i +2 (7-1-2 (Ty 


8 


x[(T — 1)? + 2(T —#)1*—[(F T—Lt + 4) (+22) 
(ST? TS) (1) 2? + 28] 
+4(T?4+2T+ +) In[¢t-+ 1—(# + 20)7] 


— A(T 


os 


Dace hed) eer] 


inte re ele (Tt) (7 7))]} (18) 


For n=5, Ty-—3=X4+ Xs; the integral over 
X_ and x3 will be equal to the area of the triangle 
or the truncated triangle (Fig. 1), depending on 
pnether xX, tx. = T—-t or x, +x; = T—t. As can 
be seen from Fig. 2, in the first case the region of 


integration over x; and x, is the unshaded part of 
the rectangle, and in the other case it is the shaded 
part (in this case T,—~5 =0; we always have 


*We consider for simplicity the case m, = m, = m, # m, 


(a = 1). 
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T-t-—Ty_—5<t,;). For I we get the expression 


(mj = 1): 
t, t, 
] = 2nt \ xs (x2 + Qrtgx)” \ (x3 +: Qerayx4)” (T —xp—X5)? dt 
0 a) 
eotet 


—2nty) \ dX, (x2 + 21M5x5) ” 


7=1 0 


T—t—x, 
x \ diy (x2 + Qtmgxs)*(T — x4 — x5 — 4). 
0 


(19) 


It is obvious that a similar analysis of the limits of 
integration can be extended without difficulty to the 
case of large values of n. 

The limits of the integrations can thus be found 
for arbitrary n and for arbitrary concrete types 
of particles. The integration itself, however, be- 
comes steadily more complicated. This method of 
integration over the momentum space can also be 
applied in other theories of multiple production, 
but the integration itself is more complicated be- 
cause of the changes of the forms of the integrands. 

It must be noted that in the covariant statistical 
theory the angular distribution is symmetrical. 
The matrix element, which has not been taken into 
account, is obviously responsible for the experi- 
mentally observed unsymmetrical distribution. 

The writer thanks Professor D. D. Ivanenko for 
his interest in this work and for a discussion of the 
results. 
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A method for the solution of the equations describing the passage of the nuclear cascade 
through the atmosphere is proposed. The boundary conditions can be prescribed at any 
arbitrary depth. The proposed method makes it possible to obtain the solution in a form | 
similar to the one obtained by the usual method of successive generations with boundary | 
conditions prescribed at the top of the atmosphere. The form of the solution is discussed | 


for various boundary conditions. 


A number of methods for calculating the charac- 
teristics of the nuclear cascade process in the at- 
mosphere have been developed in recent years.!3 
Of these, the method of successive generations? has 
been found to be a convenient and efficient one for 
the calculation of the required characteristics. In 
all calculations, it was assumed that the boundary 
conditions are given at the top of the atmosphere, 
at x=0. 

In experiments on extensive air showers (EAS), 
the energy of the primary particle initiating the 
shower is usually not known, and neither is the 
depth of the initiation of the shower. In general, 
various characteristics of different EAS compo- 
nents are known at a certain depth of the atmos- 
phere. Therefore, for an estimate of the influence 
of the decay processes on the development of EAS 
in the depth of the atmosphere, and also for the 
calculation of the various development schemes 
of the shower,* it is necessary to find a solution 
of the nuclear cascade equations, the boundary 
conditions being given at a certain arbitrary depth 
Xp in the atmosphere. 

Zatsepin, Nikol’skii, and Pomanskii® proposed 
to solve the problem by the method of successive 
approximations. It was shown that, for a certain 
specific choice of the zero generation, the i-th 
term of the series gives the depth and energy dis- 
tribution of the particles of the i-th generation. 
However, the form of the solution given in refer- 
ence 5 needs to be integrated over x and E for 
the determination of each consecutive generation. 
This makes it difficult to use this method of solu- 
tion in practice. 

In the present article, a method is presented 
for the solution of the nuclear-cascade equation 
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with boundary conditions prescribed at a given 
depth of the atmosphere, which is analogous to 

the general method of successive generations with 
boundary conditions prescribed at the top of the 
atmosphere, at Xp = 0. 

We shall solve the one-dimensional problem 
neglecting, for the time being, the ionization loss, 
and assuming an isothermal atmosphere. We shall 
use a system of notation similar to that used by 
Zatsepin and Rozental’.? 

A system of nuclear-cascade equations, de- 
scribing the atmospheric-depth dependence of the 
number of particles of type n having an energy E 
can be written in the form 


co 


(n) 
ees eee n+y\ p® (E’, x) w® (E', E) dE’ 
J }3, 
C 
Cae 
Aah ) pm) (E, x) 
25 
E2 
1 Us U , x , 
SD) | PO Er END Ee E) dE. (1) 


Ey 


We assume that, in the energy range under consid- 
eration, o()(E) = Op: 

The boundary conditions at the atmospheric 
depth xp are given by the values of the function 
P' (xn, E), p'S(xy, E), p\“)(xq, E) etc. We 
are looking for the solution of Eqs. (1) in the form 


(Ca 25.) 


iy Pb Agee ay. 
p™ (x, E) =e ( n) s 7 p™ (es E, Xn). (2) 


7=0 


Substituting (2) into (1), and equating the coefficients 
of identical powers of (x —Xpy), we obtain the fol- 
lowing system of equations for the determination 

of the functions P{"): 


PASSAGE OF THE NUCLEAR CASCADE THROUGH THE ATMOSPHERE 


oP (x, E, x 
Bite Bigg 2 2 APM Bis) 


Ox 
+3) p® (x, E' Xn) y® (Eo E) dE’ — C, (E sa) Xn) 
t E 
mc 
+ 2D) | PP (eB, xn) Ku (E) DYE’, EVE’. 8) 
NES 


P)(x, E, X,) has to be suitably defined to insure 
a rapid convergence of the series (2). From Eq. 
(2), for x=xXn, we have 


le (X%n,£) = Po (Xn, Es Xn): 


Hence it follows that Py) (x, E, x,) should be de- 
fined as the zero generation (i.e., primary par- 
ticles ). 

We shall consider the following types of primary 
particles: a) stable nuclear-active particles which 
cannot be produced in the decay of any other par- 
ticles, b) stable particles which can be produced 
in the decay of other particles, and c) and d) un- 
stable particles analogous to a) and b). It is easy 
to obtain the dependence of Py) (x, E, x,) onall 
arguments. In case a), 

PSCC in) eins 2): (4a) 
In case b), 


PgAX es <n) = P (xn, £) 


eis el 


ep vy (E’, x, Xn) Ky (E’) D&E", E) dE’ 


Se aX, Jar (4b) 

In case c), 
Po (x, E, Xn) = P (Xn, E) (&n/ x)?" * (4c) 
In case Qd), 
Py (x, E, Xn) = P (Xm, E) (%n/ x)°0!* 
+ (mm /xa/Fy VS SS pay aE 

= n 

x | Pe (E', x, Xn) Ky (E’) D® (E’, E) dE’. (4d) 

Ey 


Thus, Eqs. (2), (3), and (4) fully determine the solu- 
tion of Eq. (1) with boundary conditions prescribed 
at the depth x,. The solution is in the form of an 
infinite power series in (x—Xpy). It can be shown, 
however, that, in cases most interesting in practice, 
the series converges rapidly, and the sum of the 
terms from i=0 to i<(x-—xn) represents the 
solution with an acceptable accuracy. 

We shall determine the depth and energy de- 
pendence of nuclear-passive mesons of type p. 
For these particles, Eq. (1) can be written inthe form 
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dP™ (E, Ke 2 
a = — Sal pO (E. ) 
Mea 3 
new \ PONE, 4) Kade ) Dy) (EY, EVGE”. (1’) 
ME 
Its solution is easy to find: 
Eee 53 
P(E, x) = (2) "P(E, xn) + Fo? S| al” ae 
E; . iy 
| PO (Ea) Seis (EB) aE. 5) 
Ey 


Thus, to calculate the number of nuclear-passive 
mesons it is first necessary to find, according to 
Eqs. (2) — (4), the depth and energy distributions 
of the mesons whose decay results in the mesons 
under consideration. | 

The above discussion can easily be generalized 
to take the ionization loss into account. The ioni- 
zation-loss term can be written in the form 
BoP‘) (E,x)/9E, where £8 is the ionization loss 
per mean free path, assumed to be independent of 
the energy. As before, we shall look for a solu- 
tion in the form of Eq. (2). It should be noted that 
the series represented by Eq. (2) will converge 
rapidly only if the ionization loss is not the main 
process that determines the passage of nuclear- 
active particles through the matter. Consequently, 
the particle energy E should be markedly greater 
than ~x. In analogy to Eq. (3), we obtain the follow- 
ing system of equations for the function Beit: 

M) (x, E, x 

PY ORE pie pane) - a) 

a Ds PO (x, E’, %,) W& (E', E) dE’ 

CE 


E 
= aoe PEG rac) 


= 


EB, 
++ P® (x, B’, xq) AO Gs) eels. 
x“ ay 
oP™ (x, E, x,) 
r B 3E ; i Sl. 


(3’) 


In this case, the dependence of Py) (x, E, xj) on 
all arguments is also given by Eqs. (4a) — (4d), 
where, on the right-hand side, we should substi- 
tute for E the value E + By — Bx. In this way, 
the above formulae give the most complete solu- 
tion of nuclear cascade equations by the method of 
successive generations. Formulae for the remain- 
ing components of the nuclear cascade do not differ 
from the corresponding formulae given by Zatsepin 
and Rozental’.® 
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A method is proposed for finding nuclear multiplicities of molecular terms, for nuclei of ar- 
bitrary spin. The relation between Young tableaus and total spin, on the one hand, and between 
the permutation group and the point symmetry group of the molecule, on the other, is used. 


1. FORMULATION OF THE PROBLEM 


Taovcn the nuclear spin has a negligible direct 
influence on molecular term values, it has a signifi- 
cant indirect effect on their symmetry. Namely, 
only those types of point symmetry groups of the 
molecule occur which correspond to the permutation 
symmetry of the nuclear spins. Existing methods 
enable one to find these allowed symmetry types 
together with their nuclear statistical weights.! 
However, each type of symmetry of the terms oc- 
curs only for definite values of the total nuclear 
spin. It is of interest to find this relation. The 
solutions of the analogous problem for electronic 
terms are very complicated, and have been 
achieved’”? only for spin 44. The method presented 
in this paper allows one relatively easily to assign 
to terms the value of the total nuclear spin, for nu- 
clei with arbitrary spin i, and at the same time 
automatically gives the allowed terms and their 
statistical weights. 


2. BASIS OF THE METHOD 


Let us consider a system of n identical nuclei, 
each having spin i. The permutation symmetry of 
the coordinate wave function of the system is deter- 
mined by the Young tableaus which are consistent 
with the given spin value i.! Each Young tableau 
defines an irreducible representation of the group 
of permutations of n particles, whose characters 
are given in the tables of characters of the sym- 
metric groups*”. However, this representation 
may be reducible with respect to the point group 
of the molecule. By resolving into irreducible rep- 
resentations of the point group, we find the relation 
between symmetry types of the molecule and its 
coordinate Young tableaus. On the other hand, 
there is a one-to-one correspondence between the 
coordinate and spin Young tableaus, which is de- 
termined by the Pauli principle. But each spin 
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Young tableau corresponds to definite values of 
the total spin of the particles. Thus we find the 
relation between the total nuclear spin and the 
molecular terms. Terms which do not appear in 
the representations of the coordinate Young tab- 
leaus are forbidden. 


3. YOUNG TABLEAUS AND TOTAL SPIN 


In the general case of arbitrary spin i, a single 
Young tableau may correspond to several values of 
the total spin of the system. This connection can 
be found by adding cells to Young tableaus which 
have already been investigated, and corresponds 
to successive vector addition of spins.® The per- 
mutation symmetry of the state corresponding to 
the product of two Young tableaus is given by Little- 
wood’s theorem (reference 5, p. 94). * 

The results of the calculation for n= 3,4, and 
i=1,°%4, are given in the table. 


Young Dimen- 
tab- Sionality rye pe 3 / mt 
leau* | of reprer| a Jee 
sentation 
[1%] 4 0 8/5 
[2,4] 2 152 — |*/25 8/2; §/23;7/2 
[3] 1 le) Gre Oke Ors 
[14] 1 as 0 
[2,1] 3 1 225 
[27] 2 Os2 Os825(2) 4 
[3,1] 3 1; 2; 3; (2); 2; 
3 (2); 4; 5 
[4] 1 OF 25748 08 234s 
*[A@ AO,. . -] denotes a Young 


tableau in which the first a rows con- 
tain A, boxes, the next b rows have 
A, boxes, etc. 

tThe numbers in parentheses give _ 
the number of times a given total spin 
occurs, if this number is greater than 
unity. 


*The formulation of Littlewood’s theorem is also in refer- 
ence 6, p. 527. 


] 
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We note that to check the results we can make 
use of the fact that the total number of states of a 
system of n particles which give total spin I is 
equal to the sum of the dimensionalities of the ir- 
reducible representations of those Young tableaus 
which occur for the given value of I. On the other 
hand this same number can be found from the vec- 
tor addition diagrams used by Van Vleck for elec- 
tronic configurations.’ The figure shows the dia- 
gram for i= °%4. The numbers in circles given the 
total number of states for given I and n. 


4. MOLECULES WITH A TOTAL SPIN WHICH IS 
DETERMINED BY IDENTICAL NUCLEI 


Let us consider molecules whose nuclei can be 
divided into two groups. In the one group there 
are identical nuclei with i = 0, while the nuclei 
of the other group have i=0. Then the total spin 
of the molecule will be determined by the total spin 
of the group of nuclei with i = 0. 

Suppose that a molecule of type YX, (i(Y) = 0) 
has point symmetry Tg.* Any symmetry operation 
of the molecule can be considered as a permutation 
of the nuclei. Thus we can associate with each 
class of the point symmetry group the correspond- 
ing class of the permutation group: 


Classes of group Tg iE Cs Co oy Se 
Classes of the permutation group [14] [1,3] [22] [12,2] [4] 


Next, resolving the characters of the irreducible 
representations of the coordinate Young tableaus in 
characters of the point group, we find the corre- 
spondence between symmetry types of the molecule 
and coordinate Young tableaus. In the case of sym- 
metry Td, there is a one-to-one correspondence, 
since the group Tq is isomorphic to the group of 


permutations of four objects: 
[4] A, [14] <> Ap, 


[Z]<E, [2, Plo Fy, 


*We shall use the notation of reference 1. 


[3, 1] <> Fy. 


E. G. KAPLAN | 
a) CMHt; i(c!2)=0, i(H!) = 1%. The allowed | 


‘| 


spin tableaus are [4], I= 2; [3,1], I=1, (2a 
I=0. The corresponding coordinate tableaus are 
[14], [2,12], [27]. Consequently, the possible 
levels are Ne oh, Op 

b) CHI; i(H?) =1. The spin and coordinate 
tableaus have the same symmetry. The allowed 
spin patterns are [4], [3,1], [27], [2,17], The 
corresponding values of total spin are given in the 
table. Thus the possible levels are oe Ae 515; 
1,5,3p,; 3F,. The sum of the multiplicities of each 
level gives its nuclear degeneracy (statistical 
weight ). 

e) cc1#; i(cl) =%4. All spin patterns for 
n=4 are allowed. Using the fact that the coordi- 
nate patterns are dual to the spin patterns, and 
taking the total spin values from the table, we find 
the following level multiplicities: 


1 ,9,7,551 9,5(2),1 5, 14,9,7(2),6,3(2) >. 725.3 
Age Ay; ae heh ai Fs. 


As another example we consider the benzene 
molecule Gites with point symmetry Dg,. Since 
the molecule is planar, inversion is equivalent to 
a rotation, so we can restrict ourselves to the 
symmetry Deg. We have a system of six identical 
nuclei with i = Te The allowed coordinate patterns 
are [1°], [2.1*], [2?, 1°], [23], with total spins of 
3, 2, 1, and 0 respectively. Resolution into ir- 
reducible representations of the point group gives 
the following term multiplicities: 


SION: eA. FE) 1B. aL pies bas te 


5. MOLECULES CONSISTING OF SEVERAL 
GROUPS OF IDENTICAL NUCLEI WITH 
i=~0. 


In this case we can find the total spin of each 
of the groups for each molecular term. We then 
construct direct products of the irreducible repre- 
sentations of each of the groups. The resolution 
of these direct products into irreducible parts 
gives the allowed symmetry types. The total sta- 
tistical weight of a term is given by the sum of the 
statistical weights of the direct products (in whose 
resolution the particular term occurs), multiplied 
by the number of times the term appears in the 
direct product. We note that if we want only to 
find the total statistical weights of the terms, this 
can be done more simply for complicated mole- 
cules by the method of reference 1. 

If the molecule has one group of identical nuclei, 
while all the other nuclei with i # 0 are different, 
the allowed terms can be found by considering the 
permutation symmetry of the identical nuclei. To 


| 
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! find the total statistical weight we must multiply 
| the multiplicity found in this way by the number of 
different projections of spin of the remaining nuclei. 


Let us consider, as an example, the molecule 
c¥H'c1}, i(c') = 14; symmetry group C.y. 
From the character tables, we find the correspond- 
ence [3]=> A;; [2,1] E; [12] <— A». Noting 
that the spin patterns for i= must be dual to 
the coordinate patterns, we find that to a level of 
symmetry A; there correspond total spins of the 
chlorine nuclei equal to *4; to A, the spins */, 
ie; to B —,, %, %, %. We find the total 
statistical weight by multiplying the statistical 
weight due to the chlorine nuclei by four. Asa 
result we get: 16A;, 80A>, 80E. 

In conclusion I thank E. M. Lifshitz for discus- 
sion of the results of this work. 
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The hypothesis is suggested that there exist in nature two types of neutrinos 1, and V2, which 
have the same longitudinal polarization but different leptonic charges, and which form, together 
with the electron and the » meson, two isotopic leptonic doublets (vye) and (vy). The lep- 
tonic charges of the electron and the » meson are also opposite. The laws of conservation of 
isotopic spin, leptonic charge, and chirality uniquely determine the character of the » decay 
and give selection rules that forbid various unobserved reactions involving leptons. 


l. The discovery of the noninvariance of the laws 
of nature under mirror imaging has led to a revi- 
sion of the properties of one of the most interesting 
of the elementary particles, the neutrino. The re- 
sult has been the development of the theory of the 
two-component neutrino,!~? whose wave function is 
an eigenfunction of the chirality operator y;. The 
problem of the neutrino, however, cannot yet be 
regarded as solved. Ya. B. Zel’dovich* has pointed 
out the interesting possibility of describing the weak 
interactions involving leptons in terms of isotopic- 
ally invariant couplings between the particle-pairs 
electron-neutrino (ve) (a doublet in isotopic space, 
denoted hereafter as l,), muon-neutrino (vy) (the 
doublet 7,), and proton-neutron (the doublet B). 
Without including hyperons* in our discussion, let 
us make the assumption that the Hamiltonian of 

the four-fermion interactions has the following 
form: 


H = g[(BxOB) + (i4201,) + ([y201,)]? 
= g[(BtOB) (BtOB) +(,201,)(4201,) + (E2202) (Jg0l,)] 


++ 2g [(BOB) ([,201,) + (BOB) (/,201.) 


+ (4,701) (/,t0l,)], (1) 


where T is the vector matrix of the isotopic spin, 
and O= Yu(1+¥5). The expression (1) for the Ham- 
iltonian excludes the unobserved decay of the py 
meson into three electrons, satisfies the require- 
ments of Lorentz and isotopic invariance and of 

the conservation of chirality in the weak interac- 


*The question of the possibility of including the hyperons 
in the general scheme of four-fermion interactions will be con- 
sidered in another place. 


tions,® and is invariant with respect to any inter- 
changes of the types 1, = 1,, 1. == B. The ex- 
pression (1) leads to the following interactions: 


H = g[(pON) (eOv) + (NOp) (vOp) 
-- (vOu) (eOv) + Herm. c. 


+(g/2) [(NOp) (pON) +- (e0e) (uOu) + 2 (pOp) (vOv) 
— 2(NON) (vOv) — (pOp) (e0e) — (pOp) (uOu) 
+ (NON) (e0c) + (NON) (uOp)] 


+(g /4)[(e0e) (e0e) + (4Op) (uOx) + 4 (vOv) (Or) 
+ (pOp) (pOp)+- (NON) (NON)}. (2) 


In addition to the first-order parity -nonconser- 
vation effects considered by Zel’dovich,‘ the Hamil- 
tonian (2) leads to other analogous effects, for ex- 
ample to parity nonconservation in the scattering 
of electrons by electrons and positrons, to a dis- 
placement of levels of different parities in positro- 
nium, etc. A characteristic feature is that Eq. (2) 
does not contain the terms for scattering of neu- 
trinos by electrons,* (eOv)(vOe), which were 
proposed by Gell-Mann and Feynman.® It also 
follows from Eq. (2) that in the four-fermion in- 
teraction there are three different constants for 
the three types of coupling terms, those contain- 
ing four different fermions (g), two different 
fermions (g/2), and just one single fermion 
(g/4). An exception to this rule is seen in the 
terms containing neutrinos. 


*Such terms could be kept if we were to change the sign of 
the third term (Z,tOl,) in the first expression (1). Then, how- 
ever, Eq. (2) would lack the terms for scattering of neutrinos 
by nucleons and by neutrinos themselves, and the symmetry of 
the interaction would be destroyed. 
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ON TWO TYPES OF NEUTRINOS 


2. How plausible is the assumption of the ex- 


‘istence of the isotopic doublets (ve) and (vu)? 


Clearly the strangest thing about this is that the 


! Same particle v occurs in two isotopic doublets. 
| Let us assume that we have here two different 


neutrinos v, and v2, so that what we are syeak- 


| ing of is the two pairs 1, = (yye7) and J, 
{= (vou~). Instead of Eqs. (2) and (1) we then have: 


H = g[(pON) (e0v,) + (NOp) (¥,0x) 
+ (v,0) (eOv,) +-Herm. c.] 
+ (g/2) [(eOv,) (v,0e) + (4Ov2) (v2) — (08) (¥20¥2) 
— (wp) (vx0%) + (NOp) (pON) + (e0e) (uOp) 
+ (NON) (e0e) + (NON) (uOu) — (pOp) (e0e) 
— (pOp) (wOn) + (pOp) (¥,0v1) + (POP) (720s) 
— (NON) (v:0v1) — (NON) (v20¥2) + (¥10¥1) (v2O¥2)] 
+(g/ 4) [(e0e) (e0e) + (uOp) (YO) + (pOp) (pOp) 
+ (NON) (NON) + (¥10¥3) (40%) + (¥20v2) (¥20v2)]- (8) 


Unlike the expression (2), the Hamiltonian (3) 
contains no exceptions to the rule state above, and 
there is scattering of neutrinos by electrons and 
by # mesons. By what do vy, and pv, differ? 

A theoretically permissible assumption is that 
they differ in the value of the chirality (ys5v; 9 

= +V4,2) while having the same leptonic charge.* 
This assumption, however, leads to a contradiction 
with the experimental data on the spectrum of the 
electrons from yw decay (it gives the Michel pa- 
rameter p=0). 

We shall show that the existing experimental 
data do not contradict the alternative theoretical 
hypothesis, namely that while having the same 
chirality v, and v, have different leptonic 
charges. In this case the leptonic charges will 


also be opposite for the electron and » meson when 


the electric charges are the same.* The proper- 
ties of the leptons are conveniently shown in a 
table. 

Here I, is the isotopic spin projection, / is 


the leptonic charge, y; is the chirality in the weak 


interactions,° e is the electric charge, and S is 
the “strangeness” calculated by the formula e 
=I, +1/2+S/2. A particularly significant fact is 


that the data of this table, together with the require- 


*The concept of leptonic charge was first introduced in a 
paper by Konopinski and Mahmoud.’ 

tThe assumption that electrons and » mesons of the same 
electric charge differ in their values of another (‘‘neutrino’’) 
charge was suggested by Zel’dovich in 1953.° 
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ments of conservation of electric charge, leptonic 
charge, and chirality, uniquely determine the char- 
acter of the 4 decay, uw —e +07,+), and give 
rigorous selection rules that forbid various unob- 
served reactions involving leptons:* 


6-7, be ay, (i Ce ee, 
Kare Ee, P+ e— pa, NO tele ae 


and so on. The reaction n+v—p+e is impos- 
sible with the neutrino produced in yw capture. 
Since leptons can occur in all the interactions only 
in the isotopic pairs (yye) and (vy), it is impos- 
sible for the neutrinos produced in the yw decay 

of a* mesons (1m —H*+v,) to react with nu- 
cleons (or nuclei) to produce electrons; that is, 
the reactions p+?,;—nt+e*, ntv,e—pte 

are impossible.*+ The fact that y+ mesons do not 
annihilate with atomic electrons finds a natural ex- 
planation. 

If we start with our classification of leptons into 
isotopic doublets, the expression for the Hamilto- 
nian of the four-fermion interactions involving only 
leptons and nucleons is uniquely determined in the 
form (1), on the basis of the requirements of Lo- 
rentz and isotopic invariance, conservation of chi- 
rality, conservation of the leptonic charge, and in- 
variance of the interaction with respect to any in- 
terchanges of the type 1,1, 1.=B (univer- 
sality of the interaction ).t 

In conclusion we point out the following. Ina 
paper by Goldhaber’ the hypothesis is suggested 
that fermions have a “doublet” character, and that 


*It is not hard to verify that all five of the reactions 
p> e+ 2vi 5 pret 2, woe+ty 4- Ve. 

are forbidden. 

tIt is not hard to show that interactions between nucleons 
(or nuclei) and the neutrinos produced in the decay of slow 
m7 mesons cannot lead to the production of observable leptons 
(electrons or p mesons). 

tFor the choices of ‘‘particles’’ and ‘‘antiparticles,’’ and 
also for the choice of the sign of the operator O, we appeal 
to experiment. The experimental value of the Michel parameter 
forces us to take simultaneously as ‘“‘particles”’ (v,e~) and 
(v,p7).° The left-hand screw neutrino in B decay corresponds 
to the sign ‘‘+’’ in the operator O. 
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“doublets” of the type (eu) (the electron and yu 
meson were regarded as two states of the same 
particle) can also occur in the case of the heavy 
fermions. Accordingly, it was suggested that 
there be an experimental search for the heavier 
component of the proton doublet. From the point 
of view of.the theory presented here, with two 
neutrinos, this question is obviously settled in 
the sense that the situation in the lepton case 
cannot be repeated, since it is due to the peculi- 
arities of the neutrinos: in this sense the existence 
of the » meson is a direct consequence of parity 
nonconservation.* 

The writer is deeply grateful to Ya. B. Zel’do- 
vich for his attention and interest in this work, to 
I. S. Shapiro and L. B. Okun’ for discussion and 
criticism, and to V. A. Yakovlev for support. 


*If we put in correspondence with the ‘‘ordinary’’ lepton 
doublet (v,e) a nucleonic isotopic doublet (np), then the ana- 


=0 =) 


logue of the ‘‘strange’’ lepton doublet will be (E°E 
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The effect of viscosity on processes taking place in a simple wave is considered in the hydro- 
dynamical theory of multiple production of particles. It is shown that the effect of viscosity on 
the energy distribution of the fastest particles may be significant at sufficiently high energies. 


i® most researches on the hydrodynamical theory 
of multiple production of particles, the equations 
of a relativistic ideal liquid are used without con- 
sideration of viscosity. The effect of viscosity can 
be of a two-fold nature. In the first place, the vis- 
cosity increases the energy dissipation, raises the 
entropy, and, consequently, the number of second- 
ary particles. In the second place, the appearance 


of new particles can bring about a significant change 


in the energy distribution, particularly in that re- 
gion in which the number of particles is small while 


the energy possessed by them is large (for example 


in a simple wave’). 

The problem of the role of viscosity was con- 
sidered by Emel’yanov.” It was found that in the 
region of the fundamental solution (see reference 
3) in the case in which the viscosity coefficient is 


not large, the number of secondary particles that 


owe their origin to the viscosity is small in com- 
parison with Np and increases slightly with in- 
crease in the primary energy E,, (while the num- 
ber of secondary particles N, formed in the initial 
stage upon passage of the shock waves increases 
significantly with the energy Noy ~ Ey), 

In the present work we compute the change AN 
in the number of particles which arise as a result 
of the viscosity in the region of the simple wave. 
This region is of interest, first, because even an 
increase that is small in absolute value can appre- 
ciably change the energy distribution, and second, 
because the velocity gradients in the region of the 
simple wave are larger than in the region of the 
fundamental solution, and therefore the role of the 
viscous terms is much more significant. 

It should be noted that it is not immediately 
possible to determine the coefficient of viscosity 
of a relativistic liquid, in view of which the results 
here are of a qualitative character. Much more 
important from our point of view is the character 
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of the dependence of AN on the energy of the pri- 
mary particle Ej. 

To estimate the number of particles formed in 
a simple wave because of viscosity, we make use 
of the expression for the 4-divergence of the en- 
tropy flux:4 

pie (su‘) = — “Fou! 

Ox! T axk? (1) 
where o is the entropy density, ul is the veloc- 
ity of an element of volume, T is the temperature, 
Tik is the viscous part of the energy momentum 
tensor, equal’ to 


, Ou, OuUp, 1 Ou, Ou; 
Sip ai Of (ae + ujlt wt + gut 5) 
Oy dul 
+- (5 i ¢) aa (Lik + UjUp). (2) 
Equation (1) takes the form 
oo ais 2 1. ear 
on = Te (3) 


after substitution of the expression for Tj,. Here 
n=n + Wy ¢. Further, we shall carry out the cal- 
culation under the assumption that the coefficient 
of viscosity n is small. Then quantities entering 
into the right hand side (T and u!), we express 
in the form 


TSTotat’, wt Sue+ qu’, (3a) 
where we shall assume that 
nl’ << To, 8 yui<ul. (4) 


Taking into account the assumptions made above, 
we can find the total increase in the entropy in first 
order in the coefficient of viscosity, making use of 
the one-dimensional solution for the simple wave 


2a 
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Ty = Tol(t —x) (1 —o) /(¢ + x) (1 + cols 


uo = (t + cox) /V (1 —c?) (f2 — x2), 
ul = (x + cot) /V (1 —c2) (t? — x*), 


ug= us = 0, 2 


where cy) =1/V3 is the velocity of sound. 
The increase in momentum in the simple wave 
will be 


= a dou! _ 4 (2)'5 
ae = a a ac) T- o 


The region of integration 9 here encloses the en- 
tire simple wave with the exception of those of its 
parts where the temperature is less than critical 
Tk =u. Relative to these parts, we have assumed 
(as is usually done in hydrodynamical theory ) that 
the interaction between particles is completely ab- 
sent. Furthermore, a region of the order of the 
mean free path of the particles A around the point 
t=x=0 has been discarded. This point repre- 
sents the state of the system at the moment when 
the shock wave reaches the edge of the nucleon, 
and therefore a discontinuity of temperature takes 
place init. The region of integration Q is shown 
in the drawing. Integration has resulted in* 


(1+¢0)?/265 


ns <9 
» 2cCod vB 


yy UV3 1) —ta(1_#)}, 


z, 2h 2c? (7) 


where ma” is the cross section of the interaction 
and J is the initial longitudinal dimension of the 
system. It is evident from this expression that 


*In the integration it is convenient to transform to the new 
variables T = t+ x and €=t—x. In these variables, Eq. (6) 
has the form 


AS = a \ \ \ \ [t= (1 + co]??? [E (1 — eg) Ot 2V22 de dE dydz. 


0 
The equations for the limits of integration are the follow- 
ing: For the boundary T =p: 
t= [(1—c) / (t+ c0)] (To / 2) 63 
the boundary of the rarefaction wave with the general solution: 
T=, (é/ Fy ona Pi one ee 
where 7, and é, are the critical values of the variables 7 


and € corresponding to the temperature T = p. They are 
equal to 


= e  +60)2/262 
% = Ul (V3 —1)(Th/u) 
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—_ * ( 
Ep = Nel (VW3 +1) (75/2) . 
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the additional number of particles, AN ~ AS, 
formed in a simple wave increases logarithmic- 
ally with the energy. However, the ratio of the 
increase of entropy to its initial value AS/ So, re= 
mains very small and falls off with the energy 
(inasmuch as So ~ EY‘), Thus the effect of vis- 
cosity on the total number of secondary particles 
is not large. 

We now compute the number of secondary par- 
ticles which are formed in the simple wave and 
remain in it to the moment of its decay. For this 
purpose we need to take the integral of (6) not 
over the entire region ©, but over a flow tube of 
particles remaining in the simple wave, {. The 
region of integration Q, is shown in the drawing.* 


AB is the boundary with 
the region of the general sol- 
ution, COA is the region at 
rest, OA,B is the region Q,, 
OAB is the region 0. 


As a result of the integration, we obtain 


(+e0)#/2¢6 


* 


mA eb 1(1— co) To 
AS, = "1 in Ce (<2 


By Ue) te fy ay . 
(ip es 2Xeo ce f TOU Me, (8) 


0 


It is seen here that the quantity AS, differs 
from AS only by terms which are independent of 
the energy of the primary particle; the role of 
these terms decreases with energy. Consequently, 
at sufficiently high energy, practically none of the 
particles created in the simple wave emerge from 
it. This means on the other hand that the new for- 
mation of the particles takes place at the boundary 
T =wy, which is natural, since the effect of viscos- 
ity is greater the lower the temperature. 


*The region Q, differs from Q only in that the boundary 
with the fundamental solution is replaced by the equation of 
the flow line passing through the point Tee ist) F In the coor- 
dinates 7, €, this equation has the form 


r= Ty (/ NERD Ato) 


EFFECT OF VISCOSITY IN MULTIPLE PRODUCTION 


We estimate the absolute number of particles 
remaining in the simple wave under the assumption 
that these are pions. Then, in accord with refer- 
ence 3, 


ANJ= 0.2AS, = 0.4na?41 [In (Ex/p) — (1 + c)/c?]. (9) 


In spite of the fact that AN, « Ny) always, the 
value of AN, can, with increase in energy, be com- 
pared with the number of particles remaining in the 
simple wave without account of viscosity (accord- 
ing to reference 1, this number does not depend on 
the energy and is equal to unity. in order of magni- 
tude), or can even surpass it. This can materially 
change the character of the interaction, since in the 
region where the greatest amount of energy is con- 
centrated there will be found not a single particle 
but several, and the fraction of the energy remain- 
ing with a single particle will be much less. The 
energy for which AN, ¥ 2 and this phenomenon 
sets in can be estimated from (9): 


E,~ exp {uAN,/2 V 3xa°7}. (10) 


It must be noted, however, that it is not possible 

to estimate this value of the energy E, at all pre- 
cisely, since the coefficient of viscosity n enters 
into (10). The value of this coefficient can be es- 
timated very roughly; at the same time E, depends 
very strongly on it (exponentially). For example, 
if the ideal gas model is taken, then 


ee (11) 
this value for n for a given density and tempera- 
ture is an upper estimate.* 


*Comparison of the kinetic coefficients of viscosity tor 
gases and liquids shows that they are much smaller in liquids 
than in gases (see reference 4). 
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Consequently, by substituting (11) in (10), we ob- 
tain a reduced value of the critical energy E, ~ 10! 
ev. Even if we take the coefficient of viscosity to 
be one third of this, then the corresponding value 
will be Ey ~ 10'4 ey. 

These examples show that it is not possible to 
give a value for the critical energy Ek at the pres- 
ent time. 

The calculations carried out above give grounds 
in support of the idea that the character of the ele- 
mentary act must change with increase in energy. 
That is, beginning with a certain energy Ex, the 
effect of the reservation of a large fraction of the 
energy (~50 per cent) to a single particle* should 
no longer take place. 

In conclusion, the authors extend their deep 
gratitude to G. A. Milekhin for fruitful discussions 
and a number of useful suggestions. 
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One-dimensional motion of a perfectly conducting medium under the action of a magnetic field 
prescribed at the boundary is considered. Confinement of the plasma by a high frequency mag- 
netic field is investigated. Some aspects of the problem of heating the plasma by magnetoacous- 


tic waves are discussed. 


Ir is well known that a magnetic field acts on a 
perfectly conducting medium as a sort of piston. 
The peculiar feature of a magnetic piston compared 
to pistons encountered in ordinary gas dynamics is 
that at the boundary of the medium the pressure 
H?/8n is prescribed, while in gas-dynamic prob- 
lems the speed of the piston is given. 

If the magnetic field is specified at the initial 
moment inside the medium as well, then this ex- 
tends the conditions of applicability of the theory 
under discussion to an actual hot plasma (for de- 
tails see reference 1), in which in this case mag- 
neto-acoustic waves may occur,” while acoustic 
waves are not possible inside a plasma of finite 
dimensions without a field because of the large 
mean free path of the ions. 

We shall assume that the field within the me- 
dium is perpendicular to the direction of motion. 
In such a case the hydrodynamic equations will 
hold also for a low-density plasma.’ Moreover, 
this case is relatively simple analytically com- 
pared to the case of an arbitrary direction of the 
field. From a gas dynamic point of view the theory 
of magnetoacoustic waves of finite amplitude is 
completely analogous to the theory of Riemann 
waves in ordinary gas dynamics, and differs from 
it only by the greater complexity of the analytic 
expressions.‘ 


1. MOTION UNDER THE ACTION OF A FIELD 
PRESCRIBED OVER THE BOUNDARY 


The boundary condition at the surface of sepa- 
ration between the medium and the magnetic field 
may be easily established by choosing the system 
of coordinates in which this boundary is at rest. 
We assume that the medium is perfectly conduct- 
ing, so that there is no flux of the field into the 
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medium nor of the medium into the field. From 
the condition of the conservation of the normal 
component of the momentum flux we obtain at the 
boundary the equality of the total pressures 


H2/8n = p + H}/8n. 


Here He is the intensity of the external field and 
Hj is the field inside the medium. 

We first investigate isentropic motion, and for ~ 
simplicity set Hj = 0. Then in the case of one- 
dimensional motion the pressure is determined by 
the following equation? 


p = polls (y—1) u/ 2eq)e—), (1.2) 


where u is the velocity of the medium, and c is 
the velocity of sound. The subscript 0 denotes 
quantities defined at points where the gas is at 
rest. From (1.1) and (1.2) we obtain the follow- 
ing boundary condition: 


Hz [8w= poll (y —1) U7 2c, 


Here U =dx/dt is the velocity of the boundary 
corresponding to given values of the external field 
and of the pressure of the medium. If the pres- 
sure is larger than H4,/87, then the medium will 
expand, and a rarefaction wave will travel through 
it, while when H4/87 is greater than the pressure 
the gas will be compressed. From (1.3) we obtain 
the differential equation for the motion of the 
boundary of separation (the magnetic piston): 


dx 2c9 


hs oa (nfr-Dev ee, ye 


(1.4) 


where ne = H4/8mpy is a given function of t and, 
perhaps, also of x. The system of coordinates is 
chosen in such a way that at the initial time the 
medium is situated at x > 0. When motion occurs 
in the direction x > 0 we have U> 0. On inte- 


| 
| 


(1.1) 


DYNAMICS AND HEATING OF A CONDUCTING MEDIUM 


| grating (1.4) we obtain the law of motion for the 
piston (for the separating boundary ). 

By utilizing results obtained earlier,’ we obtain 
in exactly the same manner the corresponding equa- 
tion for the case Hj; ~=0 (y= Jay which, unfortu- 
nately, is not solved with respect to the derivative 


ne = 9°(¥ +30): 


a eee ee 


(1.4’) 


Here 7; = Hi, /4mpyc? = const; 7, has its former 
meaning. If we know the law of motion for the pis- 
ton we can in principle completely describe the 
isentropic motion of the gas by determining the 
velocity in the resulting simple wave in paramet- 
ric form (cf. reference 5, section 94, problem 2). 
Generalization to the case H; ~ 0 presents no 
difficulties. 

Let us examine several examples. Let te 
= const < 1. Then the gas will expand into a 
vacuum, where there is a magnetic field. The 
limiting expansion velocity will be constant and 
in absolute value will be equal to 


Cee 20, (y—1), 


A wave of rarefaction will travel through the gas, 
as in the case of motion of a real piston with a 
speed U = Umax: 

Now let ne =const > 1. Then a shock wave will 
travel through the gas, compressing the gas toa 
pressure p, = H4/8m. The boundary of separation 
will start moving with the velocity of the stream 
behind the front of the wave determined by the 
Huygens condition at the discontinuity. 


(1.5) 


2. ON THE CONFINEMENT OF PLASMA BY A 
RAPIDLY VARYING MAGNETIC FIELD AND 
ON THE HEATING OF PLASMA BY ACOUSTIC 
WAVES 


The problem of the confinement of plasma by 
high frequency fields has been investigated by a 
number of authors.!**»? Let us consider the one- 
dimensional problem of the motion of plasma 
(which we shall describe by means of the equa- 
tions of magnetohydrodynamics ) under the action 
of a magnetic field at the boundary which varies 
according to He = Hy sin wt. The field should 
not penetrate deeply into the medium, and this 


imposes the first condition on the frequency: 
o >c?/4noL?, (2.1) 


where o © 2 x 1048 73/2 (the temperature is given 
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in ev) is the conductivity of the medium, and L is 
a characteristic dimension of the system. When 
L=10% cm, T= 100 ev, condition (2.1) yields 

f = w/2m > 0.1 cps. A much more difficult con- 
dition from a technical point of view is the second 
one: the deviations of the separation boundary from 
its average position must be smail in comparison 
with L, and this can be written in the form 


CG /o<L, (2.2) 


where cy is the velocity of sound in the medium. 
When T= 100 ev the velocity of sound in a deu- 
terium plasma is of the order of 5 x 10° cm/sec, 
which in the case of L=10% cm yields f > 104 
cps. 

The pressure of the magnetic field must balance 
the time average of the plasma pressure. The prob- 
lem consists of determining the amplitude of the 
balancing field, and of making more precise the 
condition (2.2). 

For the sake of simplicity we consider first the 
case when there is no field within the medium. In 
this case the motion of the boundary is described 
by (1.4). We introduce the dimensionless variables: 
wt=T; (y—1)wx/2e, = &. Then (1.4) takes the 
form 


dé / dt = fv-Vey — ], (A) 
from which we obtain for the case of a sinusoidal 
field under the condition £€=0 at T=0 


7” 


B()) == \ (Hi sin? < / 8xp,)) de — =, 


0 


(2.3) 


We require that the average position of the 
boundary remain unaltered, and for this it is nec- 
essary that the equality &(m7)=0 should hold 
(since the pressure of the field is proportional 
to the square of H, the period of pressure oscil- 
lation at the boundary is equal to 7). Due to the 
fact that the field appears nonlinearly in (2.3) there 
is no guarantee that the amplitude Hy) is deter- 
mined by the seemingly obvious condition 

H? /8x = Hgsin?s/8x = Ho/16nr = py. (B) 
We therefore write Hy = a@y(87po 1/2 and we de- 
termine the factor a., from the condition (7) 
= (0. From this condition, and from (2.3) we obtain 


eat Naess) 


oe [= | (sin sym d:| 
0 


r (ee (1+ (7 =1)/ 24) lige 


PQG/e + (y — 1) / 27) (2.4) 


The factor Oy depends on the properties of the 
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gas, but only to a very small extent. We present a 
small table which shows this dependence for differ- 
ent values of the adiabatic exponent y: 


7/5 5/5 7 3 co 


y= 1 / 
Dead 1.81 


a 
It turns out that the amplitude of the external 
confining field must be larger by 20 — 30% than one 
might have supposed on the basis of elementary 
considerations without a detailed analysis of the 
motion of the boundary. 


FIG. 1 


Figures 1 and 2 give the results of numerical 
integration leading to the determination of the time 
dependence of the velocity v = (y—1)/2c)(dx/dt), 
and of the position of the separating boundary for 
the cases y= 7, and y=2. The maximum varia- 
tion in the amplitude of oscillation Aémax = émax 
—émin is in the first case equal to 0.332, and in 
the second case to 0.396; corresponding to this 
Axmax is respectively equal to 0.996c)/w and 
0.792 cy) /w. 

Let us now consider the case when a magnetic 
field parallel to the boundary exists within the 
medium. In this case one must use Eq. (1.4’), 
which is quite awkward. However, a simple ap- 
proximate analysis is possible. In order to uti- 
lize it, the actual adiabat of the gas p=cp”’ must 
be approximated by the adiabat p = Cio This 
approximation will increase in accuracy as the 
field within the medium increases, simply because 
the relative role played by the thermodynamic 
pressure becomes less important.* In this case 


*As is well known,* the motion of a low-density plasma 
across a strong magnetic field is described by hydrodynamic 
equations with exponent y = 2. This result is also obtained in 
magnetic gas dynamics for adiabatic motion in the case n = 
H’/87 p > © (cf., for example, a number of problems solved in 
references 4 and 7). However, this does not hold, for example, 
in the case of shock waves. If the pressure discontinuity 
across the front is so large that the conditions p,/p, > 7 > 1 
hold, then the limiting density discontinuity will be determined 
by the properties of the gas itself,* i.e., by its own value of 
the exponent y. 


Ge Ss. -GOL) TSaqn 


the whole of magnetohydrodynamics reduces to 
ordinary gas dynamics, provided we interpret the 


pressure to mean the total pressure p* =p + H? /8r,; 


while the velocity of sound is interpreted to mean 
the velocity of propagation of magnetoacoustic 
waves Cm = (c} + H’/4mp) ¥?. 

Were a constant magnetic field Hj to exist 
within the medium, it would apparently be natural 
to assume the external confining field to have a 
constant component equal to Hj, and a variable 


FIG. 2 


component which on the average balances the gas 
pressure of the plasma. Let us investigate the 
same problem as before. In the case when the 
field has a constant component the period of pres- 
sure oscillation at the boundary will be 27, and 
the conditions that the boundary should return to 
its initial position will be altered: we now must 
have (27) =0. Inthe case y= 2 this condition 
as applied to (2.3) may be brought into the form 


I (a; 8) =2e(1 + gy = | (| 1 + asin t])* de, 


Bios Sry / ter; a=aV8; (2.5) 
where the factor qa is introduced for the same 
purpose as in the preceding case. In the case of 
large 8 (small Hoj) we can obtain a correction 
to the value of a, obtained in the preceding case: 
a@=a,+1.458"/. Thus, if the external field has 
a constant component, the amplitude of the vari- 
able field must be larger; this is due to the fact 
that during the time m< 7 < 27 the constant and 
the variable field have opposite signs, and the 
pressure due to the field during this half period 
decreases. In the limit of small B (large fields ) 
we obtain by constructing the function I(a;f) the 
limiting value a= 7.3, for which we still have 
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| I(a;0) = 27. In this case the external field is 
} given by He = H)(1+7.3 sin wt). These calcula- 

_ tions show that it is not advantageous to have a 
constant component in the confining field, but that 
it is more convenient to have it wholly variable. 

Let us discuss the limits of applicability of 
these results. Rarefaction and compression waves 
leave alternately the oscillating boundary, with the 
latter waves eventually turning into shock waves. 
At the point where the shock wave is formed a dis- 
continuity in entropy also appears, and separates 
the region of the gas beyond the shock wave from 
the simple wave directly adjacent to the boundary. 
Since the discontinuity in the entropy is not dis- 
placed with respect to the medium, it will not ap- 
proach the boundary (except for special values of 
the piston velocity,’ where the motion must be ac- 
celerated in order that the discontinuity would be 
formed immediately at the boundary, whereas in 
our case the motion is periodic). Therefore the 
basic equation (1.4) will correctly describe the 
behavior of the boundary until a reflected shock 
_ wave arrives at that point. Then the gas com- 
pressed by the shock wave will.begin to expand, 

a rarefaction wave will travel through the gas and 
equalize the pressure, and the oscillations of the 
boundary will stabilize around some new coordi- 
nate. Generally speaking, during the heating proc- 
ess the amplitude of the field must increase, but 
the ratio between H? /8m and py must remain 

the same as found earlier. 

The waves leaving the boundary will carry away 
a large amount of power, amounting to tens of kilo- 
watts (cf. reference 6). The problem of the heat- 
ing of plasma by acoustic waves has already been 
considered previously,°* but without introducing 
a specific dissipation mechanism. In our case the 
formation of discontinuities in acoustic (magneto- 
acoustic ) waves will be a more powerful loss 


mechanism than viscous, thermal, and Joule losses. 
Since the amplitude of pressure oscillations is great, 


the discontinuity will be formed already in the first 
wave. If condition (2.2) holds, we have many waves 
with shock discontinuities in a length L, and there- 
fore the dissipation is great. 

Let us check as to what will be the Larmor fre- 


quency of the ions in this case, since magnetoacous- 


tic waves can exist only at frequencies much lower 
than the ion Larmor frequencies.” In the case of 


deuterium this is equivalent to the inequality 
f <fi = eH / 2ximc = 7.65 - 10°H, (2.6) 


where H is given in oersteds. The inequalities 
(2.6) and (2.2) are contradictory (in the case 


Hoj ~ 0 we should interpret cy in (2.2) as cm), 
but the technically important range of their simul- 
taneous validity does exist. Apparently the opti- 
mum variant from the point of view of satisfying 
these two inequalities is the case n = 1. 

For the purpose of heating the plasma by a pul- 
sating magnetic field we should investigate the case 
when the field oscillates in phase at both ends of a 
plasma region of length 2L. If the amplitudes of 
the fields are the same, then the picture will be 
completely symmetric with respect to the central 
plane, where collision of waves will occur which, 
in view of the symmetry, can be regarded as re- 
flection from a perfectly rigid wall. The collision 
of shock waves has also been investigated in mag- 
netohydrodynamics.’ In this case additional heat- 
ing and an increase in entropy also take place. 

The first shock wave after reflection from the 
wall and amplification will return, and collide with 
the shock wave following behind it. In this case the 
collision will no longer by symmetric, but ampli- 
fication of both waves will in any case occur, al- 
though not to such a degree as in the case of the 
first collision. In the case of continuous motion 
of the piston at the boundary a stationary picture 
for strongly nonlinear waves is apparently impos- 
sible. In any case this question requires a sepa- 
rate detailed investigation. Probably one can as- 
sert that a standing wave is formed for the funda- 
mental harmonic of the nonlinear waves, while the 
remaining harmonics will exist in the form of trav- 
eling waves. However, in all circumstances it is 
clear that in such a system the dissipation of en- 
ergy will be very great (cf., for example, refer- 
ence 5, section 95, problem 1). 

In conclusion I wish to thank K. P. Stanyukovich 
and K. B. Pavlov for a number of useful discussions. 
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USE OF SLOW MOLECULES IN A MASER 


N. G. BASOV and A. N. ORAEVSKII 
Submitted to JETP editor May 18, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1068-1071 (October, 1959) 
Several methods for improving the absolute frequency stability of a maser are considered; 


these methods are based on the use of molecular beams in which the mean velocity is much 
lower than the thermal velocity at room temperature. 


FI Ir has been shown experimentally! that a maser The interaction of the ammonia molecules with the 
can have a frequency stability as high as 107!3 — field is such that the energy of molecules in the 
107'4 for a period of several seconds and 107!! — upper inversion state is increased while the energy 
5 x 107 for a time of the order of thirty minutes. of molecules in the lower inversion state is re- . 
However, when a conventional system (ammonia duced. Hence, if an ammonia molecule encounters 
inversion line, J =3, K=3) is used as an abso- a potential barrier in the form of an electric field 
lute standard of frequency the accuracy is N05 it is reflected from the barrier if it is in the upper 
5 x 107!" a figure which is appreciably lower than state and passes through the barrier if it is in the 
the relative stability.2-4 For this reason it is de- lower state. 
sirable to investigate the possibility of building a Reflection from a barrier is an effective means 
system with an absolute stability of the order of of separating molecules. The potential barrier can 

-107!!, even if it could not provide prolonged oper- be chosen in such a way that only low-velocity mole- 
ation. A system of this kind could provide inter- cules are reflected, since the velocity of the re- 
mittent frequency control of an ordinary maser flected molecules must satisfy the relation 
which would operate for extended periods; in this A 

Ridge : veo + m(vn)?<W, (1) 

way it might be possible to maintain the frequency z 

for appreciable periods of time, because of the where n is a unit vector in the direction of grad 

high relative stability. W. In this case the field must be such that the iso- 
The theory of the maser’’® indicates that the energetic surfaces W(r) =const. act as focusing 

absolute frequency stability is inversely propor- surfaces. By placing the source at the focus it is 

tional to the line width and that the generated fre- then possible to obtain a reflected beam witha 

quency does not differ from the frequency of the small aperture, starting with an incident beam of 

line by more than several percent of the line width. large aperture. 

This deviation is determined by the accuracy with A maser of this type can be realized most easily 

which the cavity is tuned to the frequency of the with deuterated ammonia (ND3) because in this 

line, the dependence of line shape on external pa- case the input aperture in the cavity can be large.§ 

rameters, the line shape and so on.’ In particular, A potential barrier of the type discussed above 

the better the adjustment of the cavity to the line can be produced by means of two flat plates, one 

frequency, the higher the absolute stability of the of which has an aperture (fig. 1). The plates are 

system. arranged so that optimum focusing is achieved. A 
In this paper we report on a new method of in- rough calculation, in which ideal reflection is as- 

creasing absolute stability in which the line is nar- sumed, indicates that when deuterated ammonia is 

rowed by the use of “slow molecules.” Three used the excitation factor remains the same as in 

methods of obtaining slow molecules are consid- 

ered: 1) removal of high-velocity molecules from tae 

' the beam, i.e., a high velocity “cutoff”; 2) retarda- ee —>— 


tion of the molecules by an external field; 3) reduc- re ee ree 


tion of the temperature of the molecular beam. 


1. A high velocity cutoff can be imposed on the 
beam by reflecting the ammonia molecules from FIG. 1. The solid lines are equipotentials of the fields. 
a potential barrier. An inhomogeneous electric The dashed lines are lines of equal potential energy for the 
field serves as a convenient potential barrier. interaction of molecules with the field. 
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a conventional system® if the mean velocity of the 
molecules in the beam is reduced by a factor of 10. 

2. A potential barrier can also be used to retard 
molecules. If a molecule in the upper inversion 
state enters an electric field in which the interac- 
tion energy is W, then its velocity is reduced from 
vy) to v so that the total energy is conserved, 


(2) 


The maximum possible number of molecules is ob- 
tained if molecules whose velocities are close to 
the most probable velocity are slowed down. This 
velocity is given approximately by (kT/m)¥”. 

But electric fields which can be realized in prac- 
tice are such that Wmax = 0.01kT for T * 300°K. 
Hence, a single retardation interaction does not re- 
duce the velocity of the molecules appreciably. How- 
ever, it is possible to use a multiple retardation 
system, in which regions of electric field are sep- 
arated by regions of zero field. A molecule in the 
upper inversion state is decelerated on entering 
the field. On leaving the field it is accelerated to 
its original velocity. If, however, the molecule is 
caused to make a transition to the lower state by 
means of external radiation while it is in the field, 
it is again decelerated when it leaves the field. An 
external radiation field can then be used to raise 
the molecule to the upper level again and the proc- 
ess can be repeated. 

If the frequency of the molecular transition is 
the same as the frequency of the external radia- 
tion, then the probability w of a transition from 
the upper level to the lower level (which is equal 
to the probability in the reverse direction) is 
given by® 


— mv = tL moer+ W. 


w = sin® (t,/2), 


(3) 


where Ty is the time of flight of a molecule with 
velocity v and E is the amplitude of the external 
radiation. Hence, the total number of retarded 
molecules at the output of the system is given by 


1 =|die| E/k, 


wOtA n co 
N=N, \ (I] sint-5*) F @ ao /\ Fe) de, 
k=1 


© oy) 
Up—A 0 


(4) 


where F(v) is the velocity distribution of the 
molecules, vy is the most probable velocity in 
F(v), 2A is the velocity range of the retarded 
molecules and Nj) is the original number of mole- 
cules. 

If we wish to make the mean velocity in the re- 
tarded beam one-tenth the mean thermal velocity 
(roughly vy), A/vp © 0.1. In order to achieve 
this reduction it is necessary to have approxi- 
mately fifty retardation sections, since n ~ 100. 
If the amplitude of the auxiliary field is chosen to 
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make sin? (ykTyk/2) =1 for the mean velocity 
(which varies from section to section because of 
the retardation effect), a calculation of the inte- 
gral in Eq. (4) with an electronic computer (Max- 
wellian velocity distribution) indicates that N 


~ 0.01 Ny. The use of retarding sections with uni- | 


form fields (parallel plates) is not desirable be- 
cause these reduce the velocity component perpen- 
dicular to the plane of the plate and defocus the 
molecular beam itself. However, if the retarding 
sections are spherical mirrors, the system can 

be set up in such a way as to focus the beam, as 
can be seen from Fig. 2. 


FIG. 2. To obtain 
focusing the distance S 
must be larger than the 
distance R. The point 
denoted by O is the 
center of the spherical 
focusing mirrors; I is 
the source of the mo- 
lecular beam and re- 
gions with electric 
field are denoted by 
cross-hatching. 


In this system the initial flight angle @ is 
changed to 7 — gq according to the retardation. 
As soon as the exit angle became equal to 7 — @p 
the retardation process must be repeated identi- 
cally if the first retardation is inadequate. 

3. We now consider a method for reducing the 
temperature of the molecular beam. It is not fea- 
sible to reduce the temperature by cooling the 
source because a small reduction in source tem- 
perature has very little effect (the velocity is 
proportional to T’?). On the other hand, a large 
reduction in the source temperature causes the 
ammonia to freeze. It is possible, however, to re- 
duce the ammonia temperature by allowing the 
ammonia molecules to collide with a cold gas. If 
the ammonia interacts with the cold gas solely 
through collisions the kinetic energy of the ammo- 
nia molecules is gradually reduced to that of the 
cold gas. Helium at a few degrees Kelvin serves 
as a convenient cooling gas. In order for a sys- 
tem of this kind to operate effectively, the follow- 
ing conditions must be satisfied: a) the time in 
which equilibrium is established in the helium- 
ammonia mixture must be shorter than the time 
between collisions of the ammonia molecules or 
collisions of the ammonia molecules with the 
walls; b) an effective means of heat removal must 
be provided so that the temperature of the helium 
does not rise. 

Condition a) implies the relation 
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N oy 4/ Vim, < Nex? y_aaf Woda as, (5) 


j} where o,-a is the cross section for a collision 
| between ammonia molecules, oa_y is the cross 


section for a collision between an ammonia mole- 


| cule and a helium molecule, ma is the mass of 
the ammonia molecule, ya_y is the reduced mass 


of the system, consisting of the ammonia molecule 


# and the helium molecule, and NA and Ny are the 


ammonia and helium densities respectively. From 
the conditions for thermal equilibrium we can ob- 


i tain the temperature of the mixture: 


ee Te ON al No (6) 


i where Ty is the initial temperature of the helium 
and Ta, is the initial temperature of the ammonia. 


Condition b) requires that the increment in the 


| helium temperature be small (~1°K). Both of 
| these conditions can be satisfied if Na /Ny is 
+ about 1/100. 


One important point should be noted. If the am- 
monia molecules are in thermodynamic equilibrium 
at 4 —9°K they are practically all in the ground 
state (J =0, K=0); this state cannot be used for 
generation since the dipole-moment matrix element 
for this state is zero. However, this situation is 
alleviated by the fact that the equilibrium time for 
the rotational energy is much greater than the 
equilibrium time for the translational motion be- 
cause transitions with AK #0 are highly forbidden, 
even in collisions between molecules.® 

Removal of slow molecules from the beam by a 
cutoff technique or retardation by external fields 


-disturbs the molecular velocity distribution and 


this effect causes a change in the line shape. Since 
the frequency depends on the line shape, at first 
glance it might be supposed that these methods of 
obtaining slow molecules are not very useful. An 
analysis of this aspect of the problem indicates, 
however, that, in both cases considered above the 
absolute frequency stability increases for a given 
excitation factor linearly with the mean time spent 
by molecules in the cavity. 
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It should be noted that all these methods of ob- 
taining slow molecules imply an appreciable loss 
in the number of useful molecules and a consequent 
reduction in power. Thermal noise in the maser is 
characterized by a frequency spectrum whose width 
is inversely proportional to power.!’ An appreci- 
able loss of power can lead to a marked increase 
in the relative effect of this noise; hence, for ef- 
fective operation the cavity should be cooled. If 
the mean time of flight is increased by a factor of 
ten through the use of a velocity cutoff the thermal 
noise at room temperature remains unimportant 
(Aw/w * 10714), 

The considerations given above indicate that it 
may be possible to build a maser with an absolute 
stability of 107!1 —10-"2, 
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Bremsstrahlung emission of neutrino pairs by a nondegenerate gas is investigated. In a cer- 
tain range of high densities and temperatures the energy loss by bremsstrahlung emission of 
neutrino pairs becomes greater than the loss due to radiative thermal conductivity. The in- | 


clusion of the energy loss due to neutrino pair emission may turn out to be significant, and in | 
some cases even of decisive importance, for the theory of white dwarfs and stellar evolution, 
| 


particularly for the dynamics of supernova explosions. The process under consideration leads 
to even greater energy losses than the process of neutrino pair formation in reaction (1) pro- 


posed by Gamow and Schoenberg in 1941. 


1. INTRODUCTION 


E EYNMAN and Gell-Mann! have assumed that all 
weak interactions arise as a result of the current 


Ty, = (9,709) + G10.) + (,1,04,,) ++ 


interacting with itself. Their theory has been bril- 
liantly confirmed in 6 decay and in the decay of 
the » meson, i.e., for the interactions (pn)(ev) 
and (vu)(ev). The theory yields the possibility 

of new direct interactions, in particular (ev)(ve). 
Such an interaction results first of all in direct 
neutrino-electron seattering.' 

B. M. Pontecorvo has drawn attention to the fact 
that in the case of this interaction there also exists 
the possibility of formation of neutrino pairs in the 
collision of electrons with nuclei. He noted that 
the bremsstrahlung “emission” of neutrino pairs 
might serve as an additional mechanism for en- 
ergy loss from stars.? The probability of crea- 
tion of neutrino pairs is considerably smaller than 
the probability of bremsstrahlung emission of pho- 
tons. However, a neutrino that interacts weakly 
with matter has a mean free path which exceeds 
by a large factor the dimensions of the star, while 
under the same conditions a photon has a very 
much smaller mean free path. Because of this 
the losses of energy from stars as a result of the 
creation of neutrino pairs may, within a certain 
range of densities and temperatures, turn out to 
be comparable to, or even greater than, the losses 
of energy by photon emission. At large densities 
p and for large Z the creation of neutrino pairs 
becomes more probable, and the photon mean free 
path becomes smaller. 


As early as 1941 Gamow and Schoenberg’ have 
indicated a mechanism for the loss of energy from 
stars by neutrino emission 


2N* 4 et a=yyN* +4 v, z4N4 =,N4 +e 4%. (1) 


This process is possible when the temperature and 
the density in the interior of the star are both large. 
However, its intensity depends on the presence of 
nuclei with a low threshold. 

In this paper we calculate the cross section for 
the creation of neutrino pairs in the collision of 
electrons with nuclei and the effective slowing 
down; in view of the intended astrophysical appli- 
cation the calculation is carried out in the nonrela- 
tivistic case. 


2. CROSS SECTION FOR THE CREATION OF 
NEUTRINO PAIRS. EFFECTIVE SLOWING 
DOWN 


For the evaluation of the matrix element we 
make use of the universal four-fermion interaction 


V 8G [e+ 7, (1 igs) y] [v4 1 — qed]. 


Two Feynman diagrams for the process under con- 
sideration are shown in Fig. 1. 

The matrix element for the creation of a neu- 
trino pair in the collision of an electron with a 
nucleus has the form 


- 4 
M=V80G {[vaz 1, (1 — ins) 


I ler = : Schl 145) va | az Xj (Le ate) elt. (2) 


p’ —m 


teil [ert all — ite) v] 


Here pj, (p49, Py) and pg (Pg9, Py) are the four- 
momenta of the electron in the initial and final 
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_ nucleus. 
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FIG. 1 


stages respectively; k, (ky, kj) and ky (Kyo, ky) 
are the four-momenta of the neutrino and the anti- 
neutrino respectively; the subscript n denotes a 
neutrino, while the subscript a denotes an anti- 
neutrino; 

ag = \Ae~9*d4x = Inia (Ey — Ey — hy —he), 

ay = \ Aye" dr; (3) 
and q is the four-momentum transferred to the 
The nucleus is taken to be at rest and the 
effect due to it is regarded as the action of an ex- 
ternal static field, so that q) =0. For the case of 


the Coulomb field of a nucleus of charge Ze we 
have: 


= Ze/q’. (4) 


From the conservation laws we have 
P=P2+k,+ ko, Pp’ =~Pi-—khi— ke, 


G=P.+hy+k,—ps, 9=P—Pi=P2—P. 

We substitute (3) and (4) into (2). In order to 
simplify the calculation we reduce the matrix ele- 
ment to the form (eQ,e)(vO,v) (the Fierz trans- 
formation). We then obtain 


ae Lee wine : 1 
M = 2 V8 Ge [at, (I its) — ty 


1 1 4 
ieelOre Mek iy) |er| 
a al : 
x [ine ty (lite) va] 8 (Ey — Ex — bro — hs): 


We introduce the notation 


Cu = [vn ; Ke. (1 ixs) va 


and we make use of c, inside the figure brackets. 
By utilizing the Dirac equation (py -m)ej =0 and 


E¢(Po — m)=0, we bring the matrix element into 
the form 
2 Ze 2 
=2nV Se 


— Aa Ai 
Bie 5 (1 p2=— m pr—m 2 


Me nA ‘ 
irs) do + 2pr0 if 2 Pao 04 3 (1 its) |e. 
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The evaluation of the square of the matrix ele- 
ment (5) is fairly complicated, but in the nonrela- 
tivistic approximation the form of (5) is consider- 
ably simplified. In this case we have 


Pio~™M, Pa~m, |pl<m, [ky|<m. 
Taking this into account, we have 
Dp == m —_ 2m (Rio a5 Roo), 

p'*— m? ~ — 2m (Rip + Roo), 4 = P2—P1- 


On averaging the square of the matrix element 
over the initial polarizations of the electron, and 
on summing over the final polarizations of the 
electron and of the emitted neutrino and antineu- 
trino, we obtain 


Z7e5G?* 
E|M ? = 4n pgs [evokeaog® + (aks) (ake) 
xo (Ey — E,— Rio oa Roo). 


The differential cross section of the process under 
consideration has the form 


p,dprkidkykodko =m 


— 2 nae 
like} == > | M | (2r) dE; Exko kool 


X 8(Ey —E_— hp — ho) dE pd Q,dQ—dQy. (6) 


Here J=p,/m is the flux density of incident elec- 
trons. By integrating (6) over the energy of the 
final state Ef and over the direction and the mo- 
mentum of the neutrino we obtain: 
2) Cara = (he — pees @) 
where g = G/me?(fi/mc)? = 3 x 107" for G=1.41 
x 107“? erg-cm?, and ry is the classical electron 
radius. The energy and the momentum are ex- 
pressed in units of mc? and mc respectively. 
The total effective cross section for the crea- 
tion of a neutrino pair is obtained by integrating 
(7) over the direction and the energy of the final 
electron 


do = 


male rent (EE 


3 = (8Z2/525n%) r2g2E’ = 0) Z°EX, 
oy = 8720? /525n® = 3.52. 10-8? em?. 


The energy transferred by the electrons to the 
neutrino pairs, i.e., the effective slowing down k, 
is equal to: 

Ey 
ee \ (E, —E,) de = 0,2°Et. 
0 
In ordinary units we have 
% S(O2/AD io (Ze By (Ey mice) =12 oe 10422, (Emenee 
(8) 


: 
iI 


EE 
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8. CREATION OF NEUTRINO PAIRS IN STARS 


Let us evaluate the energy q, given up by the 
electrons to neutrino pairs per cm” per sec. If we 
assume that the electrons have a Maxwellian dis- 
tribution we obtain 


qv = \ *UN nuc dne 


= 2.5-1078°512 V2] m Npuc NeZ?me? (T | me*)’”*, (9) 


Ne and n,,. are the numbers of electrons and of 
nuclei per cm®. If the substance has a density p 
and consists of a mixture of atoms which are com- 
pletely ionized, then 


ne = 6-10% 9 /ue., where |/pe= Cie) An 


Cj is the concentration of the element by weight: 
UMnuc iZi =6: 10*%p / v, | lv aS >\C:Z3) Aj. 


On substituting these expressions into (9) we ob- 
tain* 


Agar2e1 01052" (p2y vie) T’erg/cm®-sec, (10) 


where T is measured in kev. 

It can be easily shown that in the case of a hy- 
drogen star q, is smaller than the rate of libera- 
tion of energy in hydrogen reactions by a factor of 
~10". Therefore the process under consideration 
may play a role only for large Z, when the ther- 
monuclear reaction proceeds much more slowly. 

It is of interest to compare q,, with the rate 
of liberation of energy w by means of neutrino 
emission in the Gamow and Schoenberg process. 
The latter depends in an essential manner on the 
threshold Q for e -capture; for large values of 
Q it falls off exponentially ~ exp (—Q/T) and has 
a maximum at Q ~ 2T. If we take the matrix ele- 
ment for the 8 process equal to 1, and the con- 
centration of the element equal to 100%, then in 
the characteristic range p ~ 10° and T < 100 kev 
the maximum value wma x ata given temperature 
exceeds q, by a factor of approximately 10°/A. 
Moreover, both Wwmax and qyp are proportional 
to-T*"*,. The isotopes which are most important 
for the Gamow-Schoenberg process are (cf. ref- 
erence 4) the elements with a low threshold Q: 


Cl** (threshold Q = 170 kev), N!4(Q = 155 kev), 
Sc*# (Q = 212 kev), Ga’? (Q = 300 kev), Ni®° (Q = 300 kev). 


*In the case that the electrons have a Fermi-Dirac distri- 
bution and are nearly degenerate, we have: 


q,, = 0.82-107 (p/v)T* In (0.89 E,/T), E,/mc? = 5.07-10° (p/pe)% 
(T in kev) 


It turns out that C!4 which is formed from the 
abundant element N!* has an anomalously small ‘ 
matrix element, so that w = 2.3 x 10" erg/ cm’ sec © 
for T=50 kev, p= 10° even at a concentration 
of 100%, while 


g. =3.6-108 at T=50kev, p= 10%. 


In the case of Cl®: w= 0.8 x 10!! for T = 50 kev, 
but its concentration is <5 x10 4. The remaining 
elements (Sc*°, Ga, Ni®) also lead to w K qp 
as a result of their low abundance. 

It is therefore possible to assert that even though) 
we have w~ g’ inthe Gamow-Schoenberg process, 
while in our case we have w ~ g’e*, nevertheless, | 
owing to the low abundance of elements with a low 
threshold Q and to the anomalously long lifetime 
of certain nuclei, the effect under consideration is 
considerably larger for T < 100 kev. 


4, COMPARISON OF THE NEUTRINO AND THE 
PHOTON LUMINOSITY OF STARS 


Let us compare the energy carried away by neu- 
trino pairs from the stars (the “neutrino” lumi- 
nosity Ly), with the ordinary photon luminosity 
Ly. We examine the ratio of these two quantities 
for all possible stellar configurations, utilizing as 
independent variables the density pc and the tem- 
perature Te at the center of the star. 

The neutrino and the photon luminosities have a 
different dependence on the stellar radius: 


Leg R3 oo eh et RIDE WOR ae 


However, for a given pc and Te the radius R 
and the mass M are determined in terms of them 
by the conditions of mechanical equilibrium. In 
what follows we consider the regime in which the 
electrons are nondegenerate and the radiation pres- 
sure can be neglected. For such stars the expres- 
sions for the radius and for the mass in terms of 
Pe and Te depend neither on the mechanism of en- 
ergy liberation in nuclear reactions, nor on the 
mechanism of energy loss. 

The equation for the equilibrium of a star has 
the form 


dP /dr = — GM,/r?, P=apT /u, 


dM, / dr = 4nr%p, (11) 


where 1/p = 24Cj(Zi+1)/Aj. 
By utilizing a similarity transformation we ob- 
tain from the system (11) 


M~ R*oc, R? ~ aT / Guge. (12) 


The total luminosity of the star is determined 
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by 


lc d 


Ly = —4nr £ (oT), (13) 


The photon mean free path 1 deep within the 
star is determined primarily by the photoeffect. 
According to Kramers’ formula we have 


1 = bT** / 02, (14) 


On substituting (12) and (14) into (13) we obtain on 
the basis of considerations of similarity the follow- 
ing expression for the photon luminosity of the star 


f, L, =const - BY % Te/p2*u°*, where B = 16nocb /3-7.5, 


(15) 


where the value of the constant can be obtained on 
the basis of a definite stellar model. For the model 
with a homogeneous distribution of energy we have: 
const = 9.6; for the point source model we have:° 
const = 3.37. Other models yield intermediate re- 
sults. 

For making further estimates we shall utilize 
the point source model since we are interested in 
the case when the star consists of heavy elements. 
In this case the rate of a nuclear reaction depends 
on a high power of the temperature, and falls off 
rapidly as the distance from the center increases. 

On substituting the numerical coefficients into 
(15) we obtain 


Tre 082 LOTS ioe. (16) 


Here Tg is inkev, Ly is in solar units (Lo 
= 3.78 x 10 erg/sec), pce is in g/cm?. 

Let us obtain the expression for the neutrino 
luminosity: 

R 
jee \ av = 2.75. 10729 mo eTrdr, (17) 

We take the temperature and density distribu- 
tions from the same point source model. Since in 
this case the convective core has a small radius 
(0.169R) we take the temperature and the density 
to be constant within it and equal to Te and pe. 
Within the bulk of the stellar mass we have 


R Wye | 3.25 
oe pe( 1j——1 
where® £ = 0.169. Integration yields: 


R 
| p°T “redr = 2.07-10-°R°T2 2 


0 


IR ipod 


Doe Marge a2 


In our case we have? Tg = 0.7 X 10 7 yuM/R, 
pe = 87p = 111 M/4nR3. If we solve these expres- 
sions for R interms of pg and Te and substi- 
tute it into Ly, we shall obtain the final formula 
for the neutrino luminosity of the star 
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We compare the photon and the neutrino lumi- 
nosities expressed in terms of pe and Te: 


Ly = 0.9- 1072 (7 / thepst-®v) p25, 


Ly / Ly = (0.92- 10748 / bupev) 0? / T?. (19) 


The cross section for the creation of neutrino pairs 
and for bremsstrahlung is proportional to Z?/A, 

2 ° 
but Ly ~ 19 (s) S eee eS VAY ene Res 


DSL PTA Aa 


It may be easily seen from (19) that the neutrino 
luminosity can produce an appreciable effect only 
in stars of high density. 

According to modern views‘ very dense stars 
of low luminosity consist largely of heavy elements 
such as magnesium. Moreover, in the central re- 
gions of the star the temperature and the density 
are very high, but degeneracy does not yet occur. 


T 


log iA 


JS Ds af ew f a J 
log 7, 
FIG, 2 


Figure 2 shows the lines Ly/Ly=10% for 
Mg (u =ve = 2, v = 2/Z = 1/6, b=1) ona loga- 
rithmic scale. The line AB in Fig. 2 is the bound- 
ary for degeneracy (T = E)/3, Ep is the limiting 
Fermi energy). The line CD is the boundary of 
the region to the right of which the radiation pres- 
sure is greater than the material pressure. We 
see, for example, that for p=10°, T =11 kev: 
Ly/Ly=1; for p=2x10°, T= 100 kev: Ly/Ly 
= 100. 

At high densities the above results must be 
made more precise. On the one hand the effect 
of the screening of nuclei by electrons, the collec- 
tive interaction of nuclei will lead to a change in 
the cross section for creation of neutrino pairs; 
on the other hand the inclusion of these phenomena 
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will also lead to a change in the photon mean free 
path. 

We have not investigated the transition of an 
electron from a free state into a bound one ac- 
companied by the creation of a neutrino pair. This 
is justified for p> 10+ g/cm’, because in this case 
the electron has no bound levels, since the atomic 
radius is of the order of the Bohr radius. 

Among the observed stars the neutrino effect 
may play a significant role in white dwarfs which 
have in their central parts p ~ 10°, and also in 
the process of stellar evolution. 

We have not investigated the regime of the de- 
generate equation of state, however, from qualita- 
tive considerations we may conclude that the neu- 
trino effect may play a role here only at still higher 
densities than in the nondegenerate regime. Ata 
given temperature T degeneracy diminishes Ly 
and increases Ly. 

It should be emphasized that in the development 
of the theory of white dwarfs and of stellar evolu- 
tion, particularly in the dynamics of supernova ex- 
plosions, the inclusion of the energy loss due to 
neutrinos may turn out to be significant, and in 
some cases even dominant. 

In conclusion we express our sincere gratitude 
to Ya. B. Zel’dovich for valuable advice and dis- 
cussions, and to B. M. Pontecorvo and D. A. Frank- 
Kamenetskii for interesting discussions. 

Note added in proof (September 16, 1959). An- 
other form of radiation which interacts weakly with 
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matter is gravitational radiation originating in the 
collision of particles. It can be easily evaluated by : 
analogy with the quadrupole electromagnetic radia- 
tion [L. D. Landau and E. M. Lifshitz, Teopua nossa 
(Field Theory), p. 218]. The gravitational radia- 
tion plays its most important role in the case of 
Coulomb scattering of electrons, in this case cal- 
culation yields the value q = 5.3 x 10ne" p rece 

erg/ em’ sec, so that it is smaller than the neu- 
trino radiation by a factor of 101% 


1R, Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958). 

2B. M. Pontecorvo, JETP 86, 1615 (1959), 
Soviet Phys. JETP 9, 1148 (1959). 

3G. Gamow and M. Schoenberg, Phys. Rev. 
59, 539 (1941). 

4G. Gamow, Phys. Rev. 59, 617 (1941). 

5L. H. Aller, Astrophysics, Roland Press, N.Y. 
19537 (Russ. Transl? [tL 1957). 

6S. Chandrasekhar, Introduction to the Study of 
Stellar Structure (Russ. Transl. IIL, 1950). 

TE. I. Epic, In the collection of articles Agepupie 
npoweccp! B 3Be3yqax (Nuclear Processes in Stars), 
IDG, USB 
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| SIMPLE METHOD FOR COMPUTING THE MEAN RANGE OF RADIATION IN IONIZED 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1079-1083 (October, 1959) 


The optical absorption coefficients for multiply-ionized high-temperature gases are consid- 
ered. A simple method is given by which it is possible to approximate rapidly the range of 

radiation averaged over the optical spectrum. This range determines the radiative thermal 
conductivity and emissivity of a gas at different temperatures and densities. 


l. In the analysis of high-temperature phenomena 
it is usually necessary to consider the roles of ra- 
diative heat exchange and general radiation loss in 
determining the energy balance of a heated body. 
To determine these quantities, the mean range of 
the radiation must be known. 

When the density of the gas is not too high the 
optical photons are generally absorbed in bound- 
free transitions of electrons from ground and ex- 
cited states of ions (and atoms) and in free-free 
transitions. Bound-free transitions are not impor- 


tant energetically because of their small line widths. 


At temperatures of the order of tens of thousands 
of degrees and higher, when the atoms are multiply 
ionized, the absorption is due to ions of different 
kinds. Hence, in computing the range for a given 
temperature and density it is necessary to deter- 
mine the concentrations of various ions; this pro- 
cedure involves the solution of a system of alge- 
braic equations for ionization equilibrium, a task 
which is rather laborious. The labor involved is 
clearly not justified when one considers the fact 
that the “hydrogenic” approximation is generally 
used for establishing the éffective absorption cross 
sections in complicated ions (and atoms); this ap- 
proximation gives results which are probably never 
better than to within an order of magnitude. 

Below we present a simple, rapid approxima- 
tion method which can be used to estimate the mean 
range of radiation in any gas. 

2. The total absorption factor for optical radia- 
tion of frequency v by atoms which are ionized m 
times (m-ions) (bound-free) and by the field of 
(m+1)-ions (free-free ) is! 

GN (a ly ein Pn (x), (1) 
where 
a = (16n?/3)/3)¢* / chk = 0,96-10-7em?-deg’, (2) 


x= hy / RT, Xim == ERR 0 Be (3) 
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Im+1 is the ionization potential of the m -ion and 
Nm is the number of m -ions in one cubic centi- 
meter. The frequency dependence is given by the 
factor 


2 reg) ee ea [ 2¥1m Sine eXP (Xm /n?) + 1]. (4) 
The summation is taken over all levels with prin- 
ciple quantum number n from which a photon hv 
can eject an electron, i.e., X,,/n? < x. 

As has been indicated by Unséld,! because the 
field in non-hydrogenic atoms and ions is nota 
true Coulomb field, each level characterized by 
the number n is split into 2n? levels. For this 
reason we can replace the summation over n by 
integration from the lower limit x = x,y /n?: 


(5) 


Equation (5) does not hold when x > xX;m, be- 
cause all levels contribute to the absorption and 
the summation in (4) yields a constant. The dom- 
inant role in this case is played by the ground 
level n=1; hence we can write 


Bn (Re ers ee 


(6) 


The total absorption factor ky is obtained if we 
suM Kym over all ions, i.e., over m (for simplic- 
ity we assume that the gas consists of atoms of one 
element only ). 

The radiative thermal conductivity is determined 
from the Rosseland mean-free path defined by 


; ae? 
Ee (X) S 2X1 mx es xX > Xim- 


- G(xd 15 
sl aeen tO 


(= ex”) Chaar 


0 
The integrated emissivity of the gas is deter- 
mined from the mean absorption coefficient 


my = 1h =\ (1 2-9) G, (x) de, 
0 


G, (x) = 15 4x3 / (ex — 1) (8) 
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3. Substituting x, from (5) and (6) in (8) and 
computing the integral, we have 


x, = 1/1, = (45a/ mT) 5) Nin (t+ 1)? Xime 2@.. (9) 


In the expression for the Rosseland mean free path 
in (7) we have 
Tf? r CUCU SEO? chs 
b= \ = 
4) DN (m+ le ImP,, (x) 
m 


(10) 


We cannot avoid integration over the spectrum, as 
in the case of k;, since here we do not average the 
absorption coefficient itself, but its reciprocal. 

According to (5), all ions have the same absorp- 
tion in their transmission bands, [for x < xim 
(hv < Iy+1)]. The upper limit on the integral in 
(10) is the lowest transmission limit associated 
with ions which are present in sufficient number 
to make an important contribution in the summa- 
tion over m. 

At a given temperature and density the gas con- 
tains appreciable numbers of ions of two or three 
kinds. If the densities are not too high these ions 
have ionization potentials which are much higher 
than kT, so that their transmission limits x;m 
are at the limits of the region of the spectrum 
which gives the main contribution in the integral 
in (10) [the maximum of the weighting function 
G(x) occurs at x ¥ 4]. 

For this reason, as an approximation we can 
neglect the dependence of Fy,(x) on m, the 
charge of the ion, and take this function out from 
under the summation in (10); also, we can extend 
the expression in (5) to the region x > Xi, (the 
integral still converges rapidly). The integral 
which results has been computed by Uns6ld! and 
its value is 0.87. We have 


1 = (0.87T?/ p> Nm (m+ 1)? ogee 


m 


(11) 


4, The summations over m in (9) and (11) are 
carried out by a method which has been used ear- 
lier.? 

We regard the ion concentration Ny, and the 
ionization potential I,, as continuous functions 
of the number m and replace the summation in 
(9) and (11) by integration.* 

The ion distribution function N(m) has a nar- 
row peak whose skirts fall off more rapidly than 
the quantity exp {—x,(m)} increases with de- 
creasing m (cf. Appendix). Hence we can take 


*The function I(m) is plotted graphically by drawing a 
continuous curve through the discrete points (Im) taken from 
appropriate tables.* The curves meet at the point 1(0) = 0 
[the ionization potential of the neutral atom is denoted by 


I, =1(1)]. 
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out the mean value of the factors as averaged over 
the distribution function N(m). Then 
L, = (n*/ 45a) (T?/ N) exp (x1) /(m + 1)? x1, 
1 = (0.87 /a) (T?/ N) exp (%1) /(m + 1)?, 


where N= >) Ny is the number of original atoms 
m 


per cubic centimeter. The mean charge m (obvi- 
ously equal to the number of free electrons in the 
atom) and the potential x, are determined in the 
same approximation from the Saha equations for 
Nm. As has been shown in reference 2, m can 


(12) 


be found from the elementary transcendental equa- — 


tion 
x, =I (m+ 1/2)/kT =1n(AT“/ Nm), 

A =2(2nmek / h®)* = 4.8-105 em deg */2, 
Substituting (13) in (12) and introducing the numer- 
ical values of the constants, we obtain the final for- 
mulas for the mean ranges: 

1, = 1.1-108T""/ N2m(m + 1)?x, em, 


1=4.4-1027/ N?m(m+1)2 em. (14) 


5. An idea of the numerical values of the ranges 
and the mean values of the ion charges and poten- 


tials, can be obtained from the Table, which shows ~ 


| N/Nnorm 
T, deg’ 
g 4 40-2 LO=2 
m 1.4 1.85 | 2.35 
tema 6.65 | 8.6 10.7 
50000 | pcm | 0.00581 0.28. 147 
ly. cm 0.002 | 0.08 3.9 
m 2.72 3.47 7A 
100000} ay 6.52 | 8.85 10.7 
l. cm 0.013 Ona 47 
11. cm 0.005 | 0.2 44 


the results of a calculation for air.* In the region 
of T and N being considered the dependence of 


range on these quantities is given roughly by the 
relations 


Les Toon ice pe NA 


As an example of an emissivity calculation we find 
the radiative cooling rate of transparent (in the 
sense that R«1,) air at T =50,000° and density 
N/Nnorm = 107*. We have j = 40T4/1, = 3.6 x 1044 
erg/cm*+sec. The internal energy under these 
conditions is « = 83 ev/atom,’ so that the initial 
cooling rate is ¢/j = 1.9 x 107" sec. 


*The ionization potentials for oxygen and nitrogen are 


taken as averages corresponding to the percentage content of 
these components. 
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The error introduced by the approximation used 
in calculating the summations in (9) and (11), as 
can be seen by comparison with the exact values 
computed from the data of Selivanov and Shlyapin- 
tokh‘ on ionization equilibrium in air, is found to 


| be very small. In any case this error is much 


smaller than the possible errors which arise be- 
cause of the “hydrogenic” approximation. 

I wish to express my gratitude to Ya. B. Zel’- 
dovich for his interest in this work and to V. S. 
Imshennik for a discussion of the results. 


APPENDIX 


ION CHARGE DISTRIBUTION IN MULTIPLE 
IONIZATION 


Assuming for simplicity that the ratio of the 
statistical weights of the electronic states of the 
ions in the Saha formulas is unity we have 


NmiaNe/Nm = 2(2QumkT / h?)" exp {— Im4i/ RT}. 
Combining the equations for different values of 


m=0, 1, 2,... and using the definition of the 
“average potential” (13), we have (m = Ne/N) 


Nireind IN a == exp |-> Rs gp) / eT | ; 
1=1 


n 


Nm—nl Nm = XP [- (i eevee (15) 


/=0 


where n=1, 2, 3,.... We take the value of m 
for which Nm is a maximum. I corresponds ap- 


proximately to the potential of the same atoms so 


‘that all the terms in the summations are positive 


and the ion concentration falls off on both sides of 
the maximum. 

In Eq. (15) we convert to the continuous functions 
N(m) and I(m) and write as an approximation: 


I (m) =~ 1 + (dl /dm)=,,, (m—m), 


obtaining the Gaussian distribution 
N (m) = Nnax exp [- (*)] ’ 


A = [2kT /(dI | dm)- 


mya, 1” <(2kTm 1)" = 2m] x1)" 


(16) 
if it is assumed that on the average dI/dm > I/m. 

Taking the quantities m and x, from the table, 
we see that the half width of the peak AS 1, i.e., 
the peak is actually quite narrow. 


1A Unséld, Physics of the Stellar Atmospheres, 
IIL (1949) (Russ. Transl.). 

2Yu. P. Raizer, JETP 36, 1583 (1959); Soviet 
Phys. JETP 9, 1124 (1959). 

3 Kaye and Laby, Tables of Physical and Chem - 
ical Constants, Longmans, N.Y. 1948, (Russ. 
Transl. IIL 1949). 

Say Selivanov, and I. Ya. Shlyapintokh, 

J. Chem. Phys. (U.S.S.R.) 32, 670 (1958). 


Translated by H. Lashinsky 
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An expression for the partial width of the radiative capture of neutrons in states described by 
shell model wave functions is derived. It is shown that in the case of s neutrons this width is 
proportional to the reduced neutron width for these neutrons. The relative probabilities for 
transitions to the 2p,/, and 2p3/, shell model states are calculated for a number of nuclei. 
The intensity ratios thus obtained are in good agreement with experiment. 


“Tins spectrum of the y quanta resulting from the 
capture of thermal neutrons by nuclei has some 
characteristic features, which were noticed by 
Groshev and collaborators.!»? For a number of 
light nuclei and nuclei of intermediate atomic 
weight intensive single lines are observed, which 
are mainly due to electric dipole transitions into 
the shell model states 2p, jr and 2P3/2- The above- 
mentioned authors also measured the intensity ra- 
tios for the transitions into these states. 

We shall give below an interpretation of these 
transitions in terms of the model of Lane, Thomas, 
and Wigner.’ The wave function of the compound 
nucleus for excitation energies of the order of the 
neutron binding energy can be written in the form 
(for A nucleons ) 


ba = Dd) Ch neotte (ta); (1) 
Ck 


where 9c (Y,,...,%A-,) is a complete system of 

residual nucleus wave functions, and u,x,(ra) is 

a complete system of wave functions for a single 

nucleon in the self-consistent field of the nucleus. 
We further assume that the wave function of the 

final state of the nucleus can be written in the form 


Yo = Pollp (Ta), (2) 


where @p (Yy,...,Y%A-;) is the wave function cor- 
responding to the unexcited residual nucleus, and 
Up(rA) is the wave function of the nucleon in the 
final state. 

The dipole transition operator for a system of 
A nucleons with account of the effective charge of 
the neutrons and protons, arising as a result of the 
separation of the motion of the center of mass of 
the system, has the form! 


A 
s(n) 
Qim =a , ie 


n=l1 


Om = Caitaye (ce, Qn), (3) 


where Q{® is the dipole transition operator for 


the n-th nucleon. 


Whe 


Let us now calculate the matrix element for the 


transition from the initial into the final state, Mim 


= <A|Qim|0>. For this purpose we separate out 
of the expansion (1) the wave function correspond- 
ing to the incoming channel, 


dy == Cospolls (t) + > CoxPelte (T), (4) 
c,k 


where the prime on the summation sign denotes the 
exclusion of the state corresponding to the incom- 


ing channel. It is then easily seen that 
A-1 


ioe 
n=1 


4 CX us| QGP | up > + SY Coe <petre | Qin’ |Polp>- (5) 


ck 


The level width of the k-th single nucleon state, 


Pollp > 


Mim = >} Cre K Pelle 
c,k 


Wi, resulting from the transition of the whole sys- 


tem into a compound nucleus state, can be deter- 
mined from the formula 


Wi = 5) (Ex —Eve)®| Coe [P= Ce, R|0%|c,k>, (6) 
Xr 


where v is the operator of the potential energy of 
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the interaction of a given nucleon with all the others 


Let us consider the case 


where Dy is the average distance between the 
compound nucleus levels, and AE; is the distance 
between the single particle levels in the self-con- 
sistent field of the nucleus. It is shown in the 
paper of Lane, Thomas, and Wigner that in this 
case 


Wi= B/G, BY =\(E,— Bu) SP dE, 

SO = 12,/Drx, Ce = (ah? /2M) Ri (a), (8) 
(k) . . : 

where S,” is the strength function, Ye k is the 


reduced neutron width, an is the reduced single 
particle width, a is the radius of the nucleus, 


RADIATIVE CAPTURE OF NEUTRONS 


| Ri,(a) isthe value of the radial nucleon wave func- 
i tion on the surface of the nucleus, and M is the 
} mass of the nucleon. 


For the nuclei of interest to us we have @~1 
Mev. The energy width of the strength function for 
Ss neutrons is, according to experiment, of the or- 
der of several Mev. The width of interest to us, 
Ws, is therefore also of the order of a few Mev. 
With the help of these estimates we can now draw 
conclusions as to which of the terms in expression 
(5) plays the most important role. 

It should be noted, first of all, that we can neg- 
lect the contribution to the sum (5) of all single par- 
ticle states with an energy separation AE, > Wy. 
If the wave function Up (Tr) corresponds to a p 
state, then we should keep only s_ states in the 
last term.* The energy separation between s 
levels with different principal quantum numbers 
is of the order ~15 Mev. We can therefore neg- 
lect the contribution of s_ states with principal 
quantum numbers different from that of the incom- 
ing channel. 

Only the terms with index k=p should be kept 
in the first sum in (5). However, if the spacing be- 
tween adjacent s and p single-nucleon levels is 
AEsp > Ws, the whole first sum can be neglected. 
If all the above-mentioned conditions are fulfilled, 
we get the result 


Min =} Cos? | < ts | Qe lite > 1, (9) 


The coefficient | CA, |? is simply related to the 
reduced neutron width, which can be determined 
from experiment: 


nis = (ah? /2M)| Cis |? R2 (a) = | Cos (? SS. (10) 

Let us estimate the order of magnitude of the 
matrix element (9). For this purpose we consider 
the normalization condition 


Si] Cos |? = 1. (11) 
A 

The terms of the summation are significantly dif- 
ferent from zero in the interval AE) ~ Wg. There- 
fore 


[ene It) eos, 


where po is the level density of the compound nu- 
cleus with a given value for the nuclear moment, 
corresponding to the capture of a thermal neutron. 
As a result we find for the partial width for the 
transition under consideration 


lr, = Detagie), OW s, (12) 

*d states do not give a contribution, since they can, in 
our case, combine only with excited states of the residual 
nucleus. 
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where Isingle is the width for a single-particle 
transition in the self-consistent nuclear field with 
neglect of compound nucleus formation. In those 
cases where Ip is known (si2%, 933 ) , relation 
(12) is confirmed by the experimental data. At the 
same time we find that Wg, ~ 1 Mev. 

Let us now calculate the ratio of the transition 
probabilities to the states 2p, /,2 and 2p3~. The 
wave function of the initial state can in this case 
be written in the form 


Us = Rs (Pr) Xp, mg /V 4x, 
where Rg(r) satisfies the boundary condition‘ 


a(9Rs/Or)/ Rs| 


(13) 


= ik,a, (14) 


ra 


where kg is the wave number of the neutron out- 
side the nucleus, corresponding to the energy at 
which the maximum of the strength function S) 
is observed; X1/2,m,g is the spin function. 

The wave function of the final state has the 
form 


p(t) = Ro(r) Yj, mp 
Yj,mj= Dy P/alergm| jrnp/ot) Vin (8, 9) x, ms» (15) 
where Rj, is the radial wave function of the p 


state of the nucleon with total angular momentum 
j=% and j=%. Using the wave functions (13) 
and (15), we obtain the ratio of the partial widths 
for transitions to states with different values j 
in the form 

rr) PE ROIa | aa ir estan 2 

as 2(3") \ RS Rear | \ RSPR sdr|, (16) 
where w3/ and wy,/, are the frequencies for the 
corresponding transitions. 

The matrix elements in (14) can be calculated 

with the help of the known matrix relations 


1 


<a |7|B>) =— w8,p<a|r |» = — a |S 


2 Ge) 


where U(r) is the self-consistent nuclear poten- 
tial; 9U/ér is different from zero only near the 
surface of the nucleus. Let us estimate the mag- 
nitude of the logarithmic derivative 

ike (OR) /dr)/R} | yaa: Hf kja >> 1, we have 


fl = xj = V2ME;/h, (18) 


where Ej is the binding energy for the given level. 
If the neutron is captured by a nucleus for which 

S, is close to the maximum, we have Kg < kj. 

In this case 


rh) 1, ae (3/ ) OU 2d 5 
Xi a 2. bo eas 

Ul ae 2(2")|\ So eae! 
ue 0 


\ REPS dr]. (19) 
0 


To calculate the value of the ratio (19) we used 
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a potential U(r) of the form 
U(r) =V(0)/[1 + e%"-)], a=V2MV(0)/h. (20) 


The wave functions for the single-particle 
2pif2 and 2p3/, states and the Dae Cr ene V(0) 
and ry were taken from Nemirovskii:° 


V (0) =50MeV, ar, = 1.98 A% [1 —0.5 (0.5 — Z/A)]. (21) 


In the table we compare the results of our calcula- 
tions with the measured ratios (19) for those nu- 
ciei in which the 2p,/, and 2p3/, levels are iden- 
tified. For the nuclei listed in the table, the single- 
particle 3s resonance occurs near the neutron bind- 
ing energy. 


Value of mee 2)/ rou 2) 


Experi- | By for- By for- 
Nucleus ment |mula (19)| mula (22) 
Si? 3 4.0 10 
$88 ay lett ile 
Ca‘! 2 SED 6 
Ni5® Pat 3.0 4.6 


In the last column of the table we give the ratios 
of the widths as computed by the Weisskopf formula‘ 


re / T2 i (@s/,/ar),)°. (22) 


It is seen from the table that our estimate is in 


satisfactory agreement with experiment, while for-. 


mula (22) gives too high values for the ratio of the 


corresponding intensities. 
In conclusion the author expresses his gratitude 


to P. E. Nemiroskii for providing the tabulated val- 
ues of the wave functions and also to L. V. Groshev 


and A. M. Demidov for an evaluation of the experi- 
mental data. 
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The equilibrium conditions for a plasma toroid with a distributed current in a magnetic field 


are obtained. 
1. INTRODUCTION 


ie the present work we derive exact solutions for 
the equilibrium of a toroidal pinch with axial sym- 
metry. As has been shown earlier,! a bound, axi- 
ally symmetric, plasma configuration can be in 
equilibrium in a magnetic field only if there is a 
nonvanishing azimuthal current component jg. It 
has also been shown that for equilibrium to obtain 
the current density jg must be of the form 


je(r, 2) = Ar + Bir, (1) 


where r is the distance from the axis of symmetry 
and A and B are arbitrary functions which are con- 
stant over surfaces of equal plasma pressure. The 
plasma pressure p and the functions 

b= | Hz2nrdr, = \ j2nrdr —crH,/2, (2) 

0 
through which the r and z components of the 
magnetic field and current are expressed, are in- 
terdependent. The functions A and B are ex- 
pressed in terms of ~ and I in the following way: 
2 

A(}) = 2 FO, Bw =7 4. 8) 
The function ~, which is related to the azimuthal 
component of the vector potential of the magnetic 
field Ag, is given by the following equation (in 
cylindrical coordinates ): 


0? il @ o Sic2ieee 8x? 
a r = 1 a= ee Sac ae L- 


(4) 

Given the actual form of the functions A(w~) and 
B(w~), it is possible in principle to solve this equa- 
tion and then, knowing 7%(r,z), to find the distribu- 
tion of all quantities which characterize equilibrium. 
In this case, if the geometric configuration is given 
the conditions at infinity (or at external conductors ) 
cannot be chosen arbitrarily since they are deter- 
mined by the solutions of the problem. On the other 
hand, if the conditions at infinity or at the external 
conductors are given the geometric configuration is 
no longer arbitrary. In practice, it is obviously 


more convenient to assign the cross section of the 
pinch in the r-z plane and to use the coordinate 
system most convenient for solution of the prob- 
lem. Below we consider a pinch of circular cross 
section with fixed values of A and B. 


2. TOROIDAL COORDINATES 


The most convenient coordinate system is the 
usual toroidal coordinate system, defined by Jv, 
w, and 9: 


r = R, sinh 9/(cosh3— cos @), 


z= Rysinw/ (cosh § — cosa). (5) 


Here #=) defines the cross section of the 
toroidal pinch. The small and large radii of the 
toroid are then 


a= Riisinha.. R=, coun. (6) 


Values for which >) correspond to the inner 

part of the toroid while values for which #3 < J) 

correspond to the outer part. In toroidal coordi- 

nates the components of the magnetic field are ex- 

pressed in terms of zy as follows: 

ree (cosh 9 — cos w)? dy pe (cosh 9 — cos w)? dy 
QnR? sinh do’? = © 2nR2sinhd 99° 


(7) 
The current density components jy», jy are ex- 
pressed in terms of I(¥%, w) in similar fashion. 
As Fock has shown,” the variables can be sepa- 
rated in the homogeneous equation for the vector 
potential. Thus Eq. (4) can be solved easily if the 
right-hand side is independent of y, i.e., if , 


A=const, B=const. (8) 


This simple case is the one which is considered in 


the present paper. 
If A and B are constant the particular solution 


of the inhomogeneous equation (4) is 
b, = — (4n°/c) (Ar? + B)2?. (9) 


In order to find the general solution of the corre- 
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sponding homogeneous equation, following Fock we 
introduce the auxiliary function F (@, w) which is 
related to ~(#, w) by the expression 


$(9, w) = F(%, ©) /V 2(coth 3 — cos«). (10) 


In toroidal coordinates, Eq. (4) for the function 
F becomes 
OF O?F 0 


Pein an 32n®R? 
“O92 ai 002 coths Oo 1 ES ~~ ¢ [2 (cosh — cos w) |*/ 


4AR? sinh? 3 
{ pcitiet +o} 


[2(cosh® — cos w)]? 


(11) 


The solution can be written as a Fourier series 
in w: 


co 
F = Fy (9) +2 >) Fa(®) cosno. (12) 
n=) 
Following Fock we take the linearly independent 
solutions of the homogeneous equation for F to be* 


En(%)cosnw, fn (%) cos nw, (13) 


2m 
1 ee 
On (9) = 5 \ V 2 (cosh — cos @) cos nw dw. 
0 
o 


\ V 2(cosh® — cosh t)cosh nt dt . (15) 


—% 


The Wronskian is 


dg, df , 
fngg — Sn gy 


fn (®) = 5 


sinh 9 
aH)’ ne) 


The equation by which the functions fy and gy 
are obtained is 


1 


a d 
sr —coth 9 8 — (nt 7) ga =0. (17) 


do 


The function f,(%) becomes infinite at the center 
of the toroid ¥= 0, but is finite (as are its de- 
rivatives ) in the outer region. Hence, we cannot 
use the function g,(¢) in the inner region. Since 
it is impossible to satisfy the condition that the 
field vanish at infinity for the outer problem, we 
must use both linearly independent solutions. 

We note that the particular solution for % in 
(9) corresponds to the following particular solu- 
tion for F: 

16n? Ro 
1 e [2 (cosh — cos «)}*/2 


sinh? w 


sinh? $ 


eee ae B\- 18 
x [aan Diecshoaccaie | (18) 


*These functions are related to the Legendre functions 
Py, Q,-» by the following expressions (cf. reference 2): 


(n? —4/4) f, (9) =sinh 9dP,_,, (cosh 9)/d9, 


(n> 7 1/4) 8p (9) = sinh? dQ, _1/, ( cosh 9)/ds. 


We expand this solution in a Fourier series 


— Fy = %0(8) +2 >) Yn (%) cos no. (19) | 
n=1 

In place of the constants A and B, which deter- 

mine the current density Jy, we introduce the 

total volume current Jy through the cross sec- 


tion # >), and the partial current Jp: 


ee \ jedrdz = \ (Ar + B/r) drdz (20) 


o>9 o>9, 
= J, + 2BR,/e* sinh 9, 
Ardrdz = sAR% cosh 9/sinh? 9. (21) 


§>98, 


The Fourier coefficients yn(%) in (19) are written 
in the form 


fo} Ho 
[S2n(0) — Scenes Po (0) 


sinh? % 


8x 
Yn (3) ari c RoJp cosh 9 


i # Rye Sinh 96% Bn (9), (22) 


where 


on ; 
4 sin? w cos nw dw 


p.(®) == | cosh Besar 
0 


dg, (9) 


ul 
= cothd ma ae G — “) £n(9), (23) 


sin2w sinh? 9 


Gal?) pe \ [2(cosh@—cosayfma ge 
0 
1 rae.(9) dB, (9) 
~ 15 — dS coth 9 ‘ 


The latter expressions for Q@py and Bn are easily 
obtained by differentiating (14) with respect to v, 
using Eq. (17). 


3. GENERAL SOLUTION 


In accordance with (10) — (12), the solution for 
~ can be written in the form 


= [2(cosh— cos or] Fy (9) +2 >} Fn(®)cos ro| : 
n=1 
(25) 
The plasma pressure vanishes at the surface of 
the toroid ¥= 4) (or is constant); consequently 
the function ~(%, w) can be taken as a constant. 
We can set this constant equal to zero so that 


$(%, ) = 0. (26) 


The expansion coefficients Fy(%) which satisfy 
Eq. (26) for the inner and outer regions are 
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Yn (%o) 
Fin = 705) & (8) — 10 (8), 27) 
8p (Fo) 
on Ca] go (®) Fra fa®) | 8) 


We assume that outside the volume current 
there is an azimuthal surface current Js whose 
sinh do ") 

Date 
= const; this azimuthal current component is equal 
to the current discontinuity in the tangential com- 
ponent of the magnetic field H,): 


density is constant at equilibrium j, = 


S 
—js =— Sinhd, = {H,,.} = mee 
ie eRe o= {Mo} 8 R2 sinh 9% as’ 


(29) 
where the symbol {...} denotes the discontinuity 
in the corresponding quantity at the point J). We 
write this condition, which serves for determining 
the constant Cy, in another form: 


An. Die [2 (cosh 99 — cos w)]*/z ! 


(OF os 8nR? sinh?S 
lar c - [2 (cosh 99 — cos )]*/2 


Sore 
asl, (99) + 2 yi 8n (% cosmo. (30) 
n=1 
Here 
5, (9 iv sinh29 . 
ie a | Cieccho cos wae 
-- (Haw . 


[the integral is easily expressed in terms of gy,() 
by means of (14) and (17)]. 

Substituting the derivatives of Fjn and Fen 
in Eq. (30) we determine the coefficients Cp: 


m (n? —*]4) fF, (90) (50) 


Gr =. ae sinh 9 tr OS ks Yn Os 5, i) 

167 RoW g /' 4 ; 

ge —7) gm (90). (32) 
The general solution is given by Eqs. (25), (27), 


(28), and (32). The magnetic field outside the 
toroid is determined in terms of %e by means of 
Eq. (7). The field, currents and pressure inside 
the toroid are determined in terms of yj. In ac- 
cordance with Eqs. (3), (8), (20), and (21), the pres- 
sure p and the function I= crHy/2 are given by 
the formulas 

J, sinh’ 9 


2/ ols 
acre. S25 ginhas,, /.(33 
2n%cR? cosh 9 pi (9, w) gS mR? S sinh %,, (33) 


e% sinh 9 (ING Oa) 4 IP. (34) 


pe 
[Pea TeRo 


The second term in p takes account of the discon- 
tinuity in the pressure due to the surface current 
and Ig is the current which produces the external 
longitudinal field. 


4, EXTERNAL FIELD 


To determine the field, produced by the external 
conductors in order to contain the plasma in equi- 
librium, from the total field determined by the func- 
tion ye(J, w) it is necessary to subtract off the 
self-field of the current which flows in the toroid. 
To find the self-field, once again it is necessary 
to solve (11), but this time with different boundary 
conditions. In particular, in place of the require- 
ment that ~ and jg be constant at the surface of 
the toroid we impose the condition that the field 
must vanish at infinity. This means that the solu- 
tion in the external region is composed only of the 
functions fy(¥) cos nw. We write the final result: 


self TT 
Fi ( (4n? — 1) 


x [Yn (90) fn (8g) — tm (Bo) fn (%0)] + > Ls} 


X Bn(%) — Yn (4), (35) 


sete [7 (4n°—1)  g, (% 
me ~ | 4sinh% Ff, @) “ [tn (Bo) fn (0) — tn (%) fr (Bo) 
tn (90) 1 | Bn (90) 
= i (0) fa Cc LJs ie a fn (3) . (36) 


Here L is the self induction of a toroid with a 
strong skin effect:? 


4 4 Zo (%0) 1 gy (%0) 
L ~ 2n?®Ro f (90) 2 2 4n?—1 Ff, aoe 


(37) 


Subtracting (36) from (28) we find the coefficients 
Fn(3) which determine the external field required 
for equilibrium. We write the values at infinity, 
where the functions fy(%) vanish: 


ee Te? Rol P 1 \2 m (4n® — 1) 
Free = = a Ho (n we “8 Gn (So) fn (Bo) + ~ fsinh es 
x | rao) — 100) 20 Jin ofan). 8) 


In principle the abi which have been obtained 
allow us to compute the magnetic field configuration 
required for containing a plasma toroid of arbitrary 
eross section radius a in equilibrium. The corre- 
sponding equilibrium conditions for the Bete 
case a/Ry— 0 have been obtained by Osovets® 

who equilibrated the expansion forces of the cir- 
cular current (3% /207)dL/aR to the contraction 
forces of the ring in the perpendicular magnetic 
field 27RJH/c. 
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5. CASE OF SMALL CURVATURE 


In order to obtain a general idea of the nature 
of the solutions which have been obtained we con- 
sider the case of small curvature a/Ry «1, i.e., 
e*) > 1. A detailed examination of the functions 
Zn(%) and f,(%) has been given by Fock.” In the 
limit, when ¥—o we find (n = 2) 


{ Deena) 


!! 
= e%/2, SS IED = — E(n—/2)8 
So as 2 eR nl 2" 
—2 92(942In2—2), f,=2 es” 
fo = ae & ( ? he Be ? 
2” (n—1)! ae 
le Ga ONS = (39) 


Correspondingly, from (22) — (24) we have 


Ets 2 —39/2 mt —38/2 ait Role 2.9 —38/2 
eg © , Bo = 7 > 10. == Sanne ) 


3 


7 
01 = 35 e-2, By = = e—59/2 


_ 2nRo 
ae 


(Jp + F-Jo ) ers, (40) 


1 


We write all solutions, limiting ourselves to 
two terms in the Fourier expansion for F. 
a) Self-field of the current: 


self _ [9 (cosh 9 — cos w)]™4 {(27?Ro/c) (Jig + Js) fo (2) 
+ (6n*Ro/c) e*[(Sp + 8/aJe) 


—(% +2 In2— 2) Js] f,(%) cos o}. (41) 


When %) =~ only the first term remains; this 
represents the field of a linear circular current. 
When e° <1 we obtain the approximation formula 


pelt (4nR,/c) Jo + Js) (# +2 In2—2) 


+ (4rRo/c) {Jo + Js) (% + 21n 2 — 2)e* 
+ [Jp + ®/aJg — (% + 2 In 2 — 2) Js] e-2+*} cosw. (42) 


b) The equilibrium field (38) can be expressed 
conveniently in polar coordinates. In the approxi- 
mation being used here e~% cos w = (r —Ry )/2Ry 
and ~&*t is of the form 
pext = — (4nRo/c) (Js + Je) (% + 2In2— 2) 

— {(2n/c) (Js + Je) (% + 21n2— 2) 

+ (82/c) [J's + 7/3 Jp + 3/eJe)]} (aca): (43) 


The magnetic field is determined by the formulas 


1 op 
Hy = pede tee 
1 op Fgh a 
= age = ay (Mo +212 5 
J 5 Jp 
— (85+ 21nd —p ae, (44) 


where # =n (2R)/a). When Jy =Jp=0, Eq. 
(44) coincides with the results obtained in refer- 
ences 1 and 4, and when Jg =0, Jy =dp (no 
longitudinal field), (44) coincides with the results 


obtained in reference 1. 
c) We now find the equilibrium distributions of 


various quantities: 
b; = (2nRoJo/c) (1 — e*%2*) 

+ (AnRo/c) (Jp + 5/aJ'e) e-* (1 — 622° ) cos «7, 
be — (42 Ry/c) Je + Js) (8 — 9) 

— (4nRo/c) e~ {(% — 9) (Je + Js) 


(45) 


+ (Jp + Fady + 8/e/s) (1 —e?—*)} cos 


The quantities p and I, given by (33) and (34), 
can be expressed conveniently in a local polar co- 
ordinate system p, w, and g, defined by the 
relations 


r=R)+pcosw, z=psina. (46) 


We write the values of p, I, H,, in the absence 
of a surface current: 


_ tele ( Ela eee alt cn 


—5 Soe) Bra al cosa, 


Jo—Jp 


I? — J? = Qnc*R? - P(p, ®), 
2S P Jp 2 
TT ge ae (1 — 5) cos 


(47) 


LO MLe JgJp < 0, this configuration is possible 
only in the presence of an external pressure pe. 
We limit ourselves to the first term in p: 

ea 2 
p= p— eee (1 —&). 


™C2Q? 


(48) 


Since Jg(Jg—Jp) > 0, the longitudinal mag- 
netic field inside the toroid is larger than the ap- 
plied field. A configuration of this kind can be in 
equilibrium without external fields.! It follows 
from Eq. (44) that this case is possible for a dis- 
tributed current if Jp = —Jg[In (8Ry /a) - Wie 


1 


( 
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ia) En) 


2. The case Jg =9 is also only possible when 
Pe ~0 and, furthermore, if Ig <0: 


(49) 


p? 


a Pp 
ae COS® , 


J? 
= SRS ee Pe 
Pp Pe 3 TC2Q2 Ro a ( 


Pah, (1 —)cosw. 


The pressure in the inner part of the toroid is 
smaller, and in the outer part is larger, than the 
external pressure. The currents in these two sec- 
tions flows in opposite directions. 

3. When J,,J, >0, it is possible to have a con- 
figuration which is bounded by a vacuum. The in- 
ternal longitudinal magnetic field can either be 
larger than the external field I’ >I if |Jg| 
>|Jp|, or smaller than the external field (| Jp| 
>|Jy|). The first case corresponds to a “para- 
magnetic” pinch and the second to a “diamagnetic” 
pinch. The distribution inside the pinch is given 
by (47). 

4. When Jp = 0 we have the force-free field 
p=const. The internal longitudinal field is larger 
than the external field: 


(50) 


2R? 
= 0 Je 


a 


PE 


(1 —S)+p2R £(1 — cos. (51) 


a2 


In conclusion we compare the distribution in the 
toroid with the distribution in a cylinder. The quan- 
tities jg» Hg, %, and Hy) in the toroid corre- 
spond to jz» Hz, Az, and Hy ina straight cyl- 
inder with axis along the z-axis. The equilibrium 
equation for a cylindrical pinch [jzHy = jpHz 
—c dp/dr,] taking account of the relations Hy 
=-dAz/dr, jg (c/4n1) dH, /dr, can be written 
in the form 


ji. = cdp/dAz + (c/8n) dH?/dAz. (52) 


This equation is the analog of (1) and (3). The ana- 
-log of (4) is the equation r'd(rHg )/dr = (41/c) jz 


or 
Td dA, apie An ae 
a(S) Bi Aaa Daa, (63) 
The conditions in (8), A =const and B-=const, 


correspond to the relations p =const:Az and He 
=const-A, in the case of the cylinder. In this 
case jz = const and, consequently, p, Az and 
Hz, have parabolic distributions. 


gis) 
APPENDIX 


For the convenience of the reader we give the 
expansion of the functions fp() and gyn(o) from 
Fock? 


En(®) = ed etn 198 (1 — e892 


—TA)T (a+ 1) 
XF(n + “ay Jo, a+1, e-*), 


fn(®) 


ge? (1 — e289)? F (n+ 8a, 9/9, 3, 1 —e-%9) 


est ls he T)e) 4 
MSHA dase) 


2 
= —(n—"/2) 
wT € ; 


x — e—28)2 [— la (9) ote pe) (9)]. 
Here F is the hypergeometric function: 
F (n+ %/., 3/4, n+1, e-*®)= 1+ (2n + 3)3 


—28 
(n2) 2° 


(2n + 3) (2n +5)-3-5 


—49 
TASC ZRE Tp aD eT eee oe 


f{1) is the finite series 


(1) 2n 
e (Di saint 
09 1 (2h —2)2 4g (2n — 2) (2n—4)-2-4 gg 
x fe FOn—i° + (nd) Gn—3)4.0 (eee 


£2) is the infinite series 


®) (9) = + 21In2—a,—ap 


Geto 42192 —a, a) 


(2n + 3) (2n + 5)-3-5 
+ -Gat2) (Qn $424 


cL 


x eH (9402 In 2— ap — ae) 


where 


1 
a = 1, @:= 44 — x555F7) 


4 4 1 1 

Ato ene yo weer ae ee . 

1V. D. Shafranov, JETP 88, 710 (1957); Soviet 
Phys. JETP 6, 545 (1958). 

2v. A. Fock, Kyp. Pyccx. ®u3.-Xum. 06-Ba(J. Russ. 
Phys.-Chem. Soc.) 62, 218 (1930); Physik Z. 
Sowjetunion 1, 215 (1932). 

3S$. M. Osovets, ®usuka naasMbI M npob1eMbI 
ylpaBASeMbIX TepMossepHbIx peaxunk (Plasma Phys- 
ics and the Problem of a Controlled Thermonuclear 
Reaction, U.S.S.R. Academy of Sciences, 1958, Vol. 
2, PD. 208: 

4 Biermann, Hain, Jérgens, and Liist, Z. Natur- 


forsch 12, 826 (1957). 


Translated by H. Lashinsky 
212 


SOVIET PHYSICS JETP 


CONVECTIVE PINCH INSTABILITY 


B. B. KADOMTSEV 
Submitted to JETP editor May 19, 1959 


VOLUME 37 (10), NUMBER 4 


APRIL, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1096-1101 (October, 1959) 


An investigation is made of the stability with respect to axially symmetric perturbations, in- 
cluding entropy-wave perturbations, of a pinch with a distributed current. 


Ir is well known that plasma configurations with 
closed lines of force are particularly susceptible 
to convection or transposition instabilities, corre- 
sponding to the transposition of neighboring lines 
of force.! In this report we investigate the simplest 
configuration of this type: a straight, axially sym- 
metric pinch which is contained by the magnetic 
field produced by the current through the pinch. 
We are interested chiefly in perturbations of the 
convection type, i.e., perturbations that are con- 
stant along the lines of force. The equilibrium 
velocity distribution is assumed to be Maxwellian; 
this assumption is valid if the time during which 
equilibrium is maintained in the pinch exceeds the 
time between collisions. The conductivity of the 
plasma is assumed to be infinite. 


1. HYDRODYNAMIC APPROXIMATION 


As has been shown in references 2 and 3, the 
magnetohydrodynamic equations for small oscilla- 
tions reduce to a single self-adjoint equation for 
the displacement from equilibrium n(r,t). This 
equation can be obtained?’? by means of a varia- 
tional principle and it is found that a necessary 
and sufficient condition for stability is that the 
potential energy of the small oscillations be posi- 
tive. 

We assume that the plasma is inside a conduct- 
ing wall and that the radial component yr vanishes 
at the interface. In this case the potential energy is 
V =5\{ (diva? + Z (curl [qx Hy)? 


+ ny p divn— = {4 rot X curl H] curliyx H]) dr, (1) 


where the displacement along the field due to the 
last two terms in (1) vanishes because the equation 
is self-adjoint. In Eq. (1) p and H are the equi- 
librium pressure and magnetic field and y = */, is 
the exponent of the adiabat. 

In the case being considered (H, = 0) the poten- 
tial energy (1) for axially symmetric perturbations 
is a quadratic form in the two independent variables 
Nr and div 7. The condition which must be satis- 


780 


fied if this form is to be positive definite is 


—dinp/dinr <44/(2 +), (2) 


where ¢€ = 87p/ H’. It is apparent that this condi- 
tion also follows from one of the two conditions for 
convection stability. 

We now consider perturbations that depend on 
azimuth y. Without loss of generality this depend- 
ence can be written in the form 
mr = (r,zZ)cosmg, Ny = %e(7, 2) Sinmg, 

Nz = Nz(r, z)sinme. 

In this case, the factors cos? mg and sin? mg 
appear in Eq. (1); when averages are taken these 
terms yield %.- Varying Eq. (1) with respect to 

Np gives div n= 0, whence 
V= : ee ey ee i 


r2 


On, a 2 
+ 2 (Any)| 


2 (H,)| 22 ae. (3) 


Equation (3) is a quadratic form in ny, nz and 
onr/or + dnz/dz. If this form is to be positive def- 
inite the following condition must be satisfied* 


—d\np/dinr < m?/s. (4) 


If ¢< %y, the condition in (2) is stronger; if 


«> %,y the condition in (4) is stronger (with m=1). 
It is interesting to note that in the many photographs 


of contracting pinches it is possible to distinguish 

two regions clearly: an inner region where twist 

perturbations develop (m =1), and an outer region 

where the perturbations are essentially axially 

symmetric. This behavior is in complete agree- 

ment with the conditions given in (2) and (4). 
Writing 


e>Ws7 (5) 
IEG 


om) raider for 
dine —4y/(2+ 78) for 


*This relation is given in a different form in reference 4. 
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and taking account of the equilibrium condition, 
which can be written in the form 
2) 


Giihotyo el dine 
( (6 


d\inr 1+e\dlnr 


j it is easy to obtain the limiting stable pressure dis- 
{ tribution. When y= this distribution is of the 
| form 


P = Poy pez a(t es) for ies 0.4; 


S/o 445 
p= 18.1 po( 7757) r= 3.94a for «<0.4, 


(7) 


where py and a are constants of integration. This 
distribution has a singularity as r—0O and cannot 
be obtained experimentally. However, if there is a 
current carrying metal conductor along the z axis 
it is possible to produce a situation in which the 
plasma is stable close to the axis. In this case, 

as follows from (2), (4) and (6), the quantity ¢€ 
must be smaller than unity everywhere and the 
rate at which the plasma pressure falls off in the 
radial direction must be small. 


2. KINETIC ANALYSIS 


In a high-temperature plasma the collision time 
may become extremely large; in this case the hy- 
drodynamic approximation no longer applies. Ina 
strong magnetic field it is possible to use the drift- 
approximation equations; these are the hydrody- 
namic equations for motion transverse to the field 
lines, and the kinetic equation for the longitudinal 
motion.” In the-case of axial symmetry these equa- 
tions are of the form 


On 
Mn yD 


=—ypi— (pi —P1) 
-L = curl curl [jxH]xH]+ curl Hx curl [yxH]]J, 
(8) 


of’ u of’ On u On 
ot r do ot Vio r de Vio 
, 24 0 aed Mw? 1 90 
a ie Mie On Mw diy 2 ig at 
yi @ Pe PP dt SP PRE 


(9) 


Here fy) is the ion Maxwellian equilibrium dis- 
tribution function, T is the temperature, Eg is 
the azimuthal component of the electric field, f’ 
is the perturbation on the distribution function, 

p{, and pj are the perturbations of the transverse 
and longitudinal pressures respectively. M is the 
mass, n is the ion density, u is the longitudinal 
ion velocity, and w is the transverse ion velocity. 

We consider perturbations whose aximuthal de- 
pendence is of the form e'™ ?(m #0) and assume 
that the oscillation frequency satisfies the condition 
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w<vyp/r, where v7 is the mean ion thermal ve- 
locity. Under these conditions we can neglect the 
time derivatives in Eq. (9) and 


= —7Vfo—ireEofy/MT . 


Similar considerations apply for the electrons. The 
field Eg is found from the charge neutralization 
condition; it is apparent, that Ey =0. Thus, f’ 

= -—nVf{), whence pj =p = —nVppo. If this relation 
is substituted in Eq. (8) we obtain an equation which 
coincides exactly with the magnetohydrodynamic 
equation with div n = 0, i.e., the stability criter- 
ion is (4), the same as in the hydrodynamic approx- 
imation.‘ 

We now consider perturbations with axial sym- 
metry (m=0). In this case Eq. (9) can be inte- 
grated with respect to time and we obtain the rela- 
tions 


p. =—ndp/dr—2Qpdivn+t pn,/r, 
P\ — ydp]dr—pdivn—2px,/r, 


(10) 


which coincide with the adiabatic relations obtained 
by Chew, Goldberger, and Low.® As has been shown 
in reference 3, hydrodynamic equations with this 
kind of pressure anisotropy can also be obtained 

by means of a variational principle for the poten- 
tial energy which, in the present case, is 


2 
4 : d : 2 : N, 
Vere \ {1 div + 2p (div 7)? — af. ir div 4 + 3p 72 
1 Nz 0 
4nd On, ) 
Sp Sey Fe OO Erae tar (11) 


The condition that the quadratic form in ny and 
div 7 (11) be positive definite is 


dinp 
dinr 


- fe +98 /4 
eee 


(12) 


This condition is somewhat weaker than (2). For 
this reason it is of interest to delineate the effect 
of collisions between particles which lead to equili- 
bration of the longitudinal and transverse pressures. 
In order to avoid complications we neglect the dif- 
ference between the equilibration times for the 
electron and ion pressures and introduce an aver- 
age relaxation time T. If we assume that the total 
energy of the particles is conserved in collisions 
it is apparent that the pressure relaxation is de- 
scribed by the relations 

Op, 1 


P OP epee 


(0) oc x. (Pi —P1)- 
(13) 


We assume that all quantities have time factors 
of the form At Then, taking account of collisions 
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we can write Eq. (10) in the form 


poaiee, , d p 
Pit apy (PL — 01) = — Gp — 2edivat — 


Pu + gee (Pu — Pi) = — 7 2 — pdivy— % ~ (14) 
If the quantities pj) and p{ are determined in 
this way and substituted in Eq. (8), neglecting the 
inertia term on the left side we obtain an equation 
which can be regarded as the Euler equation for 
the variational problem 6(V_ + V/AT) =0, with 
a characteristic value of zero, i.e., the solution 
satisfies the equation 


Velo Valtiees Of (15) 


Here V, is given by Eq. (11) and V is given 
by Eq. (1). It follows from Eq. (15) that AT is 
real. 

Now suppose that the energy V; is positive, 
that is to say, the plasma is stable in the absence 
of collisions. Then, if V is positive, (15) has only 
the damped solution with A< 0; if V is negative, 
of the extremum values of the functional F = V_ 

+ V/XdT there is one which vanishes when the pa- 
rameter AT changes from 0 to ~. This means 
that Eq. (15) has a solution with the increment 

X~ 1/tT> 0. Thus, the two modes (the dynamic 
mode and the one associated with collisions) given 
by the kinetic equations for the small oscillations 
yield a stability condition which is exactly the same 
as the hydrodynamic stability condition. 


3. DRIFT INSTABILITY OF A PINCH 


Tserkovnikov’ has shown that under certain 
conditions there can be an increasing solution for 
oscillations whose phase velocity is of the order 
of the drift velocity of the particles. Since it is 
difficult to delineate the physical significance of 
the drift instability in the kinetic analysis given 
by this author, we consider the problem here by 
means of the hydrodynamic equations, in which 
quantities of order p/r are retained, where p 
is the ion Larmor radius. Thus, in the heat trans- 
fer equations we introduce the thermal drift of the 
electrons (a =e) andions (a =i)® 


Qe. = — (5naT a / 2e,H?)(H VTal, 


but neglect the usual thermal conductivity and vis- 
cosity, assuming that the frequency of collisions 
between particles is much lower than the cyclo- 
tron frequency of the ions and that the wavelength 

of the perturbations is much larger than p. We 
also assume that the Debye radius is much smaller 
than all the characteristic lengths so that the charge 
neutralization condition is satisfied (nj = ng =n). We 
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also assume that all quantities vary as exp (—iwt 
+ikz) so that the linearized equations of continuity ‘ 


are written in the form 
n’ = — div (4n) = — div (n8) + (ko) /o) n'. 


Here n’ is the perturbed density, n is the ion | 
displacement, & is the displacement of the elec- 
trons from the equilibrium position 


Uy = (c/eHn) dp/dr 


(16) 


and the equilibrium drift velocity of the electrons 
results in a current flow along the axis of the pinch. 
The equations of motion are the Euler equation 


—onMy+ vp’ = url H’ x H] + j-(eurl HxH’] (17) 


and the equation of momentum transfer for the 
electrons, in which we neglect the inertia term is: 


= ype —fayp =— ek’ — © [vxH’] + = ExH]. (18) 
The linearized heat transfer equations are® 
w(Te + 8 Ge +H T dive) — bool, + 5 (Te—T)) 


Ba ekl poeta Ee 


3 n ip (he eH 
Le apf ap ny Hg ) 
J é 
Sy Gel ai ( n dt Jel 8 (19) 
, dT 2 : i v 4 
OT a aaa cad GLY 7) age eee) 
SEO NRT Bag? | — Di kedd Infant I H’ 
35 in areal 3 eH aie eee 
(20) 


Here the last term on the left side takes account 
of the heat exchange between electrons and ions and 
T is the characteristic time for temperature equili- 
bration. 

Equations (16) — (20), together with Maxwell’s 
equations 


curl H’ = (4ne/c) {—n'v, + iw (—§ — 4) n}, (21) 


curl E’ = (iw/c) H’ (22) 


represent the complete system of equations for the 
small oscillations. 

If we neglect the magnetoacoustic oscillations 
the inertia term in the z component of (17) can 


be neglected so that 
p+ H’H /4n =0. (23) 


Equation (23) and the radial component of (17) 
yield 
Tr = —2p'/w?Mrn. (24) 


From (21), taking account of (16) and (23), we 
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have 

es tat ke , 

ae eT egan F? 

5 k Ge k d ; 

es ae ae 9) 


Using (23) — (25), we reduce the remainirig equa- 
tions to a system of three algebraic equations 


(vy eae (q—S) ; | {—(1+ $)—44 é 
+ sa [2 + (1+ $)a—s}} 2 =. (28) 
Here 


SU Ss (URC A 
Soin) 7a irr, 


§9=(T.—T;)/T, q=d\np/dlnr, 


V== OCT) RET’; 


t* —<RkcT /eHr, p=VTMC?/eH? , 

and p is the mean ion Larmor radius. Equation 
(26) is half the sum, and (27) is half the difference, 
of the heat transfer equations (19) and (20). Equa- 
tion (28) is obtained from (22) by substitution of 
the electric field from (18). The requirement that 
the determinant of the system (26) — (28) must van- 
ish gives a dispersion equation of the fourth degree. 
Since the coefficients of this equation are functions 
of r while the frequency can be considered inde- 
pendent of r, the perturbations must be localized 
with respect to r; strictly speaking they are 6 - 
functions. We assume that the wavelength of the 
perturbation is much smaller than the ion Larmor 
radius ko <1; thus in the dispersion equation 
there is a large coefficient 1/k’p?. In this case 
the two roots are large (of order v ~ 1/kp), and 
we obtain the values 


2 2p jon Rn, } 
One ar, eee (29) 


where y= dh . This is obviously the frequency of 
the convection oscillations and the condition w?> 0 
coincides exactly with (2). 

The other two roots are of order unity and are 
determined by the equation 


a: (4+ €q)? 
(Vee ae) a) =X, ay +9(2 +18) 


x fi+(Go+aa-$- (30) 


If (2) is satisfied, the following condition must 
be satisfied if the imaginary parts of the roots of 


(3) are to be positive: 
dinT/dinr<1+(*/1) + &/4)dInp/dinr. (31) 


In the case of small curvature (r — ~) this condi- 
tion becomes the condition dInT/dinp < Yj) + €/4, 
which has been obtained earlier by Tserkovnikov 
and represents the hydrodynamic analog of one of 
the conditions obtained in reference 7 by means of 
the kinetic equation. The condition in (31) shows 
that for a given value of dlnp/dlnr, the tempera- 
ture cannot increase too rapidly with r and that 
for a given temperature gradient the pressure must 
not fall off too rapidly with r. 

It is interesting to note that when dlnT/dInr 
= 0, the condition in (31) becomes (2) (with y = Pav 
Thus, the drift thermal conductivity leads to a more 
stringent stability condition than the usual condition; 
when this is taken into account we arrive at (2) with, 
y= 1 (the isothermal condition). 

According to (26) — (28), when v ~ 1 we have 
p’p ~ (kp)? T’ /T «-T’/T ~ OT, i.e., the oscilla- 
tions represent entropy waves, or a perturbation 
of the temperatures Te and Tj at constant pres- 
sure. Because of the particle drift these waves 
propagate along the axis of the pinch and the plas- 
ma, in accordance with Eqs. (24) and (25), executes 
radial oscillations ny © éy ~ rT’/T which com- 
pensate for the change in pressure by virtue of 
the drift thermal conductivity. 

If (31) is not satisfied these oscillations increase 
without limit and this causes heat transfer along the 
radius until the temperature gradient is reduced to 
values given by (31). 

It should be noted that the temperature differ- 
ence between the electron temperature and ion 
temperature is of importance in these oscillations 
because @ —0 when T*—0 and (30) has only one 
root beside the real root v=q. 
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Electromagnetic corrections to the electron angular distribution have been obtained for the 


V-A theory of -e decay. 


aurenns, Finkelstein, and Sirlin! have calcu- 
lated the electromagnetic corrections to the elec- 
tron spectrum in the p-e decay. The electron 
angular distribution in the decay of a polarized 

44 meson has been obtained by Kinoshita and Sir- 
lin.?, However, as was shown by Berman,’ the in- 
frared divergence was removed by the above- 
mentioned authors!” incorrectly; Berman also 
gives the corrected energy spectrum of the decay 
electrons. In the present paper the corrected 
electron angular distribution is calculated. 

We start from the interaction Lagrangian in- 
troduced by Feynman and Gell-Mann‘ (we use 
units such that h =c =1) with an additional term 
describing the interaction with the electromag- 
netic field: 


Lint = 2G (bata (1 + Ys) $1) Porte} (1+ 5)4) 
— ie (>,Ad,) — ie(b,Ad,) + Herm. conj. 


(the subscripts 1, 2, 3, 4, refer to the u meson, 
electron and the two neutrinos respectively ). 

The electromagnetic corrections consist of 
coherent radiative corrections and corrections to 
the p-e decay with the emission of a photon (in- 
ternal bremsstrahlung, see Fig. 1). The radiative 
corrections consist of corrections to the vertex 
part and the proper self energy part of the elec- 
tron and » meson. The contribution of the vertex 
part has the form 


(1) 


i) 
A(®, ©) + + 0(1 Aas) aoa 


6 
sinho 


Z 
sinh 0 


[Pe 


Fo ( 0, Fe (9, ) 
sinhd | 


F, (8, 0) 


A) 
sinhO 


+ 29 Ms + (cosh — cosh 6) 


s ¢ ‘F aa ) 5 Fe (9, ) — Fs (9, )))} 


4 i 


ace, : 
+ 7 (16) gaz [Pol Saee + sere f(A, ©)) 
Oe hy Fa (0,0). ic 
24¢ (=. ait Soma (coshw — cosh6)4 
x sinh (0) __p 
x(1— Sop F200, ©) — F500, @))) (2) 
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Here we used the convenient abbreviations intro- 
duced by Behrends et all 


coth § = — (pip2)/ mim, w@ = In(m,/ me) , 
ws =In(L/m), wo =In(r\/me), 
P=pi+ Pz, G = Pi Pa; 


where m,; and m, are the masses of the 4 meson 
and electron, L is the upper cutoff on the momen- 


tum of the virtual photon and A is the photon mass. 


The functions A(@,w) and Fj(@,w) are 
A(8, w) = (9— F, (8, )) coth 6 


+ (1 —8coth6) (w — 2w<) + Fs (0, @) +r), 


where 
tere baer es re " 
Seine ‘ 2sinhd 
Gs aL (2ees|— Bleed 
: (o — 6) 
cg ee ae 
sinh [SS] 
_ o Sinh 6— 6 sinh o 
Fa OR®) eee cocks SSCSh Oe 
F (9, w) 2.(coshw — cosh) ’ 
r _tinti—a Shes 
CO) li ee Ke 


0 k=1 


The terms ~ Yp» 1 in (2) correspond to the vector 
and the terms ~ YpV5> V5 correspond to the axial 
vector interactions. 

After mass renormalization the radiative cor- 
rections corresponding to the electron and py 
meson self energies give a contribution equal to 


Dat Die = (Ga / Qn) x, (1 + 15) (2 


ar? + — > — 20). (5) 


In the absence of transitions (@ = w = 0) the com- 
plete matrix element for radiative corrections 
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came 


FIG. 1 


should vanish. This is the case for the vector in- 
teraction. For the axial vector interaction there 
is a finite remainder -— (aG/27) YpY5- It may be 
interpreted as a change in the axial vector coup- 
ling constant. It is of order a@/27, i.e., 0.1%. 
Consequently second order radiative corrections 
leave the ratio of coupling constants in the V-A 
theory practically unchanged. 

Second-order electromagnetic corrections, ac- 
curate to terms of order a/27, turn out to be 
equal for the V and A interactions in the approx- 
imation m,/m, «1. The infrared divergence in 
the radiative corrections is compensated by the 


infrared divergence in the internal bremsstrahlung. 


The probability per unit time for decay with the 
emission of a photon of a polarized » meson 
(with polarization four-vector a satisfying 
a-p,; =0) is given by 


dw aG? dp ak 


Cie (27)® eye, ey, 


x {] > (mt — mi) — O° (@ + + (mi — may] © 


(AQ)? 


Aah SecA ae 2 Zito 2 
4Q? + (pik) (pok) (m, = Ms 2Q ) 


—m, | (mi — mi + 2Q%[ ® (ap,) + EO 


x [5 (mt + mi + O°) G.—(aps)] 


(ka) (FQ) } 49 (ka) 
= (kpi1) (pz)? | a0 ae 2) 


where k and e., are the four-momentum and en- 
ergy of the photon and 


D = [Pro / (P2k) — Pre / Prk)”; 


For a=0, (6) goes over into Eq. (17) of Behrends 
ee al 

Integrating (6) over d°k (with k? = —A? taken 
into account) and combining the result with the 
radiative corrections we finally obtain the follow- 
ing expression for the spectrum and angular dis- 
tribution of electrons from the decay of a polarized 


Q=M—Pa—k. 


# meson (with a polarization vector & in the p- 
meson rest system for m,/m, < 1): 


dN (e, 9, &) = 4 Gm (2n)-8 {3 — 2e + (a / 2r) f (2) 
— Ecos p[2e — 1 +- (a / 2n) h(e)] 


+ 6C(m,/m,) (1 —e)/s} e%dedQ/ 40. (7) 


- Here @ is the angle between the direction of elec- 


tron emission and of the. uw -meson spin vector, 
€ = €2/€2 max; 


a 2Re gy ea 
eleva 
Sale aleve : 
eo earaie s[|< — 8), (8) 


gy and ga are the vector and axial vector coup- 
ling constants, ¢ is a measure of the relative con- 
tributions of the V and A couplings; 


f(s) = 2(3 — 2) u(e) + H(i —e) Ine 

+ 42? (1 —8) [(5--!72 — 346%) (w + Ine) — 22 + 34%], 
h(e) = 2(2e — 1) u(e) + (6e — 2) Ine 

+ Se? (1—s) [(1+2+34e") (o+Ine) 


+3 — 7e — 32e*—4e1(1 —e)*In(l —e)], 


fos} k 2 
u(e)=2 5} a tf o-—24 Ine {3In(1 —e) 
k=1 
—2ine—20 +1) + Qo—1—=)In(I—e). 8) 


These expressions are a good approximation to 
the spectrum from ¢€ ~ 0.1 on. (For smaller val- 
ues of € the corrections become very large and it 
becomes necessary to consider higher order ap- 
proximations in the electromagnetic field.) At the 
end of the spectrum (at ¢€=1) f(e) and h(e) 
diverge. This divergence may be removed by in- 
troducing an experimental energy interval Ket 
The function (a/27)f(¢€)/(3—2€) was tabulated 
by Berman.’ We give a table of values of (@/2T) 

x h(¢€). In the absence of electromagnetic correc- 
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The correction function to the 
angular distribution (Ae = 0) 


e = he) e se He) 
0.1 0.077 0.7 0.016 
0.2 0.038 0,8 0.0033 
0.3 0.034 0.9 —0.018 
0.4 0,030 0,095 —0(0 ,038 
0,5 0,027 0,099 —0.076 
0.6 0,023 


tions the spectrum and angular distribution may be 
expressed as follows 


AN (e, 9, &) = 4 Gm; (2) [6 (1 —e) + + pm (48 — 3) 
—§cos p(2(1 —e) + + 3y (4e — 3)) 


+ 66 (Mm, /m,)e1(1 —s)] ededQ /4r, (10) 
where py is the parameter introduced by Michel 
and 6) isthe 6 of Kinoshita and Sirlin.? 
Conclusions may be drawn from a comparison 
of (7) and (10) about the effect of electromagnetic 
corrections on the p-e decay. The mean yw -meson 
lifetime (7) is reduced by 0.42%. The constants 
introduced! to characterize the electromagnetic 
corrections are equal to A, =0.13, A, = —0.022 
(for an experimental interval Ae =0). Thus we 
find for the p-parameter p = °,(1—0.0042) 
= 0.747 (defined in reference 1 as p= 37/47) 
where T) is the mean lifetime in the absence of 
electromagnetic corrections). The p introduced 
in this manner depends only weakly on the magni- 
tude of the electromagnetic corrections to the 
spectrum since even if the spectrum should change 
significantly the area under the spectral curve, 
which is equal to the mean lifetime, may remain 
unchanged as it did in the present case. Since 
the spectrum, including electromagnetic correc- 
tions, when divided by «? may be approximated 
by a straight line for ¢€ in the range 0.3< € 
< 0.95, another means of introducing p is made 
possible by relating p to the tangent of the angle 
of inclination of this line: tan a = 6 + 16p/3 (see 
reference 2). This yields p =0.70. For this defi- 
nition of p the comparison with experiment should 
be made only in the middle part of the spectrum, 
whereas with the previous definition the compari- 
son is possible over the entire spectrum (see 
Rosenson?® ). For the angular part we similarly 
approximate the quantity 2e —1 + (a/2m)h(e) 
by a straight line and obtain 6 = 0.74 (in the ab- 
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FIG. 2. Curves 1 and 2 give the asymmetry coefficient 
a(e, €, ©) (introduced in reference 2) without electromagnetic 
corrections for € = —1 and € = —0.76; curves 3 and 4—the 
same but including electromagnetic corrections. The shaded 
area indicates possible deviation from the equality ¢ = 0, i.e. 
from |ga| = |gy| (for €= —0.76; |¢| < 0.65). 


sence of electromagnetic correction 6) = Wy. 

The values of the asymmetry coefficient intro- 
duced by Kinoshita and Sirlin,’? including correc- 
tions resulting from the covariant method of elimi- 
nation of the infrared divergence, are shown in 
Fig. 2. 

In conclusion I am grateful to Professor V. B. 
Berestetskii for guidance in this work and to 
Academician L. D. Landau for an interesting dis- 
cussion. 

Note added in proof (August 31, 1959). The 
question of electromagnetic corrections is also 
etic” in the recent paper by Kinoshita and Sir- 
lin. 


1 Behrends, Finkelstein, and Sirlin, Phys. Rev. 
101, 866 (1956). 

2T. Kinoshita and A. Sirlin, Phys. Rev. 107, 
593, 638 (1957). 

3S. M. Berman, Phys. Rev. 112, 267 (1958). 

i hePe Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958). 

*L. Rosenson, Phys. Rev. 109, 958 (1958). 

°T. Kinoshita and A. Sirlin, Phys. Rev. 113, 
1652 (1959). 


Translated by A. M. Bincer 
214 


SOVIET PHYSICS JETP 


TRANSITION RADIATION IN WAVEGUIDES 


K. A. BARSUKOV 


VOLUME 37(10), NUMBER 4 


APRIL, 1960 


P.N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 25, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1106-1109 (October, 1959) 


We examine the radiation produced in a waveguide when a charged particle passes through the 
boundary between two media. It is shown that at ultrarelativistic charge velocities the radia- 
tion is mainly in the forward direction and its magnitude is proportional to the particle energy. 
Formulas are derived for the radiation energy and for its spectral distribution. 


‘Trverrion radiation'~3 may in the near future 
find extensive application in fast-particle counters 
and in ultrashort-wave generators. The question 
of transition radiation in a waveguide is therefore 
of interest. 

1. Let us consider an arbitrary cylindrical wave- 
guide with perfectly conducting walls, filled with two 
homogeneous dielectrics, the constants of which are 
€,; and €, for z<0 and z >.0 respectively. A 
charged particle moves parallel to the axis of the 
waveguide from the negative z direction towards 
the separation boundary with velocity v. The field 
in the waveguide is described by a vector potential 
A(0, 0, A), the Fourier representation of which 
satisfies the equation 

€,0? An, 


Wales + = Agi ae aD 


c 


Pio ete) 
where j, is the Fourier component of the particle 
current. The field vectors are obtained from the 
relations 


E,=— 2 A,+7{-graddiv Ay, Hy =curl A,, (1.2) 


with A, =0 on the surface of the waveguide. 

The solution of (1.1) is represented in the form 
of a field connected with the partitle, and a free 
field, which is a “flash” of transition radiation, 
occurring during the reshaping of the particle field 
at the instant when it passes from one medium to 
another. The first field has the form 

Se tn OO) 
Ae ee Jv py) 2 (w/e — Be , 


Oy 
a 2 22 + (w/v)? (1 — Bea) ” 


(1.3) 


where %(M) and Ay are the normalized eigen- 
function and eigenvalue of the first boundary prob- 
lem for the transverse section of the waveguide: 
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V7 dn + Mdn = 0 (1.4) 


with %, = 0 onthe surface of the waveguide, and 
M, is the point of intersection of the trajectory of 
the charge with the transverse section. 

The free field is written in the form of a system 
of propagating waves 


Asi = cd >} Anbn (My) on (M) etn, 
n=1 


, 2 = —ly pz 
An = = Y\ Ban (Mo) bn (Me, 


n=1 


(1.5) 
with 


nc V we, Le Pt, = V we, /c? aie 


Im M< 0, Im Yn <0; 


for w>0, and a complex-conjugate expression 
for w<0. The unknown coefficients are found 
from the condition of continuity of the tangential 
components of the vectors at z = 0: 


A 4 eyo /U— 217, e130 /U—e1Y, 

mal tata X2 (o/0)® (1 — Ber) 2 +(c/0)? (1 — Bea) 

B 4 eel, + wee /v eel, + we, /v | 
sara nel A2 + (w/o)? (1—- Bex) 22 + (@/v®) (1— Bea) | 


(1.6) 


Equations (1.2), (1.5), and (1.6) fully determine 
the field in the waveguide. 

2. From the formulas just obtained it is easy 
to calculate the flux of the Poynting vector due to 
the free field. Using the orthogonality of the eigen- 
functions and going over to integration over positive 
frequencies, we obtain 


IAAP, 


pe 


da, 2 (224) 


St = 4c? 312 1d (Mo) Re \ 


n=1 0 
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where the symbol + indicates the direction of wave 
propagation. 

It is known, however, that in the waveguide there 
can exist, at certain frequencies, damped waves 
which, generally speaking, can produce in our case 
a unique “blocked” field at the separation boundary, 
i.e., a field consisting of standing exponentially- 
damped waves, the lifetime of which is determined 
by the time of dissipation of the electromagnetic 
energy in the substance. To clarify the physical 
aspect of this problem, let us compare the work, 
performed by the electromagnetic field on the par- 
ticle with the energy flux of this field through a 
waveguide section located at infinity (we disregard 
the Cerenkov radiation of the charge). For this 
purpose we use the Poynting theorem 
Weo—W m= \ dtl Ejav— = \ at\(ExH), a8, (2.2) 
where the surface integral extends over the wave- 
guide section at infinity, and the volume integral 
over the waveguide segment between them. From 
(1.2) and (1.6) we can calculate the first term in 
(2.2), which represents the work done by the field 
on the particle 
| at lejav = S* 4 S-— EY Kida (M)P 


U 
— 0 n=1 


fue} 


ee \ (©; — €2) [A? + (w?/0?) (1 — B? (e, + €2))] dw 
2 eee [Aj, + (@2/0*) (1 — Brea)]® [AG + (2/02) (1 — B2ea)]? ” 
(2.3) 


It can be readily shown that the sum in (2.3) rep- 
resents the energy flux due to the field connected 
with the particle. Furthermore, (2.2) contains 
terms for the energy flux due to interference be- 
tween the field of the particle proper and the radi- 
ation field. These terms have the form 


QD, (@) exp {i (@/v + T,) z} dw, 


Se— 8 


| D2 (0) exp {i (0/0 — qn) 2} do. (2.4) 


An estimate of these integrals at large z, for ex- 
ample by the well-known stationary-phase method, 
shows that the first of these terms diminishes ex- 
ponentially with increasing |z]|, while the second 
diminishes as z~'/*. This result is physically un- 
derstandable, since in the former case the particle 
field has practically all passed into the second me- 
dium, while in the latter case the radiation and the 
particle move in one direction and interfere in- 
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tensely over a certain distance, until the field over- 
takes the particle. This distance is the character- « 
istic zone of formation of transition radiation. More 
detailed estimates will be given below. | 

The foregoing leads to the conclusion that all 
the particle losses (we do not consider polariza- 
tion losses) go into production of traveling waves. 
There is no localized field in the direct vicinity of 
the separation boundary. It must be recalled, how- 
ever, that in transition radiation in a slab, this 
field, generally speaking, exists and must be taken 
into account. 

3. Let us consider radiation for ultrarelativistic 
incident particles and for the simplest dependence 
of €; on the frequency, of the form ¢€,=1 and 
€ =1-—(w)/w)*, where w) =V47e*N/m is the 
plasma frequency of the medium. 

We estimate first the dimensions of the zone 
of formation of the transition radiation. The par- 
ticle field will interact for the longest time with 
that group of frequencies, the wave packet of which 
moves at a group velocity v. The center of this 
packet is at the frequency 


on = CV (2 + w/c?) /(1 — 82). 


The interaction time AT, is determined by the 
time of dissolution of this packet by dispersion 
in the waveguide; its order of magnitude is 


At, = 1/cV (1 — B2) (2 + w2/c2), 


and therefore the dimensions of the effective zone 
of formation of transition radiation are given by 


lhl /V (1 — 82) (2 + @3/c?). (3.1) 


The same result is obtained when the method of 
stationary phase is applied to (2.4). 

Equation (3.1) determines the dimensions of the 
zone in which the motion of the particle cannot be 
distrubed. For example, we can draw from this 
the qualitative conclusion that to obtain a maximum 
effect in a slab (i.e., in order for the effects on the 
front and rear sides to add up) it is necessary to 
have a slab of thickness 6 > ],. 

In this case we can also calculate the total ra- 
diation energy. Integrating with respect to w in 
(2.1) we obtain 


Se—0k 


St = EE SD) Ite (Mo) ? 


Vi 


1 Mt AES TS) 1 


x t eee ; 
E I (A? -L Re)i2 ke (x, vase) | ’ (3.2) 


where ky = w/c. 
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It is seen from (3.2) that the principal radia- 
tion is along the motion of the particle and is pro- 
portional to its energy. This circumstance was 
pointed out by Garibyan.? 

Going to the limit in (3.2), by increasing the 
transverse dimensions of the waveguide without 
bounds, the sum becomes an integral, evaluation 


of which leads to 
S* = 60, /3¢ V1 — Be, (3.3) 


which coincides with Garibyan’s formula.® 


W(x) 


0 0 20 


Radiation energy density as a function of a dimensionless 
parameter. 1—E,, mode and 2—E,, mode at 5 Mev particle 
energy, 3—E,, and 4—E,, mode at 50 Mev particle energy. 


The diagram shows, on an arbitrary scale, 
curves for the radiation energy density Wy vs. 
the dimensionless parameter x= w/w, fora 
round waveguide, at n=1 and 2 (Eg and Eg 
modes) and wyry/c = 1.85 (rp is the waveguide 
radius ), for incident particles with energies on 
the order of 5 and 50 Mev. A comparison of the 
curves shows that the Ep, mode is vanishingly 
small compared with the Ey; mode (the scale 
of Ep, is magnified ten times in the figure). 

The radiation is essentially concentrated in the 
region of frequencies of order 


eV 02 +)/(1— 8%); 


while the magnitude of the radiated energy at a 
fixed frequency depends relatively little on the 
particle energy. 

The result obtained shows that transition radi- 
ation can apparently be used to measure the energy 
of ultrafast particles. Bearing in mind the possi- 
bility of the use of transition radiation to generate 
millimeter waves, it becomes necessary, if notice- 
able radiation power is to be obtained, to use par- 
ticle bunches whose dimensions are much less than 
the radiated wavelength (see reference 4 and the 
literature therein). 

Assume for example, v = 6 x 10° particles in 
the bunch, a bunch repetition rate 10'/sec (h=10 
ma), w~7.8x10!! sec™!, and Aw/w ~ 0.1. Then 
at particle energies on the order of 5 Mev the power 
radiated in the Ep, mode is on the order of 15 
watts. We also note that to increase the radiation 
efficiency it is advisable to use a series of alter- 
nating dielectric plates. 

In conclusion, the author expresses his grati- 
tude to B. M. Bolotovskii and G. M. Garibyan for 
discussions. 


1V. L. Ginzburg and I. M. Frank, JETP 16, 15 
(1945). 

2G. M. Garibyan, JETP 33, 1403 (1957), Soviet 
Phys. JETP 6, 1079 (1958). 

3G. M. Garibyan, JETP 87, 527 (1959), Soviet 
Phys. JETP 10, 372 (1960). 

4G. A. Askar’yan, JETP 30, 584 (1956), Soviet 
Phys. JETP 8, 613 (1956). 
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The physical principles that determine the stability of magnetic states of a Ferromag vere 
monocrystal, with respect to external magnetic fields and to elastic forces, are considered. 
A formula is derived for the minimum value of magnetic fields and stresses at which the 
equilibrium of a domain wall passing near a nonmagnetic inclusion is destroyed, and at 
which an irreversible change of magnetization occurs. On this basis an explanation is 
given for the phenomenon, familiar experimentally, of strong magnetization of ferromag- 
nets in weak magnetic fields by shocks or blows, and formulas are derived for estimating 
the irreversible changes of magnetization produced by elastic stresses. An explanation is 
given for the observed stability, with respect to elastic forces, of magnetic states corre- 


sponding to the ideal magnetization curve. 


Tue magnetic moment and mean magnetization of 
a ferromagnetic body are, as is known, not single- 
valued functions of the magnetic field intensity H, 
the temperature T, andthe components oj, of 
the stress tensor that represents the effect of ex- 
ternal forces. The magnetic moment can assume 
a value other than the original one when the values 
of, H, T, or oj, undergoing some kind of fluctu- 
ation, return to their original values (magnetic, 
thermomagnetic, and magnetoelastic hysteresis ); 
it can also change with time though the values of 
these quantities remain constant (magnetic after- 
effect ). 

The present work deals with the physical prin- 
ciples that determine the stability of magnetic 
states of a ferromagnetic monocrystal with respect 
to elastic forces. An explanation is given for the 
observed stability of magnetic states correspond- 
ing to the ideal magnetization curve. 


1. EFFECT OF EXTERNAL STRESSES ON THE 
COERCIVE FORCE AND MAGNETIZATION 
OF MONOCRYSTALS 


The coercive force of a ferromagnetic mono- 
crystal, magnetized along an axis of easy magneti- 
zation, depends on a number of factors and is usu- 
ally a sum of several terms, for example 


Ho== Hey (1) 


where the first term is connected with the effect of 
inhomogeneous internal stresses, the second with 


the effect of inclusions on the movement of walls 
between domains. If the magnetic anisotropy con- 
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stant K>>Agoj (where Ag is the saturation mag- 
netostriction and o; the mean magnitude of the 
internal stresses), then the second term plays the 
fundamental role in magnetization processes. 

In works of Néel! and the author? it has been 
shown that 180° walls are attracted by secondary 
domains toward inclusions; when no external mag- 
netic field is present, these walls pass through in- 
clusions? or are located in regions of greatest in- 
clusion concentration. The first of these deduc- 
tions was confirmed experimentally by observa- 
tion of powder figures on the surfaces of mono- 
crystals of silicon iron.‘ In these investigations 
it was also shown that in a magnetic field the walls 
begin to move, and thereupon the secondary do- 
mains that are produced around an inclusion be- 
come extended in a direction at an angle of 45° to 
the plane of the wall, forming a connection between 
the wall and the inclusion (cf. the figure). Hq rep- 
resents the field intensity at which the wall breaks 
away from the secondary domain and an irrevers- 
ible jump of magnetization occurs. 


| 
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The surface and volume energies of domains de- 


Ns pend, as is known, on the components of the strain 


tensor. It follows that external stresses should 
have an effect on the energy of secondary domains 
and thus should affect the value of Hg. The mag- 
netic state of a crystal in a field H will be stable 
with respect to the elastic forces if the change of 
Hq due to these forces is such that the difference 
Hd—H does not become zero. In the contrary 
case, a crystal in a magnetic field, under the in- 
fluence of elastic stresses, will undergo irrevers- 
ible changes of magnetization. 

Calculations of Hg for various cases have al- 
ready been made,!~° but the effect of elastic stres- 
ses on Hg has so far not been considered. Fur- 
thermore, in the calculation of Hg no attention 
has been paid to the elastic energy of secondary 
domains, an energy due to magnetostriction. In 
the present work, in calculating the Hg ofa 
strained crystal, we shall restrict ourselves to 
consideration of the case in which a tensile or 
compressive force acts along the direction of a 
cube edge parallel to the magnetization of the 
primary domains of the crystal, such as domains 
1 and 2 in the figure. Furthermore, following the 
method used by E. M. Lifshitz® in calculating the 
domain structure of an iron crystal, we shall sup- 
pose that the strain tensor is constant within the 
crystal, since the volume occupied by the second- 
ary domains 3, formed around the inclusion, is 
small in comparison with the volume of the pri- 
mary domains magnetized parallel or antiparallel 
to the z axis. In this case the difference of the 
strain tensor components is 

T22-- + (axe ale Tyy) SS eg SS roo + oy 2C>, (2) 
where Ajo) is a magnetostriction constant, C, is 
an elastic modulus of the crystal, and o is the 
value of the external tensile stress; hence the free- 
energy density of the secondary domains is 


F = 3hy00C2 (tz — tax) = = MooCe + = M009: (3) 
The change A® in the thermodynamic potential 

@ = F-HI, referred to unit area of the wall, upon 

displacement of the latter through Ax in a con- 


stant field H, is 


AD = hee alle (J — = AV") 
of ay ar = ashio0 (31992 + 9) v’h Ax, (4) 
Carll 3hy009 / 2(K + 3X00 2)", (4’) 


where y is the surface energy of the wall at 
o=0, d is the mean diameter of the inclusions, 
vy is their volume concentration, K is the aniso- 


tropy constant, and a; and a, are dimensionless 
coefficients of order unity, dependent on the form 
of the inclusions. The mean number of inclusions 
per unit area of the wall is v?/3/d?. Formula (3) 
is valid under the conditions v K 1 and d> 6, 
where 6=1VJ/Kay is the so-called wall thick- 
ness, J is the exchange integral, and ay is the 
lattice parameter; for an iron crystal, 6 ¥ 107° 
cm. 

The first term in square brackets in (4) is the 
change of magnetic energy of the volume in the 
crystal that reverses its magnetization on dis- 
placement of the wall through Ax (the term 
apv’/3/2 is a small correction for the volume of 
the secondary domains ); the second term gives 
the change of surface energy, and the third the 
change of volume energy, of the secondary do- 
mains. The minimum values of field, H = Hg, 
and of externai stress o for which the wall can 
break away from the inclusion correspond to 
A@=0. Hence, discarding the small term ayv/3/ 2: 
we get* 


Ag = ayo"! / 216d + (3agh190 / 41s) (SArg0C2 + 5) Ue. (5) 


For |Aygo|<<|K|, the value of yg is = y, and 
(5) can be rewritten in the following form: 


= fies 3a Argo 
Head leeame nurse rN 
where 
9 ar MooCe 
Hay = % (1 cea nas ee: (7) 


The second term in parentheses in (7) repre- 
sents a correction connected with the magneto- 
strictive energy of the secondary domains. For 
iron crystals, o/s AZ 9Ce = 10° erg/cm?, y=1.8 
erg/cm?. Thus for d~ 1074 em, this correction 
amounts to about 10%, andfor d* 107° itis 
practically negligible. The size of the second 
term in parentheses in expression (6) depends on 
o. For o= 10° cgs units = 10 kg/mm?, we get 
% A197 © 3 X 104 erg/cm?. In this case, for d 
= 107* to 107° cm we get 3A, 990d/2y ¥ 1. It fol- 
lows that Hg can, in accordance with the sign of 
A499 be several times larger or smaller than 
Hgo- On passage through the crystal of an elastic 
wave with amplitude of order 10° cgs units or more, 
Hq will periodically become zero; this will cause 
an increase of magnetization even for insignifi- 
cantly small external fields H. Thus it is evi- 
dently possible to explain the phenomenon, well 
known from experiment, of strong magnetization 
of ferromagnetic bodies in very weak magnetic 


*The first term of formula (5) was obtained by the author 
earlier? by a similar method. 
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fields under the influence of shocks or blows. It 
must be emphasized that, as follows from formula 
(6), the application of external stresses substanti- 
ally affects the stability of 180° walls, despite the 
still prevalent opinion that elastic stresses for 

H +0 can produce only motion of walls between 
domains magnetized at an angle different from 
180° (for example, 90° walls). 

In polycrystalline ferromagnets, besides the 
reasons indicated above for an effect of external 
stresses on coercive force, there are a number 
of others, connected with conditions on grain 
boundaries and with the effect of external stress 
on the orientation of axes of easy magnetization. 
We shall not be concerned with these topics here; 
to some extent they have already been treated in 
the literature.°-® 

If, as is usual, irreversible changes of mag- 
netization occur in some field interval, then the 
increase of the irreversible part of the magneti- 
zation takes the form Aljy = KiyAH, where AH 
is the increase in the effective field. From (6) 
it follows that application of a stress o is equiv- 
alent to change of the field by AHg = Hy — Hg. 
For H =0 and AHg> 0, this leads to an irre- 
versible change of magnetization 


Aliz = xir (Hag — Ha). (8) 


If H* Hg andif Ao <K, then according to 
(2) — 6) 


Alig = %r0'ho | Ts ip godd / y. (9) 


Formula (9) permits approximate estimation of the 
irreversible changes of magnetization that occur 
under the influence of external elastic stresses. 

In the most general case, with an arbitrary 
mechanism for the effect of external stresses on 
irreversible changes of magnetization (we con- 
sidered above only one of the possible mechanisms 
for such an effect), the condition for stability of 
180° walls with respect to a change of stress is 
the vanishing of the field Hj that acts on the wall. 
This field is connected with the external field H 
and with the magnetization by the known relation 


Hee ie (10) 


where ve is the local demagnetizing factor, de- 
pendent on the shape of the body and on its struc- 
ture, in particular on the shape and concentration 
of the inclusions; in the general case vg is a func- 
tion of the coordinates of points within the body. 
Apart from the trivial case in which I=0 at 
H=0 (the demagnetized state), vanishing of the 
effective field Hj occurs in states for which H 
= Vel. Thus the states that have greatest stability 
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with respect to o are those with mean magneti- 
zation 


THT y (11) 


where v is the mean demagnetizing factor of the 
body. 

Experiment shows that in bodies with a suffi- 
ciently large shape demagnetizing factor No, so 
that v © No, the stable states described by Eq. 
(11) can be obtained by means of the magnetic 
treatment that leads to “ideal” magnetization. It 
will be shown below that this result follows from 
modern theoretical ideas. 


2. INITIAL MAGNETIC SUSCEPTIBILITY OF 
THE IDEAL CURVE, AND THE DEMAGNE- 
TIZING FACTOR 


We consider the processes that take place in a 
ferromagnetic monocrystal during ideal magneti- 
zation. Let the values of the coercive forces in 
different regions of the monocrystal be included 
within narrow limits Hemin = He = He max: 
Upon the monocrystal, with an internal demagne- 
tizing factor, let there act a constant field H 
<vlg anda slowly decreasing alternating field 
with amplitude hy, directed along an axis of easy 
magnetization; and let the frequency of the alter- 
nating field be so low that its amplitude and phase 
are approximately the same at all points of the 
monocrystal. 

In the time interval during which the amplitude 
of the alternating field, hy), exceeds Hemax +H 
+vIg, domain walls move back and forth past an 
inclusion, executing oscillations at frequency w. 
In this process the mean magnetization of the 
monocrystal is zero, and the resultant field Hj 
changes, with cyclic magnetization reversal, be- 
tween the limits hy) +H —vIg and —h) +H + lg. 
At the instant when hy becomes less than He max 
+H+vIg, and consequently the absolute value of 
the lower limit of Hj becomes less than He max; 
a part of the walls can no longer move past inclu- 
sions; there comes into existence a constant com- 
ponent I) of magnetization, directed along H, and 
there appears an additional constant component of 
field, equal to —vIy). From this instant on, as long 
as the upper limit remains equal to Is, the mag- 
netization changes from Ig to —Ig + 21) and the 
resultant field Hj accordingly from Hj, to — Hj, 
where 


— Hi, = — hy | Al { vs —21)) < A; < hy 
+ H—y], == Jal ge (12) 


Under these conditions the various regions of the 
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monocrystal can be divided into two groups: 1) re- 
gions in which Hg lies within the limits 


Ae min < He K Ain; (13) 
2) regions in which 
"GM eb s eee (14) 


In regions of the first group, walls move past 
inclusions twice during each period of alternation 
of h, i.e., even when h is directed opposite to 
the constant field H. These regions obviously 
make no contribution to I). In regions of the sec- 
ond group, whose coercive force is larger than the 
lower limit Hj, of the resultant field, walls cannot 
move past inclusions when the alternating field is 
directed opposite to the constant field. The mag- 
netization of these regions remains parallel to the 
constant field, since, under the conditions assumed 
for the upper limit of the resultant field, saturation 
is attained (the upper limit of the magnetization is 
equal to Ig). 

From (12) it is evident that as long as the upper 
limit of the magnetization is equal to Ig, the dif- 
ference between the absolute values of the upper 
and lower limits of the resultant field is 


Hiy— Hin = 2(H — vi). (15) 


It is easy to demonstrate that (15) remains valid 
as long as H> vl, i.e., Hj, > Hig. In fact, while 
the last inequality is satisfied, Hj, according to 
(13) is always larger than the largest of the co- 
ercive forces of regions of the first group; this 
guarantees attainment of saturation at field Hj,, 
i.e., attainment of the upper limit of the magneti- 
zation, equal to Ig. 

With decrease of ho, the number of regions 
falling in the second group increases, the number 
of regions remaining in the first decreases, and 
the constant component I) increases. Since, in 
the case we are considering, H< vlg, there comes 
in the process of increase of I) an instant when 
H — vly vanishes or changes sign, and when the 
upper limit of Hj; becomes equal to the absolute 
value of the lower limit (or becomes less than 
the absolute value of the lower limit). Let this 
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instant come at Hj, = Hep. From this instant on, 
in the process of extinction of /h, each successive 
value of the amplitude of Hj; will be less in abso- 
lute value than the preceding (regardless of the 
sign of Hj). Therefore in only about half of the 
regions with coercive forces He < Hey will the 
magnetization, on transition from the first group 
to the second, remain parallel to the field H. In 
the other half of the regions, which pass from the 
first group to the second when |Hj,| > Hi, the 
magnetization will remain antiparallel to the field. 
Thanks to this, at the instant when Hj, and Hj, 
become less than Hg, the increase of the con- 
stant component I) will cease, and the upper 
limit of the magnetization will become less than 
Ig. 

Thus in the process of decrease of the alter- 
nating field, the value of I) reaches a limiting 
value Ipm, which according to (15) is equal to 


ae are: (16) 


Comparison of (16) and (11) shows that states cor- 
responding to points on the ideal curve actually 
are the most stable with respect to the effects 

of external stresses. 
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Expansions are obtained for the wave functions of a particle with spin s and for those of a 
system of two particles with arbitrary spins s, and s,, in terms of the irreducible repre- 
sentations of the homogeneous Lorentz group; this makes possible a relativistically invari- 


ant classification of the states. 


For the invariant description of the polarization of free par- 


ticles an expansion of the density matrix is found in terms of the irreducible representations 


of the Lorentz group. 


] - The finite-dimensional representations (tensor 
and spinor representations) of the Lorentz group 
are widely used in quantum field theory. Since, 
however, the Lorentz group is not compact, there 
exists for it an entirely different class of represen- 
tations, namely the infinite-dimensional represen- 
tations. The application of the infinite-dimensional 
representations in the theory of elementary par- 
ticles was first achieved in a paper by Ginzburg 
and Tamm.! 

The unitary representations of the Lorentz 
group were discovered almost simultaneously by 
several authors — Gel’fand and Naimark,? Dirac, 
and Harish-Chandra‘ — but did not find any appli- 
cations in physics for a long time thereafter. 

In 1955 Shapiro® proposed and treated the prob- 
lem of the expansion of the wave function of a free 
particle in terms of the irreducible representa- 
tions of the Lorentz group. Such an expansion 
makes possible a relativistically invariant classi- 
fication of the states of the particle in terms of 
the eigenvalues of the invariants of the homogene- 
ous group: the scalar F = 1, MyyMyp and the 
pseudoscalar G='/, EuvpoMyyMpg where Myy 
is the four-dimensional angular-momentum tensor: 


Muy = — i(p,,9/ Op, — p,0/ Op,) + Suv. 
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Suv is the spin part of the four-dimensional angu- 
lar momentum. Dolginoy® also treated this prob- 
lem by another method. 

Later Chou Kuang-Chao and Zastavenko! made 
improvements in Shapiro’s expansion for particles 
with nonzero spin. It must be remarked, however, 
that the method they used involves extremely cum- 
bersome calculations, since they did not use to its 
full extent the theory of the representations of the 
Lorentz group. 


From the mathematical point of view the formu- 
las obtained in references 5 and 7 make up an inte- 
gral transformation, which, following reference 7, 
we shall call the “Shapiro transformation.” In the 
present paper we begin with a simpler derivation 
of the Shapiro transformation for a free particle 
with arbitrary spin s; we then use an analogous 
method to study a system of two interacting par- 
ticles. In the concluding part of the paper an ex- 
pansion in irreducible parts is carried out for the 
density matrix of the free particle and the system 
of two particles; this is of importance for the de- 
scription of polarization in the relativistic case. 


2. Let us consider a free particle with arbitrary 
spin s andmass Kk (kK#0). The amplitude of the 
one-particle state (after second quantization) has 
the form 


B 
©, =\*? > 9, (pyar 


o=—s 


Pp) Do, (1) 


where, as usual, ag(p) is the operator for crea- 
tion of a particle with momentum p and spin com- 
ponent o along the z axis, ) is the vacuum 
amplitude, and ~g(p) are the corresponding Fock 
amplitudes. Here we must be exact about what we 
mean by the spin: for example, for particles with 
spin $ that obey the Dirac equation the spin oper- 
ator is ordinarily taken to be 30.8 But then there 
do not exist states with prescribed momentum p 
and definite spin component in any direction in 
space, unless the direction is that of the momentum 
itself. It will be more convenient for us to go over 
to the spin in the rest system, i.e., to introduce the 
operator Si = = L(p)S$L-'(p), where s? is the spin 
operator in the rest system, which has ‘Ge same 
properties as the spin in the nonrelativistic theory, 
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and L(p) is the pure Lorentz transformation* that 
gives the change from the rest system of the par- 
ticle to the reference system in which it has the j 
momentum p: L(p)py=p, po = (0,0, 0,k). Itis 
obvious that in the rest system the spin of the par- 
ticle can be oriented in an arbitrary direction, and 
there exist states with momentum p and the spin 
component o along the z axis: 

z (px) 


bps (x) = (2m) "v5 (p)e, v6 (p) = L (p) v2 (0), (2) 


where Vo(0) is the eigenfunction of the ordinary 
operator So in the rest system: Sov5(0) 

= 0Vg(0). The field operator ~(x) is expanded 
in terms of the system of functions Ppo(X), 
Yoo): 


(x) =| oh (as (P) Yoo (x) + 05 (P) 49s (x) 
after which we can find the operators of the dy- 
namical variables: the energy and momentum, and 
the angular momentum. Comparing them with the 
usual expressions, we find the commutation rule 
of the operators a,(p): 


*Podoa’d (Pp — Pp’) (3) 


(the left member must be the commutator for an in- 
teger spin s and the anticommutator for half-in- 
tegral s). 

We need to find the law of transformation of 
the Fock amplitudes ¢ g(p). For this purpose we 
apply an arbitrary transformation g of the proper 
Lorentz group to the probability amplitude for find- 
ing the particle at the point x 


[a.(p), ay (p')) =x" 


F (x) = (®y, $ (x) ®1) = (ny) FF Se, (p) 26 (py el”. (4) 


We here take into account the fact that vg(p) 
transforms according to a finite-dimensional rep- 
resentation Tg) (P=s, Q=0; for the notation 
see reference 9): 


T 0x (P) = T gtso (Lp) Vo (0) = ts0 (Lp) Us (9) 
= *40 (Lep) *30(R (8, P)) ¥o(0) = Qi Dos { R(Z: P)} Ye (BP), 
where we have introduced ae ha itlen t Ris, py: 
gL = LepR (Eg, P) (5) 


(this is the so-called Thomas precession, if g 
itself is a pure Lorentz transformation), and 


*Every transformation of the proper Lorentz group can be 
represented in the form g = u,€u,, where u, and u, are spatial 
rotations and € is the change to a reference system moving 
along the z axis. If u, = u;* wecall g a pure Lorentz trans- 


formation. 
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where we use the condition that under rotations 

in the rest system the wave functions vg(0) 
transform according to the irreducible represen- 
tation of weight s of the rotation group (funda- 
mental property of the spin s). From this we find 
how the Fock amplitudes transform:* 


Te?,(p)= 2 DEAR (g, gp) oy (EP). 6) 
It is clear from physical considerations that Eq. (6) 
must be a representation of the Lorentz group; for- 
mally this follows from the group property of the 
rotations R: 


R (81, 87 4p) R (Sa, (G12)? p) = R (S182, (G12) *p). (7) 


It is also obvious that Eq. (6) is a unitary represen- 
tation, because there is conservation of the total 
number of particles 


\—2 19, (P) P 
therefore it can be expanded in terms of the unitary 
irreducible representations of the Lorentz group, 
which are all infinite-dimensional!?»"! and are char- 
acterized by two numbers m, p, which are con- 
nected with the ap ties oF the invariants: F 
== [(1+4(p*— m?*)], G = —Zimp. To find this ex- 
pansion, let us go over from the wave function 
~o(p) to a new function xg(g) of the Lorentz 
transformation g: 


D) Die {R (g, P)} Py (P)s (8) 


o’=—S 


xX, (g) = 


where 


RS & Po: oS (0, 0, 0, x). 


It follows from (6) that xXg(g) transforms by the 
regular representation of the Lorentz group: 


T eXg (EZ) = Xo (ELo) (9) 


(Here Tg, denotes the operator that acts on the 
function Xo(8) when the Lorentz transformation 

gy is applied to the coordinates ), and the expan- 
sion of the regular representation in terms of the 
irreducible representations is known.!° Let us now 
find how X,(g) depends on the left unitary operator. 
Since an arbitrary spatial rotation does not change 
the momentum in the rest system (upp) =pg), it 
follows from (7) that 


R (ug, (ug) *Po) = R (u, Po) R (g, & *Po): 
the rotation R(u, py) is determined from the 
equation ulp, = Lup,R (u, po), and since upg = Po, 
Sil, we Have R(u, po) =u. Using the defini- 
tion (8), we get 


*This formula was given without proof in reference 7. 
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Ss 


>) Doe {R (ug, (Ug) *Po)} Par (P) 


o’=—S 


X_ (Ug) = 


Ss 


= >) Deu) x, (g). 


o’=—S 


(10) 


The properties (9) and (10) are sufficient for the 
expansion of x,(g) in terms of irreducible rep- 
resentations. To accomplish it we use the analog 
of Plancherel’s formula from reference 10. If 
x(g) is the regular representation of the Lorentz 
group, its expansion in terms of irreducible repre- 
sentations has the form 


Kme (21 22) = \* (2-tkz,) a*,, (&) du, (2), 


x(g)=(2ay* yy \ do(m® + 9?) \\du (2) Ke (2; 21) ome (2) 
m=—o 0 
where zg =kz,; here (and often in what follows ) 
g denotes both some transformation of the proper 
Lorentz group and also the corresponding two- 
rowed matrix b of its spinor representation; 
Amp (b ) is a function defined on the group of two- 
rowed matrices b: 


Beek (b) = | bog Pee cra Oates 
bi Oi ft 
for 6 = ie sh deto—ie 


Under transformations of the Lorentz group the 
function Kymp(Z,, Z2) transforms by the irreduc- 
ible (mp) representation with respect to its first 
argument Z,, and its first argument z, remains 
unchanged [the space of the representations con- 
sists of the functions on the group of matrices 


= ¢ ie for further details see references 5, 


Za 

11]. The representations (m, p) and (—m, —p) 
are equivalent, and therefore the expansion of x(g) 
involves only one of them (p> 0). It will be more 
convenient for us to take as the space of the repre- 
sentation the manifold of functions on the unitary 
group u; for this purpose let us introduce the 
matrices uy, Ug by the formula* z, = kyu,, 

Zo = koUg, and the new function 


pith, th) = Wop (01) Sipe (a) Kp (21, 20) 
=r \ x (u- ute) 0%, (2) dy (R). 
It transforms in the following way: 
Tg. Kmo (U1) #) = Ame (Rk) Kime (tr, 4’), 


This indeed means that ane u) transforms by 


Ug, = Ru 2 OD) 


*Here k is a triangular matrix of the type 


Cok Ry 2); detk = = hy1R2o = 13 


u is a unitary matrix: 


S B 2 2 
| ay la [24-[8)2—4. 
>) 100 


Por ON 


Pee | 
the irreducible representation (mp) (with respect — 
to its argument u). The expansion of the regular , 
representation takes the form | 


Krmo (lay t) = = \ x (ure) a, (R) ds (F), 


x (g) = D ( dp 


SOONG 


(du; Rino (U1, U)&mp (R), (12) 


where ug = ku. Let us now substitute in (12) the 
function x,(g) instead of x(g) {cf. Eq. (8)]. 

is well known that every matrix of the type k can 
be represented in the form k= yeg (for further 
details see reference 5), where 


—iy/2 0 Kets 0) at ie 
1=(6 on) © = (5 2) 6 =( t) 


(in the spinor representation y corresponds to 

a rotation through the angle y around the z axis, 
and ¢€ toa Lorentz transformation along the z 
axis). Furthermore duj(k) = 2mdu(y) dy (€) dé, 
where dujz(k), du(y), du(e), dé are invariant 
measures* on the groups of matrices k, y, e, 

¢. Substituting this in Eq. (12), we get 


Kp (ity us 9) = 20” | xo (u-2yebu)a,, (786) dy (1) dy (e) at 
an? DN de (1) DE uP Y) aug (1) | Hor (Su) ang (@) a (8) a 


Since omp (7) = = exp {imy/2}, the ee 
ovér du(y) gives 697, m/2 DP” m/2 (oe ee arone 
which there follows the selection rule: the wave 
function of a particle with spin s has as its com- 
ponents the irreducible representations (m, p) 

in which=ms= —=2s))—2s" +25, 2Ss0— See 
the remaining integral we transform du(e) dé. 


Aa LL 
Oo A 
bers; let us set N=A’ + id”, p=" + ip”, where d’, A”, py’, p” 
are real. A left invariant measure on the subgroup of matrices 
k is an expression 


dp, (k) = (A, p) dd’ dd" du'dp.", 


*Let k = , where 4, are arbitrary complex num- 


that satisfies the condition 


\ £8) diye) = VF hokey (8) 


for any function f(k) that is integrable on the group of matrices 
k, and any fixed matrix k,. Right invariant measure is defined 
analogously. It can be shown’! that dy(k) = dA’dA"dy’du”. For 
the subgroups y, €, € the left and right invariant measures are 
the same. We define them as follows: 

a) > 


oe! 9/2 
du (yy =o for y= (5 
dh 
du (s) = oo for « = (we °): 
de = de'dt” for © = (4%), Coe ice 


Here A is a real number, and ¢ means simultaneously a definite 


type of two-rowed matrix and the complex number appearing in 
such a matrix. 
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To do so we set p= (etu)7! Po; by a change of 
variables it can be shown that role )dg = (A*/2K? ) 

| xdp/py, where X= €y9. Since Amp (€) = =)71p-2. 
we must express A in terms of p andthe Berane 
eters of the rotation u. It is easy to verify that for 
an arbitrary two-rowed matrix b of the spinor 
representation we have: | ky» |* = | ba; |? + | by» |, 

if b =ku. Let us introduce a vector ny of zero 
length with its space part directed along the z 
axis, ny = (0, 0, 1, 1), and calculate the scalar 
product: 


(No, ZPo) = (EPo)s — (EPo)o = * (30 — Loo)s 


Since py = (0, 0, 0, x). The elements of the ma- 
trix g are expressed in a known way in terms of 
the parameters of the corresponding matrix b of 
the spinor representation (see reference 11): 

£30 = = (| By1 |? + | Ore |? — | bei]? — | bee |), 

£00 = (| by ate | Oyo |? + | Box sce | bos |*), 
from which we get 


| bor |? + | Boe |? = 


—x (No, ZPo) = | koe /?. 


In our case A =uLp, k= (ec) 1 from which we 
have Ky» = Therefore A7?-= —k (iy: ulpPo ) 

= ae )= Kz [De — (p-n)]. Here the three- 
dimensional vector n=u7'n) has been introduced. 
We still have to express the auxiliary function 
Xo’?(egu) in terms of the Fock amplitude ¢ (p). 
For this purpose let us determine the rotation u 
from the condition uLp = (€f)7*t. It is well known 
that the representation of an arbitrary matrix b of 
the spinor representation in the form b =ku is 
ambiguous (see references 5 and 11). In the pres- 
ent case, however, arg {(e&)7! },. =0 independ- 
ently of the complex number ¢, and the rotation 

t is determined uniquely. xXg’(efu) is connected 
with gg(p) by the formula (8), in which R(g, g7'po) 
appears, with g=efu. We have: 


Z po=(u) Po=p, gly =etulp=u 
that is, 
R(eCu, (stu) 4p) =u 
and : 
Xe (80) = 2) DEI (H) %0(P) 


As the result we get the following formula: 


A 


Km 


pie t; =< =o DOW, (uy) 
; s —1+/9/2 


s > (at (ee) 


o’=—s 


Dis) 


m/2, 0’ 


(1) gor (P): 


Since u, does not change under Lorentz transfor - 
mations, instead of Kmp (41> u; a) we can intro- 


T gs,s, (P1%15 P2F2) = ys Bey. {R (g, g 
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duce a function of only one argument u, which 
transforms according to the irreducible represen- 
tation (mp): 


Kno (uy, 4; 0) === De 


6,m/2 (u 


s 
eal po on) 
4nx 2 \2 (=n 


a) Cie (ud), 


—1+/p/2 
Dy‘) 


m/2,0 


Cmp (U)= 


(1) Po (Pp). 
(13) 


To find the inverse transformation we use the sec- 
ond of the equations (12) 


to (g) = (2x) D) | do (m*+ 6%) | dusKime (ua, U5 ©) ne (2) 


oe \ dp (m* +0%)| ducme () DIO , (its) a, (B). 


M=—oo 6 
Here we have gone over from integration over du, 
to integration over du (ug@! = ku,); using (8), we 
easily get the final formula: 

dl <I C 2 2 
Pane \ dp (m* +9") 


m=—co ri 


Po (Pp) = 


—1—ip/2 


Bot \ s)* ~ 
x\ du ee ) DS), (a) Cmp (U)- 
Equations (13) and (14) give the Shapiro transfor- 
mation for the wave function of a free particle with 
spin s. Conservation of the norm also follows from 
(13) and (14): 
> 
Po 


o=—S 


(14) 


- ¥ 


m=—oco 


0 (P \ do (mm? +p?) | dut|eme (u) *. (15) 
0 

The rotation U that appears in (13) and (14) is 
defined by 


uLp = ku, argh y.=0. (16) 


(in the spinor representation). It is clear that U 
is a function of u and p. Formulas for the ex- 
plicit expression of 0 in terms of u and p are 
given in the Appendix. 

3. Let us go on to the treatment of a system of 
two particles with spins s,; and s», which can in- 
teract with each other in some way. The Fock ex- 
pansion of the state amplitude contains terms de- 
scribing the motion of an arbitrary number of free 
particles. We consider only the very first of these 
(as to number of particles): 


% 1035p, Xd? p2 
O.= \ 


Ey E 


>) Os .s2 (Pio 19 Po So) 


O15 


2} (Py) a; (P2) ® 


By the same method as in Sec. 2, we find the trans- 
formation law of the two-particle amplitude Yg5 Re 
(sz) 


D1)} Dow, {R (g, F*P2)} 


7 
Ses 


X Psisy (g*p1,2, ; & 1po,%2'). (17) 
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It is clear that (17) is a unitary transformation of 
the Lorentz group. We shall expand it in terms of 
irreducible representations, and thus obtain a rela- 
tivistically invariant classification of the states of 
a system of two particles. 

Let us go over from the momenta pj, Pp, of the 
individual particles to new variables: 


P=Pit Po 9 = (%oP1 — Pe) / (%1 + *2)- 


The vector p is timelike, and in the case of two 
free particles is the energy-momentum of the 
center of mass. As an invariant variable we in- 
troduce x? =p? = (p;+p.)"; Kk is the total mass 
in the center-of-mass system. Since the masses 
K, and Kk» of the particles are fixed, the wave 
function 9s,s.(P1%%, P20) depends on six vari- 
ables: py, Py. Instead of them let us introduce 
the following six independent variables: p =p, 
+Po, K, Vv=Q/|q| (unit vector). Thus 2548» 
is converted into a function of p, kK, »p: 


Ps,ss (P121) P22) = Ps,s,(P, % ¥, 1) 9), (18) 
and 
3p, xd po < : 
\ al a y Osa (P1915 292) (? 
00 z 
= \ a (x) dx \ = \ dQ, >; LO. (p, SY 5 Cars de) 2 
1X: 7 a 


where 

Se Ss ; Bi 

BC) rag, egy ta OO — 04 Ma) OE — (eg eg) 1 
E=Vp?+. 

Now let us use the same approach as in Sec. 2. 

Instead of P48» (P, K, V, 04, 02) we introduce a 


function on the Lorentz group g: 
Liss: (g, x, Y, 1, So) = »; DS, {R (g, & *pic)} 


x Di) {R (8, F *Pac)} Psis. (Ps % Vs 1, 32). (20) 
Here p=g ‘po; py = (0, 0,0, K); Pig and pog 

are the momenta of the first and second particles 

in the center-of-mass system: 

Pic=[Pc, (<P? aka [2x], Poe =[— pov, (x — at ae %2) / 2x], 
Pe = st pe — 0 1%) 7) ? — Gg — %2)*]', 

Pic and Pog are completely determined if x and 


v are given. From (17) we find that x, {S, trans- 


forms by the regular representation: 
Tz, Xsise (g, x, VY, 51, de) = (ZZ; x, VY, Oy, So). (21) 


We can also determine how x, SD depends on a 
left unitary factor in g: 


Vi GS OR OY, 


Xsi82 (ug, Ky Y; Oi, 39) 


(S1) (Se) £ : ‘ 
7 ya Da. (u) Deis (u) Xsis2 (g; x, U ly, G5 g,). 
0. Go, 


(22) * 
The properties (21) and (22) are sufficient for the 
expansion in irreducible representations. The cal-_ 
culations are again based on the Plancherel formula 
(12), and are analogous to those carried out in Sec. 
2, though more cumbersome. We give only the final 
formulas: 

Cnx (Mou) = YY \F Yy(mpu; p, x, M) CE aaa 


u 
Myo 
pteriy) 
049,620, 


Sy (S2) oi 
x [dQY%, (+) Dow, (R (Lg LpPre)} Dawe, (R (Les Eph) 


*K ®;,s, (p, x, Y, Gs a)» 


(s1) (Sz) 
Ds,s, (p, *, V, 91, Go) == > Do,0. {R (Eo L pPrc)} Ds,0, 


nMus 
pn 
6,6, 


X{R(LZ1L pPae)} CiysseC oro’ss,07 ¥ tu (¥) 


, 
$19, ; S25, 


a \ do (m?> +9%)| du; (mou; p, x, M) Cnx(mpu). 
Mu (23) 


Here the index n on Cyx(mpu) denotes a set of 
invariants: n=(l,s, J); l is the orbital angular 
momentum in the center-of-mass system, s is 

the total spin, and J is the total angular momen- 
tum in this same system. Cp go? etc., are Clebsch- 
Gordan coefficients; Dgg’(u), as usual, are the 
matrices of the irreducible representation of weight 
s of the three-dimensional rotation group; and 


finally, 


Ys(mpu; p, x, M)= — a 


tnx Dirh.m(u), 
where U is defined by (16) and E = (p? + «2)!/, 
Besides m and p, k, l, s, and J are also in- 
variants of the Lorentz group. We note that if the 
Fock amplitude P18» describes a system of two 
free particles with definite momenta p, and Po, 
then the center-of-mass system exists and the 
quantities 7, s, and J refer just to it. In the 
general case there does not exist a reference sys- 
tem such that in it the total momentum of the two 
particles is zero, because generally speaking 
s,s. is different from zero in the entire momen- 
tum space. Therefore we cannot indicate a refer- 
ence system in which 1, s, and J have intuitive 
physical meaning, and must simply regard them 
as invariant variables. 

4. Let us now go on to the description of polari- 
zation. We recall that in nonrelativistic quantum 
mechanics the state of polarization of a particle is 
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completely described by the spin density matrix. 
It is convenient to take as the parameters charac- 
terizing the polarization the coefficients in the ex- 
pansion of the density matrix in terms of tensor 
operators that are multipole moments of various 
ranks and transform according to the irreducible 
representations of the three-dimensional rotation 
group.!?>43 We wish to introduce quantities that de- 
scribe the polarization but transform according to 
irreducible representations of the Lorentz group. 
For one free particle it is natural to define the 
multipole-moment operator by the relation 


* xd3 ry eee 
Tan=\"2 WV 20-1 Ces sm da (P) de (0). 
The polarization of a beam of free particles is de- 
termined by the average values of these operators 
for the one-particle state (1): 


Eom = (Pr, Tams) = \*2P VBI FT C8.2m ga (0) #0 (0): 
60’ (24) 


It is obvious that the quantity 
Com (P) = DV 27 FICS, sPs (P) Po" (P) 


is the density of the multipole moment of rank J. 
The transformation law of €3)4 follows from Eq. 


(6): 
J 
Tz,Cm(P)= >) Dit {R(go >1P)} Crm (g>1p). (25) 
M=—J 


From this formula it can be seen that under the 
Lorentz transformation gy) all the multipole mo- 
ments ¢j(p) of a free particle with momentum 
p undergo the same rotation R(g),p). Recalling 
that ~o(p) is the amplitude of the state with mo- 
mentum p and spin projection o along the z 
axis in the rest system, we easily find that the ro- 
tation of the polarization vector relative to the mo- 
mentum p is determined by the rotation 


R (Go) P) = R1(P'/p') R (Bo. P) R (P/p), P’ = BP, 


where R(n)ny) =n. From this it follows that for 
gy =u, R (u, p) =1, i.e., under space rotations 
the spin turns along with the momentum; if, on 
the other hand, gy = lp’, the angle of rotation 
of the polarization vector relative to the momen- 
tum is given by 


(Uptty + 1-+ uu’ cos a) u’ sin a 


tan § = 
(26) 


where (u, u)) = (v(1-v2) 7/7, (1 =v) V2), with 
v the original velocity of the particle; u’, up are 
expressed in an analogous way in terms of v’, the 


’ 
5 7 rage PAE 
Ully (Upy + 1) + 4’ [ Uy (us + u?) + up] cos a + uuyu’’ cos*a 


speed of the new reference system relative to the 
original system; a is the angle between v and v’. 
For a@=7/2, tan 0 = (v’/v)(1 -y?)i/2 (cf. Wigner’s 
article!*). It also follows from Eq. (26) that if the 
original velocity v =1 (i.e., is equal to the veloc- 
ity of light), then 9 =0, and a longitudinal polari- 
zation remains longitudinal after an arbitrary Lo- 
rentz transformation. 

The tensor éj,y = f xo" d’ptym(p) does not 
transform in terms of itself, except in the case in 
which the particle has a definite momentum p; in 
this case 3), also transforms by Eq. (25), as 
was already pointed out in a paper by Shirokov.! 
The representation of the Lorentz group given by 
(25) is, however, reducible; namely, it is the com- 
plex conjugate of the representation (6) with s re- 
placed by J. We cannot, however, apply the expan- 
sion in irreducible representations given by (13) 
and (14), since in the general case i Kpo s d’p 
x Doe | SIM (P) (j does not have to be bounded. 


5 


Furthermore, we shall not assume that the par- 
ticle has a wave function, and shall treat the gen- 
eral case, in which the density matrix is given in 
the |po> representation: p (po; p’o’). The den- 
sity matrix transforms like the product of two wave 
functions @, (po) Qg(p'o’ ), so that by means of 
(13) we can change from the momentum to the (mp) 
representation: 

p (mpu; m’p’u') = Y)\2 <P Y. (mou; ps) 


oo’ Po 
x Yi (m'p'u'; p’s’)p (ps; p’o’). (27) 


The Yg have been defined above. 

The matrix p transforms by the direct prod- 
uct Ym,p, * Ym,p, of two irreducible representa- 
tions of the Lorentz group. It is easy to show that 
Ymnp is equivalent to the representation Y-m,-p: 
For the final expansion of the density matrix we 
need the expansion of the direct product of two uni- 
tary representations Ym4p, * Y-m,-p2 in terms of 
irreducible representations. This problem has 
been solved by Naimark.'® We use his result and 
get 
Cmp (tt) = | du;dusp (1,p1U1; Mp2U2) 

x T (1141; —M2,—2, Ua; mou), (28) 


where T is the kernel of this integral transforma- 
tion: 
T (myp,t41; — M2, — Pe, Up; mou) 

= thrng (Uyu5") niet +) Yn oll a) 
n=—>(m+m—m), ny = = (m—m,— mM), 
na= > (m+ m + me), o=— > (9+ pi— Pa), 


o= > (9 — pi — fa); dp = + (9 + p+ Pa); 
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and Ypg(u) is the following function on the unitary 
group of matrices u: 


Yno(U) = | Ua, |P-+eu"= | ue, [1+ exp {— in arg ua}. (29) 


In Eq. (28) m runs through all the integral values 
for which n, ny, and np, are integers. Thus the 
expansion of the density matrix p in terms of irre- 
ducible unitary representations of the Lorentz group 
is accomplished in two steps: 


0 (ps; p's’) —>p (11914; M2P2le) > Cio (td). 


Each of the steps here is reversible. The trans- 
formation inverse to the first step is obtained from 
(14). We write out only the inverse transformation 
for the second step: 


p (Mipsis; mapa tts) = (2a * >) | dp (m* + 6*)\ duce (u) 


it —co 
x T* (tmypyty; —M2, —P2, Ug; mou). (28a) 


We remark that in the general case the system of 
two particles also does not have a definite wave 
function and is characterized by a density matrix 
P (P19,, P22; Pjo{, Pjo%), which transforms like 
the product of two Fock amplitudes 95,5.(P1%, 
P20) Y§,s,(PiO1, Pi0%). To expand it in irreducible 
parts one must first change the density matrix p 
from the momentum representation |po> into 
the representation |mpu> by means of the trans- 
formation (23), and then apply the expansion (28) — 
(28a). Because of their cumbersomeness we shall 
not present the final formulas, and shall only re- 
mark that the function Cmp(u) finally obtained, 
which transforms by the irreducible representa- 
tion (mp), is characterized by specifying, in ad- 
dition to m and p, the following invariants: 
m4P42484J,; and mgp91y82Jp - 

The writer is deeply grateful to I. S. Shapiro 
for suggesting this subject and for his constant 
interest in the work. 
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The rotation 1 is determined from the condi- 
tion (16) 


uLp = ku, arg Ro» = 0 (A.1) 


and is thus a function of u and p. Let us set 

d= uyu; then uL,u7! = ky. It is clear that uLpu! 

is a pure Lorentz transformation: uLpu“! = Lp’. 

We find the corresponding momentum p’ from 

the equation p’ = Lp’py = uLpu!py = up. There 

remains for us to find the rotation u, such that 
Ly = Ruy; 


arg ky, = 0. (A.2) 


Vis ROriOW 


Substituting here the explicit form of Lp’ in | 
the spinor representation, Lp’ = (pop + kK + (p° c))/ . 
Vv 2k (pj+x«), and making some simple calcula- 
tions, we get 


Uy = Uz (>) Ue (4) U2 (Qi). = — G1 = 2/2 + tan™'(p’ /p’,), 


tan» (1/2) =9/ P F490 2 Pp ee (A.3) 
Since the rotation u, depends on two independent 
variables, it is completely determined when the 
unit vector nj =uj't, My = (0, 0, 1), is pre- 
scribed. It can be shown that 


% (Po+ x) n — [Pot * — (pn)] P 
(Po + %) (p — (pn)) d 


un, = (A.4) — 
where n= Gang: | 
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We have used the phenomenological spin wave theory to evaluate the temperature dependence 
of the magnetic anisotropy free energy in ferromagnets in the low temperature region. It is 
shown that if we use the usual expressions for this free energy, the temperature dependence 
of the anisotropy constant of N-th order may depend substantially on the magnitude of the 
ratio at 0°K of the subsequent constants to the one given. The mixing of anisotropy constants 
of different orders in the equations for their temperature dependence disappears only when 
the anisotropy energy is written in the form of an expansion in homogeneous harmonic poly- 


nomials (in the direction cosines of the magnetization vector relative to the crystal axes). 
It then turns out that in the low temperature region the temperature dependence (1) of the 


anisotropy constants, established theoretically by Zener, 


iB In recent years there have appeared a number 
of theoretical papers!~’ devoted to the evaluation 
of the temperature dependence of the constants of 
magnetic crystallographic anisotropy of ferromag- 
netic single crystals. The interest in this problem 
is enhanced, in particular, by the large part played 
by the magnetic anisotropy in ferromagnetic reso- 
nance phenomena. 

Zener! developed a classical theory of the change 
with temperature of the anisotropy constants; this 
theory was independent of the type of binding be- 
tween the magnetic atoms. He started from the as- 
sumption that one can separate off in the crystal a 
short-range order region of spins around each atom, 
inside which the local anisotropy constants are tem- 
perature independent. Assuming also that the dis- 
tribution of the spin oscillations between such re- 
gions would be a random one, Zener obtained, after 
averaging the local anisotropy energy over all di- 
rections of the short-range order, the following re- 
sult for the macroscopic anisotropy constant of 
N-th order* 


Kw (T)/ Kw (0) = (M(T)/M (O)%O"*. (1) 


Here Kyn(T) and Ky(0) are anisotropy constants 
and M(T) and M(0) the spontaneous magnetiza- 
tion at a temperature T and at the absolute zero, 


*Since the anisotropy energy must be an even function of 
the magnetization M, it is convenient to define as the order 
of the constant not the degree of the invariant of the compo- 
nents of M which multiplies the constant, but one half of this 
degree. This we shall do throughout the whole of the paper. 
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! is only approximately valid. 


respectively. Carr” has shown that one can obtain 
essentially the same result in the molecular-field 
approximation. It follows, in particular from Eq. 
(1), that for cubic crystals (N= 2) we have for 
the first anisotropy constant Ky, ~ M’°. This last 
relation was already obtained in 1936 by Akulov® 
from theoretical considerations similar to Zener’s. 

The papers by Tyablikov and Gusev,° Pal, 
Keffer,° Kasuya,° and Potapkov’ used spin-wave 
theory to discuss the temperature dependence of 
the anisotropy constants. The results of these 
papers also agreed approximately with Eq. (1) for 
the first and second anisotropy constants of uni- 
axial and cubic crystals. Experiments, however, 
did not confirm such a simple and universal tem- 
perature dependence of those constants Ky which 
are usually used for a theoretical analysis. The 
constants K,, for instance, change in a number 
of ferrites appreciably less with temperature than 
would follow from Eq. (1).* On the other hand, 

K, for nickel increases appreciably faster with 
decreasing temperature than according to the 
« M?°_law.” 

In the papers quoted,?~* the authors use as a 
rule, various microscopic models, which are based 
upon a number of often very arbitrary assumptions 
about the interaction mechanism that leads to the 
ferromagnetic anisotropy, and also upon assump- 
tions about the nominal value of the spontaneous 


*It was thought for a long time that the K, ~ M*°® law was 
well satisfied for iron. Recent experimental work,’ however, 
led to a completely different result: K, ~ M* or M’. 
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magnetization at 0°K.* It is thus of interest to 
evaluate the temperature dependence of the mag- 
netic anisotropy constants of ferromagnetics in 
the low-temperature region using the phenomeno- 
logical spin-wave theory,!° which is based solely 
on symmetry considerations and is free from a 
number of restrictions inherent in the microscopic 
models. This calculation will be given in a gen- 
eral form which is independent of the type of 
symmetry of the crystal. 

2. The phenomenological Hamiltonian of a fer- 
romagnet can in the general case be written in the 
form!” 


a =\ a (r)dr, 


W(t) =A Om, Om, K Bratt 
(t) = Ay or, Or; Te Ki rani 


— 5 Mimy \ Sen — My mu. (2) 


[rr] 


Here m(r) =M(r)/M) is the unit vector of the 
local magnetization; i, j, kK=x, y, Z; ny, Ng, Ng 
are integers such that nj+n,+n3 = 2N is an even 
number; repeated indices imply summation. The 
first term in (2) is that part of the exchange en- 
ergy which is connected with the inhomogeneities 
of m(r) and is characterized by the parameters 
Ajj. The second term gives the energy of the mag- 
netic crystallographic anisotropy written in the 
form of an expansion in increasing powers of the 
magnetization components; the set of non-vanishing 
anisotropy constants Knjnyn, of order N = 3 (n+ 
n)+ng) (and also the number of different param - 
eters Ajj) is determined by the crystal symme- 
try.t The third term describes the magnetostatic 
energy caused by the inhomogeneities of the mag- 
netization and the last term, finally, is the energy 
of the ferromagnetic in an external field H. 

We choose a system of coordinates (&, 7, £) 
with a ¢ axis along the classical equilibrium (at 
0°K) magnetization vector m) =a. The compo- 
nents of @ inthe x, y, z system will then be 
equal to ax =sin @ cos 9, @y =sin @ sin gy, and. 
@z=cos 8, where @ and @ are respectively the 
polar and azimuthal angles of the vector a@ with 


*References 3 and 7 are least encumbered by these defi- 
ciencies. 

TIn view of the condition m+ m? + m2~ 1, different invari- 
ants permitted by the symmetry turn out to be linearly depend- 
ent. We shall assume that the expansion given contains al- 
ready only independent invariants. The choice of these invari- 
ants and of the constants Ky is, finally, not unique. One can, 
however, always perform the transformation from one set of 
constants to another one. 
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respect to the x, y, Z axes. Restricting ourselves | 
to the low-temperature case, we shall consider only , 
small oscillations of the vector m about the direc- 
tion of @. These oscillations can be approximately 
expressed in terms of the Bose amplitudes by and 
by using the relations’? 


Mi, = (v/2M,)%(b, + OF), m, = i (v/2M,)% (6, — OF ), 


m, = 1—pbt b,/M,, (3) 


where «= geh/2mce and g is the Landé factor. 
The changeover from (3) to Mx, my, and mz 
is through the transformation formulae 


M, = mz cos 9 cos p— my Sin g + mr sin 4 cos 9, 
my, = mz cos Ising + m, cos» + me sin 9 sing, 
mz = —mzsin9 + mz cos 9. (4) 


Substituting (3) into (4) and after that into the 
Hamiltonian (2), and segregating the quadratic ex- 
pression in the operators by and by, we obtain, 
after the usual transformations that bring this ex- 
pression to diagonal form, the spectrum of the 
energy eigenvalues of the system 


H = Hy + Deux. 
k 


Here 


H,=K usage — M,, (@ H) (5) 


Nyfehs x 


gives us, after minimizing with respect to a@, the 
ground state of the system;* e€, is the energy of 
a spin wave with wave vector k, and Nx the num- 
ber of spin waves with that wave vector. 

We shall restrict our considerations to the tem- 
perature range for which 


*T > 27uMo, UK n/Mo (6) 


(x is Boltzmann’s constant); the energy of the spin 
waves that influence the thermodynamic behavior of 
the system can then approximately be written in the 
form 


Sk = (u/Mo) {2AsjR:R; 4- Mo (a H) + 2eMG sin” 0, 


— "a aL2N (2N + 1) —V?] fw (0)}, (7) 


where 6, is the angle between the vectors k and 
a, Vay is the Laplacian in terms of the variables 
Ax, Ay, Az, and fy(0) denotes the homogeneous 
polynomial of degree 2N 


*That is, the equilibrium orientation of the vector @, deter- 
mined by the simultaneous action of the external field and the 
internal anistropy forces. 
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Fy(Q)= DK tourer 
(ny-+n2--n,=2N) Sat ee 


(8) 
The first term in (5), which is just the anisotropy 
energy at 0°K, can be rewritten in terms of fy(0) 
in the form 


Pa(0)= Xfw(0). (9) 


The spin wave energy consists according to (7) 
of the following successive four parts: the exchange 
energy, the energy in the external magnetic field, 
the magnetostatic energy, and, finally, the energy 
connected with the internal magnetic-anisotropy 
forces. Condition (6) means in fact that our results 
will only be valid in that temperature range where 
the first (exchange) term in (7) is large compared 
to the third and fourth terms. We shall exclude 
these latter from our consideration of the region 
of very low temperatures, near absolute zero 
Clon. Ol: to, 1° K), 

Knowing the energy spectrum of the system (7) 
we can evaluate its thermodynamic potential 


—t4/*T 


S07. Bal nie )i 
k 


Separating in © the part that depends on the di- 
rection of @ relative to the crystallographic axes, 
and taking Eq. (6) into account, we get, for suffi- 
ciently large external fields H so that there is 
saturation (a@°H ~H), the free energy of aniso- 
tropy at temperature T: 


A 


Rar Vee >! ae — [2 (2N + 1)—V2]} fw (0). 

i (10) 
In this formula we have expressed that part of the 
anisotropy free energy which depends on the tem- 
perature through the temperature variation of the 
magnetization AM(T) = M) — M(T), taking into 
account that 


£4 /KT 


M(T) = —0Q/0H = M, — ud (e 1), 


3. Expression (10) for the free energy of mag- 
netic anisotropy can be simplified considerably if 
the homogeneous polynomials fy, in which Fa 
is expanded, satisfy the Laplace equation 


Vi tw Te 0, 
i.e., are harmonic polynomials. In that case we 
have instead of (10) 
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Fa(?) = Liw(T), (9) 

where 
fu (T) = fw (0) 1 —(QM/M,) N (2N + 1)}. (11) 


The temperature dependence of any anisotropy con- 
stant which is one of the expansion coefficients of 
the free energy of anisotropy in terms of invari- 
ants written in the form of homogeneous harmonic 
polynomials (“harmonic invariants” ) satisfies 
thus, according to (9), (9’), and (11), a general law 
which is independent of the type of the crystal sym- 
metry and which is determined solely by the degree 
2N of the corresponding polynomial fy. Indeed, if 


iv = >| KW Wy, n(x, Xy, %2), 
n 


where Wyn (@x, @y, @z) are independent har- 
monic invariants* of degree 2N, then 

KW? (T) = K# (0) [1—N(2N +1) 4M/M,], (12) 
or 


(Km (0) — Ki?) (T))/K%? (0) = Py (M (0) — M (T))/M (0), 
(13) 


where M(0) = My) and 


‘Py = N (2N + 1). (14) 


This relation is approximately the same as Eq. (1) 
at low temperatures (i.e., for AM <« Mj), but with 
one reservation, namely that it must be applied to 
the constants in front of harmonic invariants. 
Relation (13) remains formally the same in the 
case of the customary “non-harmonic” form of 
writing the anisotropy free energy. The coefficient 
Py in it will, however, be essentially different: it 
will depend not only on the order N of the corre- 
sponding constant Ky, but also on the magnitude 
of the ratio at 0°K of the next constants to the one 
given. The coefficient Py in Eq. (13) will, for 
instance, take on the following form for the case 
of the first constants in hexagonal (N=1) and in 
cubic (N=2) crystals, respectively, if one uses 
the standard form for the anisotropy energy! 


6K2 (0) +--: 
kK, (0) ; 


Ks (0) + 8Ka (0) ++ 
Ke (0) 5 
(15) 


jee 


PL =10 


while if we use the harmonic expression for Fa 
we would have according to (14) P,=3 and 
P, ells 


*The index n is introduced for the case where the number 
of independent invariants of degree 2N is larger than 1. 
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It is well known that even at room temperature 
the first and second anisotropy constants in ferro- 
magnets are often of the same order of magnitude 
(see Bozorth’s book!”), and with decreasing tem- 
perature the second constant usually increases 
faster than the first one.* There are also indica- 
tions in the literature that constants of higher order 
are also by no means small compared with the first 
constants.!4 This fact enables us to explain in prin- 
ciple why, for instance, for cubic crystals the fol- 
lowing rule which follows from Eq. (1) 


AK3(T) / Ky (0) = 10AM (T)/M (0) (16) 


is not satisfied experimentally even in the low tem- 
perature region. It is clear from the second equa- 
tion in (15) that in the case where Fa _ is written 
in the conventional way the numerical coefficient 
on the right hand side of (16) may be either less 

or more than 10, depending on the relative signs 
and on the ratio of the magnitudes at 0°K of the 
later constants and of the first constant.t The 

rule expressed by (16) needs only be satisfied when 
the anisotropy energy is analyzed using its har- 
monic representation. 

4. We shall, in conclusion, give the general 
expansion of Fa in terms of harmonic invariants 
for cubic and uniaxial crystals. 

For crystals of cubic symmetry we have (up 
to terms of the eighth power in the aj) 


PF, =K, [0% + «f+ 04 — 1/3 (020? 


2a? + aa? + a2a2) | 


Klee a8 | eee (ata? + arat } oS? 


L 


ieee aol 
+ a2a% + 


hae + a0) + BOa2a202] 


Sainz 


+ K, [a8 + a8 + a 


—14 (agar 208 + oa + co a8 a2 au? a8) 


=-35 (asad + ood + ators) |. (17) 


For uniaxial crystals we have (up to terms of 
the fourth power and not taking the anisotropy in 
the basal plane into account ) 


PF, =K, (2 + a2 — 2a2) 


(18) 


It is necessary to add to this last expression for 
the case of tetragonal crystals a term of the form 


*An indication that subsequent anistropy constants might 
influence the temperature dependence of earlier ones was al- 
ready given in Zener’s paper’ and also in references 2 and 13. 

TIt has already been shown that both these cases (P< 10 
and P, > 10) occur experimentally. 
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MITSEK 
(19) 


Ky lax + ay — 6axag], 
which describes the anisotropy in the basal plane. 
The harmonic invariants of the fourth and sixth 
degree when the anisotropy in the basal plane is 
taken into account are, for instance, given for 
rhombohedral and hexagonal crystals by Landau 
and Lifshitz.'® 

The temperature dependence of the constants 
Ky entering into Eqs. (17) — (19) is described by 
the general Eq. (13). Since there is no mixing of 
constants of different order in this formula, we 
may expect the treatment of the experimental tem- 
perature dependence of the magnetic-anisotropy 
energy and of its theoretical analysis to be facili- 
tated by precisely this formulation of Fa. 

Accurate experimental studies of the tempera- 
ture dependence of the anisotropy constants ac- 
companied by a simultaneous measurement of the 
magnetization in order to verify the theoretical 
Eq. (13) would at this moment be of great impor- 
tance, since they would enable us to verify the 
basic ideas and methods of contemporary ferro- 
magnetic theory. 

The authors express their deep gratitude to 
S. V. Vonsovskii for discussing the present paper 
and for valuable advice. 
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GAMMA RAYS FROM A Po-O” NEUTRON 
SOURCE 


E. M. TSENTER, A. G. KHABAKHPASHEV, and 
I. A. PIRKIN 


Submitted to JETP editor May 26, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1133-1134 
(October, 1959) 


In a previous paper’ it has been shown that in a 
Po-O neutron source the (a,n) reaction operates 
on the isotope O!*. The neutrons yielded by the 
reaction O!8(q@,n) Ne?! are accompanied by 0.35 
Mev y rays with a relative intensity of 30 + 10%. 

A neutron source of 120,000 n/sec intensity was 
used in the present measurements. The source 
was a solution of Po?!® nitrate in water enriched 
with O'8 to 24%. A single-crystal scintillation 
spectrometer and n-y and y-y coincidence cir- 
cuits were used to investigate the gamma spectra. 
A 40 x 40 mm crystal of NaI(Tl) was used in the 
spectrometer. The resolution of the Csi8! y line 
was 12%. 

Figure 1 shows the y spectrum of Po-o!8, 
taken up to 1.6 Mev. The 0.35-Mev y line corre- 
sponds? to the first excited level of Ne?!. The 
1.38-Mev y line corresponds to the transition 
from the second excited level to the first excited 
level. The 0.803-Mev y line accompanies the 
decay of Po?!?, 


g 
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The Po-o'8 spectrum contains a certain num- 
ber of pulses with energies up to 2.8 Mev. Some 
of these are evidently due to neutrons registered 
by the NaI(T1) crystal. Others are possibly due 
to hard y rays which could not be detected in the 
course of these measurements because of low in- 
tensity. 

The intensities of the 0.35-Mev and 1.38-Mev 
y lines were determined from the areas under the 
full energy peaks (photopeaks). The crystal count- 
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ing efficiency and the ratio of the area under a 
photopeak to that under the entire spectral curve 
were taken from other references.°’4 

The intensity of the 0.35-Mev line, relative to 
the neutron yield, was found to be 45 + 5%. To 
determine this particular intensity, the gamma 
spectrum was measured separately, at a high am- 
plification factor. The intensity of the 1.38-Mev 
line was 10 + 2%. Upper limits for the relative 
intensities of the 1.73-Mev y line (direct transi- 
tion from the second level of Ne?! to the ground 
level) and of the 2.84-Mev line (direct transition 
from the third level) were determined from the 
complete gamma spectrum of the Po-0'* source. 
The upper limit was 1% for the 1.73 Mev line and 
2% for the 2.84 Mev line. 

To verify the results obtained with the single- 
crystal spectrometer, the Po-O!8 y spectrum was 
measured with the use of neutron coincidences. A 
tolane crystal with 20 mm of lead shielding was 
used to count the neutrons. The coincidence cir- 
cuit had a resolving time of 6 x 10~ seconds. 
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Figure 2 shows the y-ray spectrum taken with 
neutron coincidence. The 0.35- and 1.38-Mev 
lines are also seen here. The sharp Compton- 
scattering cutoff of the 0.35-Mev line is associated 
with the sensitivity threshold of the coincidence 
circuit. The presence of the 1.38 —0.35 Mev cas- 
cade transition was also confirmed by y-y coin- 
cidence measurements. 

Thus, it is possible to establish from these 
0'8(a@,n) Ne”! y-ray measurements that the decay 
of the intermediate nucleus Ne”* proceeds 55% to 
the ground level of Ne?!, 35% to the first excited 
level, and 10% to the second excited level. The 
Ne?! nucleus undergoes transition from the second 
excited level at 1.73 Mev to the ground state by y 
cascade, releasing 1.38-Mev and 0.35-Mev y rays. 
The probability of direct transition is at least ten- 
fold smaller. 


1 Serdyukova, Khabakhpashev, and Tsenter, Izv. 
Akad. Nauk SSR, Ser. Fiz. 21, 1017 (1957), Colum- 
bia Tech. Transl. p. 1018. 

ane Ajzenberg and T. Lauritsen, Revs. Modern 
Phys. 27, 77 (1955). 
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ON THE ROTATIONAL LEVELS OF Li’ 
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(October, 1959) 


aes conjecture that structural subgroups consist- 
ing of two, three, and four nucleons can be formed 
within light nuclei has been made by many au- 
thors.!~* In references 5 and 6, the disintegration 
of Li’ into an a particle and a triton as a result 
of Coulomb excitation and of scattering of a heavy 
nucleus has been treated in terms of the a-triton 
model. One can easily see that such a model will 
lead to rotational levels in Li’. The axis of sym- 
metry will be given by the line connecting the cen- 
ters of mass of the a@ particle and of the triton 
while the axis of rotation will be perpendicular to 
the symmetry axis and will go through the center 
of mass of the system. 

Recently Blair and Henley’ have shown that sev- 
eral levels of Be can be interpreted as rotational 
states if this nucleus is visualized as consisting of 
two separate q@ particles oscillating along an axis 
connecting their centers of gravity. In the present 
paper it will be shown that one can also interpret 
some levels of Li’ as having rotational character 
if one assumes the a-triton model. 

As is well known, the ground-state spin of Li! 
differs from zero (J) =*4). Taking further into 
account that the present model has just an axis of 
symmetry (not a center of symmetry) one de- 
duces that the rotational spectrum will have angu- 
lar momenta J=Jo, Jo +1, Jy +2,.... while the 
parities will coincide with the ground-state parity 
(%,-). The energies of the levels are given by the 
expression 


Ey = (h/21))J (J + 1)—Jo (Jo + IDI, 


where p is the reduced mass of the (a+t) sys- 


T=pr?, (1) 


tem, and r is the distance between a@ and t. It 
follows from (1) that the ratios of the excitation 
energies of the rotational levels are 


Es, S Bz, c E»),. a ee 2.40: AO 


Amongst the levels of Li’ there exists® one 7.46- 
Mev level with spin a Taking this to be the first 
rotational level, we see that the 17.5-Mev level can 
be assumed to be the next rotational level with spin 
¥,” since the experimental ratio 2.35 of the ener- 
gies is close enough to the theoretical ratio 2.40. 

To verify our treatment we must obtain the 
right value for the energy of the first level, viz. 
7.46 Mev. To that end we utilize the rms value 
2.71 x 107'3 em obtained by Hofstadter’ for the 
charge radius of the Li’ nucleus. Assuming that the 
mean distance between the a particle and the triton 
equals roughly the charge radius, we obtain from (1) 
a value 8.22 Mev, which is close enough to the ex- 
perimental value of 7.46 Mev. If we require that 
the energy of the first level coincide exactly with 
the experimental value, we obtain for the rms dis- 
tance a value 2.85 x 10743 cm. This value is some- 
what larger than the charge radius. However, as 
is known the nuclear radius always turns out larger 
than the charge radius. 

The value obtained for r*“ allows also the eval- 
uation of the quadrupole moment of the Li’ nucleus. 
Taking it into account that the quadrupole moments 
of He* and He?® vanish, we obtain, in a coordinate 
system in which the origin coincides with the center 
of mass of the (@+t) system and where the z axis 
is oriented along the axis of symmetry of the nu- 
cleus, the following expression for the quadrupole 
moment operator; 


Q = (68/49) V4n/5 r°Y op (9). (2) 


2 


In our coordinate system the wave function of ye 
(a+t) system will have the form 


$=[3(r—Ro)l”, Ro= (V7, 0, 0). (3) 


Using this expression, we obtain for the intrinsic 
quadrupole moment of Li’ 


Qy = 6872/49 = 11-107 cm?. 


This value is several times larger than the experi- 
mental value, 2 x 10728 cm”. However we have to 
consider the obtained value to be more or less ac- 
ceptable when we recall that even the unified model 
which describes the nuclear states rather satisfac- 
torily leads to too large a value for the quadrupole 
moment. Also, the hydrodynamic model (assuming 
that Li’ is deformed in the sense of the unified 
model and utilizing the energy of the first rota- 
tional level) yields a value for the quadrupole mo- 
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ment which is an order of magnitude larger than 
the experimental value. As has been shown earlier® 
the present model of Li’ leads to a good agreement 
also for the magnetic moment (HUtheoret = 3-96: 
Mexp = 3.25). 

We finally point out that the value for the dis- 
tance between the a particle and the triton (2.8 
x 10713 em) is larger than the particle size, ~1.5 
x 107!3 em. This indicates that the employed model 
is not self-contradictory. 

In conclusion we express our gratitude to I. Sh. 
Vashakidze and G. A. Chilashvili for discussions. 
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dhs aim of the present note is to establish a con- 
nection between the two ways of determining the 
nuclear moments of inertia which have been pro- 
posed by Inglis! and Bohr and Mottelson? on the 
one hand and by Villars® and Hayakawa and Maru- 
mori‘ on the other hand. To begin with we have to 
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consider the formulation of the second of these ap- 
proaches. Further, we are not interested in the 
original abstract formulation but in the one to which 
we must turn when actually performing a computa- 
tion. 

Let @ be the collective angular variable, given 
by the angle of rotation of the main axes of the nu- 
cleus in a plane perpendicular to the axis of rota- 
WON, LYASE 


9 ='atan*[D) mary [mx — y9)] . (1) 


The summation in (1) is over all nucleons; the 
indices showing the nucleon number have been 
omitted; m is the nucleon mass. 

We note the important commutation relation: 
i{Mz, ¢]=h where Mz is the projection of the 
angular momentum operator of the nucleus on the 
Z axis. 

Let Hy be a model Hamiltonian of the nucleus 
oriented in a given manner in the XY plane. The 
kinetic energy operator of such a Hamiltonian com- 
mutes with Mz while the potential energy opera- 
tor does not. We now define the quantities Nz 
and I) by means of the relations 


—h*[[Ho, 9], p] = 1/Dp. (2) 


The quantity Lz =M7z+ Nz is the projection of 
the angular momentum on the Z axis in a coordi- 
nate system fixed with respect to the nuclear axes. 
It commutes both with g and Mz, while i[Nz, 9] 
= —h. The quantity I) is the so-called hydrody- 
namic moment of inertia. It is a continuous func- 
tion of the coordinates and commutes with g as 
well as with Mz and Nz. As a simplification 
we shall take I) tobe a c-number, but as one 
can easily convince oneself the final result does 
not depend on this assumption. 

According to the references 3 and 4 the nuclear 
moment of inertia is roughly given by 


l=TIp -- 2 >») |<®,. LzWo> |?/(En — Ep). 


n+0 


ih* (Ho, 9] = —Nz/Io, 


(3) 


Here py and Ep are the eigenfunctions and eigen- 
values of the Hamiltonian Hy respectively. 
On the other hand, according to references 1 
and 2 the moment of inertia is given by 
I = 2D |K@n, Mz®,) [?/(En — Ey). 


n+#0 


(4) 


We now compare these two expressions. First we 
note that in deriving (3) it is implicitly assumed 
that in a deformed nucleus the orientation of the 
main axes cannot deviate appreciably from the ori- 
entation of the self-consistent field. This implies 
in particular that the first of the relations (2) can 
be replaced by 
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ih (En — Eo) Dn, PDo> = — Ip <n, N2D>. (5) 


From (5) and from the commutation relations one 
can easily derive the expressions 


9 Me <Do, M,®,,> ,, N7z®,> 


|<®,, NZ®,> [? 
Ep. Diep =p 


SS Tos 
n+0 


n#0 n 0 (6) 
Exchanging LZ by Mz +Nz,_ in (8) and applying 
(6) we immediately obtain (4). 

Thus the expressions (3) and (4) are equivalent. 


*Here and in the following we speak about a rotation of 
the nucleus around a fixed axis. Consideration of the rotation 
around a free axis will only introduce complications in the 
intermediate expressions and will not lead to any essential 
changes in the final results. 
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Owe to the anomalous magnetic moment, the 
spin of an electron moving in a uniform magnetic 
field does not preserve its orientation along or op- 
posite to the direction of motion, but precesses 
about the direction of the momentum. The quasi- 
classical interpretation of this effect was givén by 
Mendlowitz and Case,! who obtained the equations 
of motion for the spin operator in the Heisenberg 
representation, from where they derived the pre- 
cession. The corresponding experimental inves- 
tigations have also been carried out.” 

It seems useful to give a consistent quantum 
mechanical description of this effect which is valid 


for electrons with arbitrary energy. We start from 


== Iho 
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the Dirac equation with radiative corrections taking 
into account the effects of the photon vacuum (see, 
for example, reference 3), which, in first approxi- 
mation, has the form 


(i + eA —m) (x) 


a — ie* nt” So (x, x") yD? (x — x) d(x’) d4x’, (1) 


where D° is the causal photon function, and S° 

is the causal Green’s function of the electron, ex- 
pressed in terms of the exact solutions of the Dirac 
equation for an electron moving in a magnetic field. 
The time integration transforms (1) into 


(E—#) o(r) =\ Kr, ordre’, (2) 


where % is the Hamiltonian of the Dirac equation. 
Each energy level is doubly degenerate with 
respect to the quantum number s =+1 character- 
izing the projection of the spin on the direction of 
the momentum. The right hand side of (2) is a con- 
stant perturbation and causes periodic transitions 
between these states. Writing % as a superposi- 
tion of %, and 4%_4, multiplying (2) by ~§ and in- 
tegrating over r, we obtain a system of equations 
which determines the two energy values and the 
coefficients of the expansion. We introduce a time 
dependent wave function which satisfies the initial 
condition (0) = %,, and find the following ex- 
pression for the average value of the projection 
of the spin on the direction of the momentum: 


7 k 9 
(e>=\"" (t) = W (t) dr=cos* ot 
AS (Wi, We) —4 sinter, (3) 


where 


A ="/e[(Wia— Wri, -a)? + 4Wi, Wil, 6 = A/h, 


We \o (r) K (r, r’) bs (r’) dr dr’. 


Expression (3) has no divergencies connected 
with the mass of the field. Only for the calculation 
of the energy of the interaction with the vacuum it 
becomes necessary to introduce the corresponding 
compensating term in (1). If the electron moves in 
the direction of the field, we find Ws,-s =0 and 
<ok/k> =1, i.e., the spin of the electron pre- 
serves its initial orientation. In the other limiting 
case — motion in the plane perpendicular to the 
direction of the field — we have W,;=W-4,4 and 
(3) takes the form 


(ok/k) =cos28t, S={|W,,\/f. (4) 


Also <oz> =0. These relations can be inter- 
preted as the precession of the spin in the plane 
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of the orbit. However, in view of the fact that only 
the projections of the spin on the direction of the 
momentum are integrals of the motion (+1), it 
would be more consistent to avoid the term “pre- 
cession” and to speak of the transition time be- 
tween these states or of the transition probability 
per unit time. 

With regard to the calculation of W,,-4, the 
following should be noted. It is impossible to ex- 
pand the Green’s function in powers of the poten- 
tial, since the potential of the uniform field is not 
a perturbation. Indeed, the vector potential de- 
pends on a coordinate which can become very large 
in the relativistic case (for example, in the rela- 
tivistic case, <e?A2> ~ e? x H? <r*> ~ EB): 
Similarly, with any other method of expansion, 
one must guard against the appearance in the 
neglected terms of expressions which depend on 
coordinates which after integration could lead to 
large values. In our case the expansion in terms 
of H/Hy) (Hy) = m’c?/eh ~ 10! oe) was introduced 
in the last phase of the calculations, after the in- 
tegration over space and the summation over the 
virtual states. As a result we obtained in first 
approximation in H/H) the following value for 
W,,-1, which is valid both in the relativistic and 
nonrelativistic regions: 


Wy, = — (@/2r) vw. (5) 


This result could have been derived from the oper- 
ator (a/27)(oH)u, but the use of this operator in 
the relativistic region would, according to the con- 
siderations above, require a special justification. 

The time for the spin-flip caused by the inter- 
action of the electron with the photon vacuum is, 
therefore, equal to 1/26 = 27’mc/aeH. The ratio 
of this over the period of rotation of the electron 
is equal to (7/a@)mec?/E ~ 450 mc2/E. The last 
quantity decreases as the energy becomes larger, 
and reaches the value 1 at energies of ~ 200 Mev. 

The authors thank Prof. A. A. Sokolov for a 
discussion of this work. 
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Many experiments with elementary particles, 
aimed at proving or disproving the conservation of 
spatial parity or proving the existence of spin in a 
particle, reduce to the observation of a definite 
asymmetry in the distribution of the particles, 
produced in a certain reaction. It becomes useful 
to estimate the probability of the error committed 
when conclusions concerning the presence or ab- 
sence of asymmetry are drawn from such an ex- 
periment. 

In the observation of asymmetry, all particles 
are separated (during the course of the experiment 
or during the data reduction) into two groups, such 
that in the absence of asymmetry of the observed 
process a particle can belong to either group with 
equal probability. Usually the probability of regis- 
tration of each particle in one of the groups is in- 
dependent of the number of particles already accu- 
mulated in these groups. Therefore, if the data are 
corrected for possible systematic errors, the num- 
ber of particles in the two groups, n, and n_, have 
Poisson distributions with mean values $n(1+4F \e 
where n=n,+n_, and F is a constant that char- 
acterizes the force of the interaction that leads to 
violation of the symmetry. 

It can be shown that for n, >n_ > 1 the rela- 
tion 


t=(n,—n_—1)/Vn (1) 


has a Student’s t-distribution with f degrees of 
freedom, where 


tO at (Sieg 


When n> 1 the value of t tends to Fvn . 
When F=0, relation (1) satisfies, with proba- 
bility 1-— a, the inequality 


t< tap (f), (3) 


where tp(f) is the number that has the probabil- 
ity P of satisfying the inequality t < tp. If the 
value obtained for t does not satisfy inequality 


LETTERS TO THE EDITOR 


2% 


sal Sire 
tie tee 
pee ailat 
e+ tt 


811 


THT 
aan 


04 Ob 0607 Basi 


mE 


© y-a4/2 HHT 


(3), the deviation of F from 0 is conceded to be 
significant and the hypothesis that the asymmetry 
is random is rejected. 

The question arises, however, of the choice of 
the level of significance of a, equal to the proba- 
bility of first-order error, when the random devi- 
ation of t from zero is assumed to be the devia- 


- tion due to the fact that F #0. To solve this prob- 


lem it is necessary to take into account the proba- 
bility of an error B of the second kind, when 

F #0 but the small value of t is accepted as 

an indication that F=0. The value of B is given 
in special tables.! When f > 1 


p—1—® | wen +>(1— See |] 


2 
1+ UZ 


—0[ tan 2 (1— St) |, (4) 


where 


K=FVn, D (x) = 


‘bana Pe ge 
Vin J ex{ x \ du. 
We now choose a such that the sum of proba- 
bilities of errors of both kinds, @+f, is a mini- 
mum. It can be readily verified that, for the ap- 


proximation (4), 


812 
4+u?,.\ 1] 
(@+ Bain =1— [wen +2(1— 4f ai 
fe Aer He 
— | tay —2 (1 — Se) | + 20 (war (5) 
where 


ap = Ut ge lw —u + d(1 + 4) (Ie), 


u=— = cosh! ef", (6) 


The last term in (5) equals the optimum value of 
Q. 

The upper half of the diagram shows the depend- 
ence of @ andof (@+£)min on A=FVn and f, 
while the lower half shows the corresponding values 
of ti-a/,=—tap- With the aid of these curves we 
‘can determine the minimal value of the probability 
of first and second kind errors, provided n, and 
n_ are known. This probability is found to be a 
function of that value of F, which the experimenter 
undertakes to distinguish from the value F=0. To 
the contrary, if a certain value of F is specified 
along with an upper limit of probable error, it is 
possible to find the number of observations n 
= (A/F)* necessary to establish a deviation of 
F from 0. 

Example: At n=100 the value F=0.1 is con- 
sidered to be present when t >1.098 and absent 
when t < 1.098, and the probability of error is 
82%; at n= 6400, avalue F=0.1 is rejected 


ENERGY LOST TO RADIATION IN A GAS- 
DISCHARGE PLASMA 


V. D. KIRILLOV 
Submitted to JETP editor June 22, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 1142-1144 
(October, 1959) 


I N all known experiments on the heating of a hy- 
drogen plasma by Joule heat, only a small fraction 
of this heat serves to raise the plasma tempera- 
ture.! It can be assumed that the energy is either 
carried away by the heated particles or is radiated. 
The present investigation was undertaken to clarify 
this probiem. 

The measurements were made with a cylindrical 
porcelain gas-discharge chamber (length L = 70 
em, diameter 22 cm) terminated on each end by 
copper electrodes 4cm in diameter. The apparatus 
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when t < 4.087 and the probability of error is 
0.018%. Another example: in order to clarify 
whether an asymmetrical interaction with inten- 
sity F = 0.01 exists, and in order to insure that 
the probability of the erroneous decision is less 
than 1%, it is necessary to carry out n 
= (5.30/0.01)? = 280,000 observations. Third 
example: an experiment yielded n, = 5080 and 
n_ = 4920; we then obtain t=1.59 and f = 9998 
>> 1, from which we conclude that the values F 
> 0.026 are rejected, and the probability of error 
in stating the presence of F =0.02 is 45%, that 
for the presence of F = 0.002 is 99.0%, and for 
the absence of F=0.05 is 1.5%. If, on the other 
hand, n, =5200 and n_ = 4800, then t = 3.99 
and f = 9998; the values F > 0.078 are rejected, 
and the probable error in assuming that F = 0.07 
is present, is 0.08%, while that of confirming the 
presence of F=0.01 is 80%. 

The author is grateful to R. M. Ryndin who 
called his attention to the usefulness of solving 
this problem. 


eae Resnikov and G. J. Lieberman, Tables 
of the Non-central t-distribution, Stanford, 1957. 
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was evacuated to 10°> mm mercury. The experi- 
ments were carried out at discharge currents of 
amplitude Jmax = 13 to 45 kiloamp and half- 
period approximately 500 usec. The initial deu- 
terium pressures were 0.01—0.02 mm mercury and 
the intensity of the longitudinal magnetic field was 
H = 0 — 24,000 oe. 

Under conditions satisfying the Shafranov sta- 
bility criterion, we observed a plasma column with 
diameter a~6cm along the axis of the chamber.” 
We first describe briefly the probe measurements 
with the ionization chamber,* which have led us to 
attribute an important role to the radiation losses. 

To count the charged particles that reached the 
wall of the discharge chamber, we used an instru- 
ment (Fig. 1) that combined an ordinary plane 
double probe (with electrodes A and B) and an 
ionization chamber B. From 20 to 70 volts were 
applied to the electrodes of thé probe. The current 
in the probe circuit, a measure of the plasma den- 


PERE nS. LOWTHE? EDITOR 813 


a 
2 6, Relative units 
J00A 


; 


Imax 7 94 kiloamp 
H= 7.3 kOe 
p= 122-10 mm mercury 


chamber 


Section aa 


ae 


To oscil- 
lographs 


200 400 


sity at the wall, was registered with an oscillograph. 


The ionization chamber comprised a metal con- 
tainer with a small (a fraction of a millimeter ) 
opening C. The charged particles entered through 
the opening into the chamber and produced between 
two oppositely-charged groups of electrodes D a 
current which was registered by the oscillograph. 
The voltage between the electrodes (190 volts) 
was set to produce saturation current. The in- 
strument was placed in the center of the discharge 
chamber. It was assumed that the current in the 
ionization chamber was proportional to the flow 


of the charged particles in the hole and consequently 
on the wall. Actually, at H=0, when the discharge 


current flowed at random over the entire cross 
section of the chamber, good correlation was ob- 
served between the signals of the ionization cham- 
ber and of the double probe. Under stable condi- 
tions (at H > 4LImax/mca”) the double-probe sig- 
nal was increased by a factor of 10°, while the cur- 
rent in the saturation chamber dropped only by a 
factor of 10 —100. In this case the ionization- 
chamber current was proportional at each instant 
of time, in first approximation, to the electric 
power liberated in the plasma, and was practically 
independent of the pressure and of the value of H. 
Test experiments with filters and diaphragms 
of complex shapes have demonstrated that under 
stable conditions the ionization-chamber current 
is due to photoelectrons emitted by the walls and 
electrodes of the chamber under the influence of 
light penetrating from the discharge through the 


600 800 1000 1200 1400 1600 1800 2000 
2A 
FIG. 2 


opening. Reduction of the data, based on a reason- 
able assumption of the quantum yield of the photo- 
effect (~0.02) and of the quantum energies 
(~ 10 ev) has shown that the light carries away a 
considerable portion of the energy delivered to the 
plasma. The assumption that this light was due to 
ultraviolet radiation by the impurities was corrob- 
orated by tentative computations® and confirmed by 
spectrograms plotted with a DFS-6 vacuum spec- 
trograph. The spectrum was registered on photo- 
graphic film sensitized with sodium salicylate. The 
spectrum lines were identified and photometrically 
analyzed, so that the energy E, carried by the in- 
dividual lines was determined in arbitrary units. 
Figure 2 is a plot of ZE, in the range from 
300 to 2000A and shows that the greater part of 
the light energy is contained in the wavelength in- 
terval 1100 —1400A (photon energy ~ 10 ev). The 
Lyman lines take a small fraction of the light en- 
ergy (see table). The predominant portion is 
emitted by the ionized atoms of the carbon and 
the chamber wall material (silicon, oxygen, alu- 
minum). The fraction of long-wave radiation 
(A > 2500 —3000A) in the total light flux is also 
small, as found from experiments with a camera 
obscura, in which the film was placed either with 
the sensitized emulsion or with the backing side 
to the light. In the second case the film was not 
exposed. 
The absolute light energy was measured with 
a thermoluminophor procedure. The thermo- 
luminophort was placed in a vacuum camera ob- 
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1900 A 
Value of >; 
3004 


E,, arbitrary units 


Fraction of light energy taken by the Lyman lines 


Fraction of the total energy (%) lest by radiation, based on 
measurements with thermoluminophor in three positions 


scura at several distances from the small aperture 
(0.14 mm in diameter) so that various sections 
of the image of the plasma column were projected’ 
on it. The total energy losses were calculated 
with allowance for the energy distribution of the 
radiation and the spectral sensitivity of the ther- 
moluminophor, known only up to A = 800A. The 
data were extrapolated to the shorter wavelengths. 
The estimated possible error in the determination 
of the absolute value of the light losses does not 
exceed 50%. The results of the measurements 
with the thermoluminophor are listed inthe table. 
The results of all the measurements show that 
the greater part of the energy delivered to the 
plasma is lost by radiation from the impurities. 
In view of this, it is difficult to count on success 
in heating a deuterium plasma by Joule heat with- 
out eliminating the sources of contamination. 

The author thanks L. A. Artsimovich and N. A. 
Yavlinskil for help in the work. 


ANTIFERROMAGNETISM IN NiF 2 
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sciences, U.S.S.R. 


Submitted to JETP editor June 25, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1145-1147 
(October, 1959) 


The fluorides of the elements of the iron group 

(Mn, Fe, Co, and Ni) form an isomorphic series 
of compounds with a tetragonal lattice. Neutrono- 
graphic studies of these compounds, conducted by 


Erickson,! show that they all have an antiferromag- 


Total electric energy delivered to the plasma, kilojoules 


Discharge conditions 


Inax = 13.5 kiloamp, Imax = 34 kiloamp, 
H = 7300 oe, H = 7300 oe, 
p=1-2x 107 p=1-—2 x10? 

mm Hg mm Hg 


Ratio 


2.8 4.3 


0.7 4.8 


1/180 


65; 105; 65 


*The construction of the ionization chamber was developed 


by V. S. Mukhovatov in his diploma project. 


tThe thermoluminophor, calibrated in absolute energy units, 


was graciously furnished us by V. A. Arkhangel’skaya and T. 
K. Razumova, to whom the author expresses his gratitude. 


! Butt, Carruthers, Mitchell, Pease, Thonemann, 
Bird, Blears, and Hartill, Second UN Internat. Conf. 


on Peaceful Uses of Atomic Energy, Geneva, 1958, 
P/1519. 

2 Golovin, Ivanov, Kirillov, Petrov, Razumova, 
and Yavlinskii, ibid. P/2226. 

Vv. I. Kogan, Dokl. Akad. Nauk SSSR 128, No. 4, 
1959, Soviet Phys.—Doklady, in press. 

‘ Arkhangel’skaya, Vainberg, and Razumova, 
Ontuka u cnexTpocxonusa (Optics and Spectroscopy ) 
1, 1018 (1956). 
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netic structure at hydrogen temperatures. In the 
diffraction picture, at the locations of the reflec- 
tions having indices (100), (111), (210), and (201), 


an increase of intensity over that of room tempera- 


ture was observed. The absence of a (001) reflec- 
tion for MnF,, FeF), and CoF, indicates that the 


direction of the antiferromagnetic vector coincides 


with the tetragonal axis of the crystal. For nickel 
fluoride at 25°K some change of intensity in the 
region of the (001) reflection is noted. This is 
manifest by a small increase in the right arm of 
the (110) peak. On this basis, Erickson proposed 
a magnetic structure for NiF, somewhat different 
from that of the other fluorides. According to his 
data the spins are inclined at an angle of 10° from 
the tetragonal axis. The magnetic structure pro- 
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posed by Erickson is shown dashed in Fig. 1. 
Angle a, obtained from x-ray data,” is equal to 8° 
and was apparently taken as the direction of the 
spins. The angular half-width of the (110) diffrac- 
tion maximum on the NiF, neutron-diffraction 
pattern is 1.5°, a fairly large value. The (110) nu- 
clear reflection thus overlaps the (001) magnetic 


reflection and the precision with which a prediction 


regarding the magnetic structure can be made is 
limited. 

Our neutron-diffraction studies of NiF, were 
made from patterns with diffraction maxima that 
had an angular half-width of 0.65°.2 Our NiF, 
sample was prepared by the Technology Division 
of the Institute of Physical Problems, U.S.S.R. 
Academy of Sciences, by heating the aqueous salt 


for several hours in a current of hydrogen fluoride. 


This procedure produced a yellowish-green fine 


crystalline powder. The neutron-diffraction pattern 


of the sample at hydrogen temperature is shown in 
Fig. 2. Owing to good resolving power, the (001) 
and (100) reflections are separated. 


6 e 10 12 14 (6 @° 
FIG. 2 


The direction of the antiferromagnetism with 
respect to the crystallographic axes was deter- 
mined from data on the ratio of the magnetic in- 
tensities J49) /Joo;. Calculation shows that the 
antiferromagnetic moments lie in the (001) plane, 


perpendicular to the tetragonal axis (see Fig. 1). 


The possibility of such a structure was investi- 
gated earlier by Dzyaloshinskii ‘ on the basis of 
Landau’s theory of phase transitions. This theory 


admits of three possible magnetic states. In the 
first state, the equal but oppositely oriented spins 
of the two metallic ions of the lattice are directed 
along the tetragonal axis. In the second state, II,. 
the spins are directed along one of the equivalent 
[100] directions, which are rotated slightly toward 
one another about the crystal axis in the (001) plane, 
so that there results a spontaneous magnetic mo- 
ment m directed along [100]. In the third possible 
state, II],, the magnetic moments are directed along 
one of the [110] axes, but they are of different mag- 
nitudes. Moreover, within a very narrow temper- 
ature range, where mutual changes are possible 
between the above-mentioned magnetic states, the 
theory admits of the existence of two additional 
magnetic states. In the first of these, II],, the 
spins lie in the (001) plane inclined at a small 

angle to the crystal axis, so that a spontaneous 
magnetic moment appears in the [100] direction. 

In state III,, the spins and the moment m lie in 
the (110) plane. According to Erickson’s data, the 
first magnetic state is found in MnF,, FeF,, and 
CoF,. As present measurements have proved, the 
magnetic structure of NiF, corresponds to that 


‘of the second state. The weak ferromagnetism 


(presence of moment m), characteristic of this 
state, should have made a magnetic contribution 
to the reflections with indices of even sum, par- 
ticularly to the (110) reflection. A very small in- 
crease in the intensity of this reflection is actually 
observed upon changing from nitrogen temperature 
to that of hydrogen. In our experiments a change 
of intensity in the (110) maximum was constantly 
recorded upon cooling the sample from nitrogen 
to hydrogen temperature and upon heating the 
sample after vaporization of the hydrogen. A 
small change of intensity was observed in both 
cases: an increase in theformer and a decrease in 
the latter. In the latter case, the intensity of the 
neutron beam was increased in order to increase 
the effect. Calculation shows that the observed 
effect, including the change of intensity with tem- 
perature, may be explained by a deflection of the 
moments of the sublattices from the (100) plane by 
an angle 6 not greater than 13°(see Fig. 1). 
Matarresse and Stout,° in studying the twisting 
moment of a single crystal of NiF,, discovered 
a weak ferromagnetism of this compound in the 
[100] direction. Its absolute value, equal to 350 
ergs per gauss-mole, constitutes 3 percent of the 
saturation moment of the nickel ion, correspond- 
ing to an angle 8 of 2.5°. The experimental data 
obtained in this manner quite definitely establish 
a magnetic state II, for NiF,. The possibility of 
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the existence of type III states was studied by 
measuring the temperature dependence of the in- 
tensity J of the (100) and (001) magnetic reflec- 
tions (Fig. 3). The transition point, determined 


by extrapolating the curves, is at 78.5°K. Accord-- 


ing to a -heat data, the transition point is at 
73.2°K.® The curves are in general smooth. The 
difference Jye — Jp varies approximately as ave 
The crystal does not change in magnetic structure 
as the temperature is reduced from TN down to 
helium temperature. Had there been a change in 
magnetic structure, the temperature-dependence 
curve of Jyj; would have had a maximum. 


FIG. 3 


I wish to thank Academician P. L. Kapitza for 
continuous interest in this work. I am grateful to 
A. 8S. Borovik-Romanov for much advice and to 
I. E. Dzyaloshinskii for valuable discussion. I 
am indebted to Yu. G. Abov for his constant co- 
operation in the work. I also thank N. N. Mikhailov 
for furnishing the sample. 


1R. A. Erickson, Phys. Rev. 90, 779 (1953). 
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3R. A. Alikhanov, JETP 36, 1690 (1959), Soviet 
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41. E. Dzyaloshinskii, JETP 33, 1454 (1957), 
Soviet Phys. JETP 6, 1120 (1958). 

°L. M. Matarresse, J. W. Stout, Phys. Rev. 
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ON CERTAIN SINGULARITIES IN THE IN- 
TERACTION WITH LIGHT NUCLEI OF PAR- 
TICLES WITH ENERGIES E = 2 X 10°” ev 


N. L. GRIGOROV and V. Ya. SHESTOPEROV 


Nuclear Physics Institute, Moscow State 
University 


Submitted to JETP editor June 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1147-1149 
(October, 1959) 


In a previous paper! we have shown, by assuming 
the existence of large fluctuations in the fraction 
of energy transferred to a mesons when a high- 
energy nucleon interacts with a light nucleus, that 
all the observed basic characteristics of extensive 
atmospheric showers can be easily explained with- 
out resorting to the hypothesis that the shower de- 
velopment is influenced by the nuclear cascade.” 
This paper presents experimental data demonstrat- 
ing the existence of interactions in which the pri- 
mary particle loses almost all its energy (to the 
production of 7° mesons), and estimates the prob- 
ability of this process. 

The experimental array, shown schematically 
in Fig. 1, consisted of four mutually perpendicular 
rows of pulse ionization chambers. Each row con- 
tained 33 chambers 330 cm long and 10 cm in di- 
ameter. The effective area of the array was 10 m?, 
Each of the 132 chambers was connected to its own 
amplifier, which measured the pulses with 300 to 
400-fold range of amplitudes. Pulse registration 
occurred whenever the ionization in any two or 
more chamber rows exceeded a given value. Part 
of the time the array operated with a hodoscope of 
250 counters located at various distances from the 
array. This work was performed in Moscow during 
1959. E.S. Loskevich and A. A. Oles’ took part in 
the task. 
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FIG. 1. Schematic array 


During the operation of the array, there were 
observed in chamber rows I and II impulses for 
which almost all the ionization was confined to a 
circle of ~20 cm radius. In subsequent data proc- 
cessing, those events were selected in which more 
than 70% of all ionization was concentrated in not 
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more than four chambers (in a circle of 20 cm 
radius), and the energy of the soft component. 
falling on the array was E = 2x10!" ev. The 
ionization distribution in one of these impulses 
is shown in Fig. 2. There were 27 such events 
recorded during 800 hours of array operation. 
Hence their frequency is ~ 9 x 107!!em=*sec™!. 
If the integrated spectrum of these impulses is 
represented by an exponential function, the ex- 
ponent is y=1.5 + 0.5. 


Row I Row I 


10000 10000 FIG. 2. Example 
of an event in which a 
newborn shower im- 
pinges on the array. 
Abscissa — chamber 
numbers; ordinate — 
ionization in each 
chamber, expressed in 
terms of the number of 

| recorded particles. 
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It can easily be shown that 4 mesons cannot 
contribute more than 10% of the selected events. 
One can therefore assert that those impulses, for 
which almost all the ionization occurring in the 
upper rows of chambers is concentrated within a 
circle of ~ 20 cm radius, are produced by new- 
born electron-photon showers generated by the 
interaction of particles of E = 2 x 10!* ev with 
the nuclei of atmospheric atoms located not far 
above the array. The concentration of 70% of the 
shower energy within a radius of 20 cm shows that 
shower generation occurs within an atmospheric 
layer ~ 100 g/cm? above the array. In those cases 
when the hodoscope was operating, the number of 
particles in the atmospheric shower accompanying 
such an impulse in the upper chamber rows com- 
prised <5% of the number of particles in an ex- 
tensive atmospheric shower, for which the energy 
of the electron-photon component = 2 x 10!” ev 
was contained in a circle of 20 cm radius. This 
circumstance also furnishes direct proof that the 
recorded shower is newborn. 

The two lower rows of chambers in the array 
permit determination of the energy of the nuclear- 
active particles accompanying newborn electron- 
photon showers. (Counting efficiency for individual 
nuclear-active particles was 70%.) According to 
the experimental data, impulses produced in the 
lower chamber rows III and IV, by nuclear-active 
interactions in the filtering array are observed in 
only 30% of the events (8 occurrences out of 27). 


During such occurrences, as a rule, not one but 
several nuclear-active particles fall on the array, 
generating impulses of commensurate magnitude 
(from which it follows that the counting efficiency 
of the nuclear-active component in the selected 
events approaches 100%). For the 30% of events 
in which newborn showers are accompanied by 
nuclear-active particles, the pulse amplitude in 
the lower rows averages 40% of the pulse ampli- 
tude in the upper rows. We conclude that in these 
events the energy of the nuclear-active particles 
equals the energy of the electron-photon compo- 
nent. 


The fact that a significant fraction of the new- 
born showers, generated not far above the array, 
does not contain high-energy nuclear-active par- 
ticles, indicates the existence of processes in 
which the primary particles transfer almost all 
their energy to the electron-photon component. 

If a given process in which 100% of the nuclear- 
active particle energy goes to the soft component 
occurs via 7m’ -meson production, then it follows 
from our data that the number of 7’ mesons thus 
created is small (<« 10), and indeed it is possible 
that almost all the energy is transferred to a single 
7 meson. 

The probability of such interactions, in which 
almost all the primary-particle energy is trans- 
ferred to the soft component, can be determined 
by comparing our count of such events in an at- 
mospheric layer ~ 100 g/cm? thick with the abso- 
lute flux of nuclear-active particles having E 
> 2x10! ev (nuclear-active particle flux data 
were taken from reference 3). Comparison of the 
experimental data indicates that the probability of 
complete energy transfer to the soft component is 
~10%. 

If one assumes that the basic characteristics 
of the interaction do not change materially as the 
particle energy increases to 10/3 — 10! ev, then 
it can be shown, from the frequency of newborn 
showers registered, that 25 — 50% of the observed 
extensive atmospheric showers containing 105—102 
particles can be produced merely by those inter- 
actions in which almost all the primary-particle 
energy is transferred to the soft component. In 
these showers the energy of the nuclear -active 
component will be significantly lower than the 
energy of the electron-photon component. 

Since as a rule a newborn shower is accompa- 
nied by a very weak atmospheric shower, it fol- 
lows that nuclear-active particles with E = 2 x MOE? 
ev, which have interacted not far above the array, 
have passed through almost the entire atmosphere 
without taking part in any interactions involving 
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a large energy loss. Hence, along with the inter- 
actions associated with almost 100% energy loss, 
there must also be weak interactions which involve 
little energy loss, and which occur with signifi- 
cantly higher probability. 


1 Grigorov, Shestoperov, Sobinyakov, and Pod- 
gurskaya, JETP 33, 1099 (1957), Soviet Phys. JETP 
6, 848 (1958). 

2N. L. Grigorov and V. Ya. Shestoperov, JETP 
34, 1539 (1958), Soviet Phys. JETP 7, 1061 (1958). 

3 Grigorov, Murzin, and ‘Rapoport, JETP 36, 
1068 (1959), Soviet Phys. JETP 9, 759 (1959). 
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(October, 1959) 


Ir has been shown!” that in the photoproduction of 
7 mesons from helium at energies between thresh- 
old and ~ 200 Mev, the elastic production dominates. 
To investigate the role played by the elastic proc- 
ess in the photoproduction of 7’ mesons from more 
complex nuclei, we measured in the present work 
the ratios of the total cross sections for photopro- 
duction from carbon and from hydrogen at primary 
photon energies of 160, 180, and 200 Mev. The 
geometry and the experimental method for the 
- carbon measurements, which were made on the 
265-Mev synchrotron of the P. N. Lebedev Phys- 
ics Institute of the U.S.S.R. Academy of Sciences, 
are similar to those previously described? for 
hydrogen experiments. 

Curves were obtained for the energy dependence 
of the emerging y rays from the decay of the 7° 
mesons from carbon, for three angles. The emerg- 
ing decay y rays were measured to within 1 or 2%. 
The energy dependence of the cross section for pro- 
ducing the decay y rays was calculated by the 
method of “photon differences” from the corre- 
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sponding measured energy-dependence curves. 
The angular distributions of the decay photons 
obtained in this way were then integrated to obtain 
the total cross sections for the photoproduction of 
n° mesons from carbon (af) in relative units. 
The ratios of the number of decay y rays 
emerging from carbon and hydrogen at angles of 
less than 90°, obtained by measuring the counting 
rate of decay photons from hydrogen and styro- 
foam (CgHg) targets with the same geometry, 
were used to determined the ratio of the total 
cross sections oP /8e . The measured values 
of these ratios are shown in the figure. 


o,/ 6; 


160 180 200 hy 

The results obtained were compared with the 
predictions of the theory of elastic photoproduction 
of 7 mesons from nuclei.! According to the the- 
ory, the differential cross section for n” -meson 
photoproduction from a nucleus with nucleon num- 


ber A and spin zero can be expressed in the form 
(ds (k)/d92) 4 = A? (ds (k)/dQ)HF'a (QR)/Fa(q), (1) 


where q is the nuclear recoil momentum, while 
F4(qR) and Fis;(q) are the nuclear and proton 
form factors; the second can be set equal to unity. 
From electron scattering experiments on carbon‘ 
it is known that the form factor for the carbon nu- 
cleus is expressed as follows 


2 28 

Fete) = {= Steger 
where a= “4, a= 1.635 x 107 om, (do(k)/dQ)y 
is the spin-independent differential cross section 
for 1° -meson photoproduction from hydrogen. 
From the form of the matrix elements for m-meson 
photoproduction from nucleons one can easily get 


(ds (k)/dQ)y = (3/8r) o; sin? 6, (3) 


where 6, is the angle of emission of the 7’ meson 
in the center-of-mass system, and ot is the spin- 
independent part of the total cross section for 7° - 
meson photoproduction from protons. 

Substituting (3) into (1) and integrating over the 
solid angle, we obtain 


(2) 


of = 17.2-0¢\ Fe (GR) sin? 6, dO. 


0 
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The integrals on the right-hand side were computed 
graphically and then normalized by analytic evalua- 
tion of the integral for the threshold photon energy 
when Fa(qR) = const. 

From the analysis of the experimental data? of 
m™ -meson photoproduction from protons,” it fol- 
lows that within 10% accuracy, for the energy re- 
gion of primary photons studied, one can neglect 
the contributions of the M(3), El, and E2 photo- 
production amplitudes to the total cross section 
off . Hence taking into account only the amplitude 
M(%) in the total cross section for 1 -meson 
photoproduction from protons, we can easily de- 
termine that o; = 4 oe To calculate o, we use 
the total cross section o;" measured in refer- 
ence 6. The calculated curve of / of! is com- 
pared with the experimental points in the figure. 
Calculation of the contribution of the E1 ampli- 
tude makes a small reduction in the calculated 
magnitude of o/oft for hv = 160 Mev; however 
this change lies within the limits of the statistical 
uncertainty of the experiments. 

As can be seen from the figure, there is good 
agreement between theory and the observed ex- 
perimental results. Therefore at primary photon 
energies of 160 to 200 Mev the elastic photopro- 
duction of m’ mesons from carbon dominates. At 
higher energies it seems that inelastic processes 
begin to appear in 7 -meson photoproduction which 
show up as small deviations of the experimental 
ratio o¢/ off from that calculated theoretically. 
This is consistent with the conclusion recently 
given.’ 

Similar measurements we have made of the 7° - 
meson photoproduction cross section from berylli- 
um nuclei do not show any significant differences 
between the energy dependence of the total cross 
section for 7 -meson photoproduction from carbon 
and beryllium. 

The authors thank A. M. Baldin for valuable 
advice. 
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CALCULATION OF ENERGY LEVELS OF 
T12°6 AND Bi??? NUCLEI 


L. A. SLIV and Yu. I. KHARITONOV 


Leningrad Physico-technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor July 2, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1151-1153 
(October, 1959) 

ik To calculate the energy levels of the Tl? and 
Bi2!° nuclei we used the data of Sliv and Volchok! 
on the neighboring nuclei. The nucleus ,T1?36 has 
one neutron hole and one proton hole. Using the 
single-particle neutron wave functions of Pb?" 
(Pi/, — ground state, f5/, — 620 kev) and the 
proton wave functions of Tl?" (s, /2 — ground 
state, d3/, — 350 kev), we can plot a zeroth- 
approximation level scheme for T12% up to 1 Mev. 
With the aid of these data for T12°° we obtain the 
following multiplets with corresponding energies, 
spins, and parities: (pypS4/2), 0 kev, 1=0',1; 
(P1/2d3/2 ), 350 kev, I= les Zin (f5Si/2), 620 kev, 
1=27,3°; (fg/d32), 970 kev, [= 17, 2°,3°,4-. 
The problem is to determine the forces that split 
the levels belonging to individual multiplets. Such 
forces may be: 1) interaction with the surface of 
the nucleus, and 2) weak paired interaction of the 
neutron and proton holes, located in different shells. 
The interaction with the surface was computed in 
the weak-coupling approximation .? It was found 
significant that regardless of the choice of param- 
eters, the interaction with the surface does not 
split the doublet levels, but shifts them as a whole. 
The magnitude of this shift is a function of the en- 
ergy hw of the first vibration level and of the 
“hardness” C of'the T12% nucleus. Calculation 
has shown that as C changes from 1000 to 1500 
Mev, and as fiw changes from 1 to 3 Mev, the 
relative distances between the doublets do not 
change substantially. 
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On the basis of our calculations we arrive at 
the following conclusions: 

1. The transitions (*41—'4) and (7,1 —'%) 
[besides the transition (543 —%42)] have the 
greatest reduced probability among all the above- 
mentioned E2 transitions. This is in agreement 
with the experimental results on Coulomb excita- 
tion (for W'®, see reference 6). If the nuclear 
shape deviates strongly from the axially symmet- 
ric one, the transitions (*42—-°41) and (42 
— 41) also become pronounced. 

2. If the nucleus deviates little from the axially 
symmetric shape, all M1 transitions between the 
rotational levels of the nucleus have small reduced 
probabilities. If, however, the nuclear shape is far 
from being axially symmetric, the transitions 
(°,2—*41) and (°43—-%42) become important. 

3. It follows from (5) and (6) that all magnetic 
transitions to the ground state should be very 
weak as compared to the electric transitions. 

4. According to Davydov,! we have y ~ 27° for 
the nucleus W!®, From Fig. 1 we then obtain for 
the ratio of the reduced transition probabilities 
for the transitions (14 —*42) and (14 —%42) 


ALPHA DECAY OF Th*”*. INTERACTION 
OF NUCLEAR LEVELS 


Pel, GOL, DIN; G:.1NOVIKOVA, N. I, PIROGOVA, 
and E. F. TRET’ YAKOV 


Submitted to JETP editor July 4, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1155-1157 
(October, 1959) 


Tae a decay of Th??? has not been investigated 
heretofore. Nor is anything known concerning the 
structure of the levels of the daughter nucleus 
Ra225. 

We have investigated the @ decay of Th?*? with 
a magnetic a spectrometer;! the spectra of conver- 
sion electrons of Ra? accompanying the a decay 
of Th??? were investigated with a high-aperture 
toroidal 8 spectrometer’ and an a@-6 coincidence 
circuit. The measurements were carried out with 
the isotope Th’, obtained by chemical separation 
of thorium from U”*? that was aged for a long time. 

The investigation of the @ spectrum of Th??? 
disclosed 12 q@ lines. The energies of the a lines 
and the intensities of the corresponding transitions 
are listed in the table, which contains also the hin- 
drance coefficients (ratio of the transition inten- 
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the value (6/4)(4/2.3) = 2.6. This is in good 
agreement with the estimate based on the experi- 
mental results of Alder et al. 

The author expresses his sincere gratitude to 
Prof. A. S. Davydov for his interest in this work. 
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sity, calculated from the formula for even-even 
nuclei, to the observed intensity ). 

In the investigation of the spectrum of the con- 
version electrons we observed approximately 100 
conversion lines that could not yet be fully inter- 
preted. We separated reliably the y transitions 
with energies 17.2, 42.8, 69.9, 75.5, 137.2, 156.6, 
193.4, and 210.5 kev. The 29.1, 31.6, 56.8, 58.9, 
85.0, 132.1, 154.4, 179.6, 242.0 kev and a few 
other transitions are less reliable. 

A comparison of the data obtained with both in- 
struments suggests the existence of a Ra2** level 
with excitation energy ~3 kev. Whether this level 
becomes populated in @ decay of Th?”® and at what 
probability is still unknown. Apparently the y 
transitions from high levels occur mainly at this 
level rather than at the ground level of Ra??°, 

The a decay to the ground state of Ra? ap- 
pears to be strongly forbidden (n = 330). The 
more likely transition is that to the 214.5-kev 
level (n =1.5). The spin of this level should 
therefore equal the spin of the ground state of 
Th?2?, i.e., 54. Located above this level are sev_ 
eral others, some of which have small n. The 
Ra”** nucleus lies in a region sufficiently far from 
closed shells. The investigated nuclei in this re- 
gion are prolate. It is natural to assume that 
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a re 


orline 


; Transition) line Transition 
a line energy, | intensity, n a line energy, intensity, a 
Mev percent Mev percent 

OX 5,048 6.7 330 156 4.894 10,7 20 
20 5.028 ~0.2 ~ 104 Qeia 4.837 58,2 15 
has 5.003 ~0.1 ~104 eae 4,806 11.4 7 
78 4,971 3,4 200 oa 4.788 1,0 40 
Ags 4.961 6.0 100 A302 4,754 1.5 20 
ies 4,925 0.25 ~108 376 4.678 0.4 29 


Ra”*5 is also prolate, and its level spectrum should 
therefore contain rotation bands. Such bands are 
usually determined from the multipolarities of the 
y transitions between levels and from the energy 
variation, described by the well known formula 


Bro = (82/2) (I+ 1) — Io) + 1}. 0) 


As already mentioned, we have not yet succeeded 
in interpreting the y spectrum, and comparison with 
(1) does not enable us to separate a single rotation 
band in the Ra2”> spectrum. One can assume that 
the interaction between levels of very high density 
has caused them to shift and to deviate from (1). 

An important auxiliary method, which can be 
employed for the analysis of the problem, is to 
study the a@ decay intensities at the rotational 
levels. These intensities behave, generally speak- 
ing, in an irregular manner. For a transitions at 
the levels of the principal rotation band (the band 
beginning with the level for which 7 ~ 1) there 
exists, however, the well known formula of Ter- 
Martirosyan,® which has been experimentally con- 
firmed with good accuracy (see, for example, ref- 
erence 4). 

The population of the level with energy -214.5 
kev, the transition to which is facilitated, is 58.2% 
(see table). Assuming a value of 43 kev for the 
energy of the first rotational level of Ra”? (the 
energy value is taken from the level spectrum of 
Th??? the daughter nucleus of Ue and is charac- 
teristic of the entire adjacent region of nuclei ) 
and putting K =°4 we find that the levels (I= ee 
K= ye) and (l= af, ;K= mi) should have popula- 
tions ~10 and ~ 1.0% respectively. 

It follows from the table that the required re- 
gion contains only one level with a population of 
~10%, Ql4g. Its excitation energy is, however, 
less than expected, merely 31.6 kev (relative to 
the 44 level). 

The only possible level with I=°4 and K = / 
is Qg392, with 1.5% population. The excitation en- 
ergies of these two levels, however, do not fit the 
rotation formula (1). 

We thus arrive at one of two possible conclu- 
sions: 


1. The levels of the principal rotation band has. 
an anomalously small population (smaller than 
theoretical by a factor of several times ten) and 
therefore do not appear in the @ spectrum. This 
case appears to us, however, to be very unlikely, 
since no noticeable deviations from the Ter-Mar- 
tirosyan formula have yet been observed. 2. The 
Qe4g level is shifted because of interaction with 
the Qy.4 level. 

As is known, interaction between levels should 
manifest itself particularly strongly only when 
their spins coincide and their K differ by unity. 
Since the spin of Q4, is ‘4, we must assume that 
the Qe, level also has I= i, ; inasmuch as this 
level is not a rotation satellite, its K also equals 
Ts The selection rules with respect to K are 
thus automatically satisfied. 

The “unshifted” position of the 4, level can- 
not exceed (246+264)/2 = 255 kev. Its excitation 
level lies in this case between 32 kev (observed 
value) and 41 kev. The upper value is in sensible 
agreement with the data for other nuclei. 

The 32 level is apparently also shifted. 

Let us indicate in conclusion that this interpre- 
tation raises a difficulty connected with a great 
difference in the a@ -populations of the interacting 
levels. 

The investigation of the Ra?” levels will be 
continued by an improved procedure. 

The authors are grateful to Academician L. D. 
Landau for a discussion of the results, to G. I. 
Grishuk, V. F. Konyaev, S. V. Kalashnikov and Yu. 
N. Chernov for help with the experiment, and to 
V. I. Krotkova for reduction of the photographic 
data. 
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ANGULAR DISTRIBU TION OF LONG-RANGE 
ALPHA PARTICLES, CONNECTED WITH THE 
FISSION PROCESS 


N. A. PERFILOV and Z. I. SOLOV’ EVA 
Submitted to JETP editor June 8, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1157-1159 
(October, 1959) 


We investigated the complex fission of U?® by 
thermal neutrons with thick photographic emul- 
sions. In the experiments we used type P-8 photo- 
graphic plates, prepared in our laboratory. The 
emulsion used had good discriminating ability with 
respect to tracks of fragments, a@ particles, and 
protons. 

Cases in which a track of a long-range @ par- 
ticle was connected with the fission point were 
counted. We selected those cases, in which both 
the fragments and the a@ particle stopped in the 
emulsion. For approximately 600 such cases we 
calculated the ranges of all particles and the angles 
between the a@ particle and the fragments. The dis- 
tribution of a particles by ranges, corrected for 
the probability of their exit from the emulsion, for 
the angular distribution of the @ particles (Fig. 1), 
and for the asymmetry of fission were in good 
agreement with the results given in other papers.!" 


FIG. 1. Angular 
distribution of parti- 
cles about the direc- 
tion (shown by an ar- 
row to the left) of 
light fission fragment. 
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Reference 1 proposes a mechanism whereby the 
production of a long-range @ particle is considered, 
as the scattering, under the influence of Coulomb | 
forces, of three particles produced as the result 
of vibrations of a drop of nuclear liquid, in which 
the fourth harmonic, which is responsible for the 
triple fission, has a noticeable amplitude. Such a 


scheme explains satisfactorily the following: 

a) That the most probable angle of emission of 

an a particle deviates noticeably from 90° towards 
the lighter fragment. In fact, it is seen from Fig. 1 
that the maximum in the angular distribution is lo- 
cated near 82° from the light fragment. b) That the 
energies of the a particles are close in order of 
magnitude to the total of the Coulomb barriers of 
the fragments. 

Within the framework of this scheme, one would 
also expect the angle of emission of an @ particle 
to be related to the asymmetry of the fragment, i.e., 
deviations from the most probable value in the an- 
gular distribution (82°) should result either from 
a more symmetrical fission (towards 90°), or a 
more asymmetric one (towards smaller angles). 
In addition, the angle of emission of the @ particle 
should not be greater than 90° relative to the light 
fragment. 

The experimental data,* however, indicate lack 
of agreement with the expected results. 

1. There is a considerable number of cases when 
the @ particleis emitted more than 90° from the track 
of the light fragment. Furthermore, it has been 
noted that the angular distribution broadens with 
increasing range of the @ particle. If the graph 
shown in Fig. 1 is broken up into three parts for 
three @-particle ranges (up to 100p, from 100 
to 200y, and above 200, of range in photographic 
emulsion), the graphs obtained (See Fig. 2) differ 
noticeably from each other. The half-width of the 
distribution curve increases with range, and at 
maximum range the angular distribution for the 
a particles becomes nearly isotropic. On the 
other hand, almost no angles greater than 90° are 
observed for a particles with ranges less than 
100y. Thus, the greater the energy of the @ par- 
ticle, the more independent its behavior in the 
field of two heavy fragments. 

2. To estimate the influence of the magnitude 
of the mass asymmetry on the a -particle emis- 
sion angle we can employ, with a certain degree 
of approximation, the value of the asymmetry of 
the fragment ranges provided we neglect the dif- 
ference in v(R) of the light and heavy fragments. 
The mean values of R,,/Ry for @ particles 
emitted at angles both greater and less than 82° 
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(to the light fragment) were found to be approxi- 
mately 1.3, i.e., the method of division of the 
uranium nucleus into two heavy fragments does 
not influence noticeably the deviation of the angle 
of emission of the @ particle from its most prob- 
able value. Apparently the spread in the angles 
about the most probable value is caused by another 
circumstance. 

On the basis of the present observations we 
can assume that at the instant of fission the a 
particle has a considerable velocity, the direction 
of which is equally probable relative to the line of 
fragment divergence. The presence of an initial 
velocity causes a spread in the angular distribu- 
tion, the general character of which is established 
by the effect of the Coulomb fields of the fragments 
on the motion of the @ particle. At high initial 
velocities the angle of emission of the a particle 
can deviate noticeably from the most probable 
value (82°), determined by the pattern of the 
scattering of the three particles at rest. 

The existence of an a -particle initial velocity 
may serve as a confirmation of the existence of a 
complexes in heavy nuclei. If such a complex hap- 
pens to be near the point of scission at the instant 
of fission, complex fission with a third long-range 
a particle will be observed. 


*The preliminary data were reported by N. A. Perfilov at 
the Conference on Fission Physics in January, 1956.° 
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FEATURES OF MAGNETIC HYSTERESIS 
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Fe,0, AND Laz03- Fe,0, 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1159-1161 
(October, 1959) 


FE; ERRITES of rare-earth elements, with a general 
formula M,03- Fe,0,; (where M is the rare-earth 
ion) have a perovskite structure. Although ferro- 
magnetic, they exhibit weak ferromagnetic proper - 
ties in a fixed temperature interval.'~* Many of 
them are characterized by so-called thermorema- 
nence phenomena, whereby the magnetization tem- 
perature-dependence curves plotted during the ini- 
tial heating differ from those obtained in the subse- 
quent cooling. The curve obtained upon cooling in 
the field is always the upper one (thermoremanence 
effect). Figure 1 shows by way of an example the 
curves obtained in our measurements (in a 5500-oe 
field) for the ferrite Pr.O3° Fe,O3 (1 — heating, 
2— cooling). 


oO, gauss-cm?/g 


FIG. 1. Tempera- i 


ture dependence of a8 2 
specific magnetization 26 
of Pr,O,-Fe,O, ferrite 
in a field of 5500 oe; a4 
1—heating, 2 —cool- 22 
ing. 
a 200 400 600 7, °C 


In the present investigation we were interested 
in the unusual hysteresis in specimens of Pr,O3- 
Fe,O3 and La,O3- Fe,O3 both stoichiometric and 
with excess iron oxide. The specimens were pre- 
pared by the usual ceramic technology. The pre- 
liminary annealing was at a temperature of 900°C 
for 6 hours, after which the specimens were sin- 
tered four hours at 1300°C in air and slowly cooled 
in the furnace. The hysteresis curves were plotted 
by the ponderomotive method in fields up to 7500 oe 
for ferrite samples in the initial state and after 
cooling in the magnetic field from the Curie point. 
In all cases of cooling in the magnetic field from 
the Curie point, the hysteresis in the investigated 
specimens was highly asymmetric about the coor- 
dinate axes, the hysteresis curve being shifted up- 
ward along the magnetization axis (Fig. 2). It can 
be seen that this shift increases the closer the 
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0, gauss-cm?/g 


o, gauss-cm’/g 


FIG. 2. Magnetic 
hysteresis loops at 
22°C: a—stoichiometric 
Pr,0,-Fe,O, ferrite, 
b—for specimen with ex- 
cess iron, Pr,O,-1.67Fe,0,, 
c—for La,O,-Fe,O, speci- 
men (1 — initial state, 
2 —after cooling in mag- 
0 Rf netic field from the Curie 

2 4 6 8 HI0 ce point). 


composition of the specimen to stoichiometric and 
decreases with increasing excess of Fe,03. Analo- 
gous phenomena were recently observed by 
Watanabe‘ for Nd,O3-Fe,03 and La,O3-Fe,O3. 

It should be noted that the hysteresis loops 
shown in Fig. 2 are partial cycles, since the mag- 
netization did not reach saturation in 7500-o0e fields 
for any of the investigated ferrites. Nevertheless, 
the coercive force of the partial cycle is very large, 
on the order of 1000 oe. There are grounds for as- 
suming that the total coercive force of the investi- 
gated ferrite samples is tremendous. This is ap- 
parently a common property of many rare-earth 
ferrites with perovskite structure, which are char- 
acterized, as indicated by Bozorth,° by a large mag- 
netic anisotropy. 

This explains the asymmetry of the hysteresis 
loop about the ordinate axis after cooling in the 
field. Upon cooling from the Curie point in a field, 
a residual magnetization corresponding to the total 
coercive force is produced (thermoremanence mag- 
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USE OF DISPERSION RELATIONS FOR A 
TEST OF QUANTUM ELECTRODYNAMICS 
AT SMALL DISTANCES 


I. S. ZLATEV and P. S. ISAEV 
Joint Institute for Nuclear Research 
Submitted to JETP editor July 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1161-1162 
(October, 1959) 


For electron and y quantum energies higher than — 
150 Mev in bremsstrahlung and pair creation proc- 
esses it is evidently necessary to consider not only 
the diagrams of the Bethe-Heitler type 1 and 2 (see 
the figure), but also the contributions from the 
generalized diagrams 3 and 4. These latter dia- 
grams were not calculated in reference 1. How- 
ever, their inclusion would make it possible to 

test quantum electrodynamics, in the spirit of the 
idea of Drell,” energies = 500 to 600 Mey, as long 
as the higher order corrections in e do not be- 
come significant. 

To compute the diagrams 3 and 4 we used the 
method of dispersion relations developed by 
Bogolyubov.?® Starting from the existence proof 
of Vladimirov and Logunov‘ for the dispersion re- 
lations in the case of the virtual Compton effect, 
we obtained these relations in the center of mass 
system. The first approximation of these disper- 


netization). This magnetization cannot be completely sion relations allows us in a rigorous fashion to 
destroyed by a 7500-o0e field. The “undestroyed” por- introduce form factors of the Hofstadter type at 


tion of the residual magnetization indeed shifts the 
partial hysteresis cycles of Fig. 2 along the mag- 
netization axis. The presence of excess Fe,O; in 
the ferrite apparently reduces the anisotropy of the 
perovskite-ferrite, and this leads in turn to a re- 
duction in the effect of shifting the hysteresis loop 
along the magnetization axis. 


1. Forestier and G. Guiot-Guillain, Compt. 
rend. 280, 1844 (1950). 


the nucleon vertex connected to the virtual y quan- 
tum. The method of dispersion relations also 
makes it possible, in principle, to include the con- 
tributions from an arbitrary number of m-meson 
states. 

We calculated, for the bremsstrahlung process, 
the diagrams of the type 1 (references 6 and 7 is 
the one-nucleon approximation (diagram of the 
type 5), and the interference term. We also made 
an approximate estimate of the one-pion contribu- 
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A 5 


tion. The diagrams of the Bethe-Heitler type have 
been treated exactly. In the one-nucleon approxi- 
mation we kept only the term proportional to the 
direct contribution from the electric charge, and 
the interference term contains only the contribu- 
tions proportional to the electric charge and the 
first power of the anomalous magnetic moment. 

In general, such an approximation leads to an 
error < 3% for incident electron energies of 

~ 500 Mev and angles =< 90°. The exact calcula- 
tion of the one-pion approximation, which requires 
the knowledge of the amplitudes for the virtual 
photoproduction of m mesons, is possible in prin- 
ciple, but connected with great technical difficul- 
ties. For our purpose it is sufficient to make an 
approximate estimate of the one-pion contribution. 
If the length of the 4-vector of the virtual y quan- 
tum, x’, is close to zero, we may regard the 
virtual Compton effect as a real one. We obtain 
the required estimate by comparing the contribu- 
tions from the real Compton effect, calculated by 
the method of dispersion relations with account 

of the one-pion state,® with the one-nucleon ap- 
proximation. The contribution from the one-pion 
state to the bremsstrahlung process for angles 

< 30° is <3 to 5%; it increases rapidly for angles 
> 30°, and at angles ~ 90° it becomes of the order 
of magnitude of the Bethe-Heitler cross section. 
The multiple bremsstrahlung process gives a 
negligibly small contribution,’ and the higher order 
corrections in the electric charge!’""! become sig- 
nificant only in the region of large angles (> 90°) 
and high energies (> 500 Mev). 

In this way we find that in the case of a brems- 
strahlung process in which the momenta of the pho- 
ton, the electron, and the proton in the final state 
lie in the same plane, for angles ~ 30°, with an 
initial electron energy 0.54 and photon energy 0.25 


(in the units h =c = M-=1, where M is the nu- 
cleon mass), quantum electrodynamics is valid 
for distances => 3 X 10-'4 cm. Here we have as- 
sumed that the experimental accuracy is 10%. 

It is interesting to note that, for those angles 
where Kk? & 0, the one-nucleon and interference 
terms in the bremsstrahlung cross section have 
a sharp and high maximum which is 3 to 4 orders 
larger than the Bethe-Heitler cross section. As 
the energy of the y quantum is decreased, the 
maximum becomes sharper. 

In conclusion we express our deep gratitude to 
Academician N. N. Bogolyubov and A. A. Logunov 
for proposing this problem and useful advice, and 
also to D. V. Shirkov and A. N. Tavkhelidze for 
fruitful discussions. 
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ON POPOV’S RELATION BETWEEN THE 
SYMMETRY OF TRANSPORT COEFFI- 
CIENTS AND THERMODYNAMICS 


R. DAVIES and F. GOODMAN 
London University 
Submitted to JETP editor December 16, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1163-1164 
(October, 1959) 


Ke POPOV! tried to show that the Onsager rela- 
tions 


n 


dx;/dt = > LizXr 


k=t 


(Hee ete) (1) 


together with the symmetry properties 
Lip a IL ys (2) 


are connected with the existence of first integrals 
of a more general system of differential equations 


d?x,/dt? = “;= >) gix; (3) 
j=1 


if one assumes that the solution stays finite when 
t—+«. According to Popov the gj; are essen- 
tially thermodynamic quantities determined by the 
relation 


3 
AS SS Se, (4) 


although they occur in the transport equation (3). 
We shall show in the following that this assumption 
(taken over and further developed by Karanikolov’) 
is not compatible with the theory of irreversible 
processes. 

If we define the g -matrix using (4) and start 
with an equation of the form (3) one can, indeed, 
obtain relations which are similar in form to (1) 
and (2). One obtains, namely, ultimately a set of 
equations 


Nit a LjXj=0, Li = Lj, (9) 
i=. 


where the £&-matrix is completely determined by 
the g-matrix. Although Eq. (5) is formally simi- 
lar to (1) and (2) the ¥& -matrix is not the matrix 
of the Onsager coefficients which we shall denote 
by L. Indeed, if g!/? is the positive definite 
square root of g one can easily show that '¥ = olf ch 
It is at the same time essential for the theory of 
irreversible processes that the Onsager coeffi- 
cients are independent of the g-matrix and can 
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therefore not determine the Z%-matrix. 

Moreover, starting from (3) Popov shows that 
the inverse relaxation time matrix 7! given by 
its values ., -In is given by the 
equation 


—Yj, —Yo,- 


Be (6) 


In actual fact, however, it is well known from the 
=4 


theory of irreversible processes that the 7” ma- 
trix satisfies the relation 
Cie, (7) 


Equations (6) and (7) are only compatible if L 
= g/2=7, which is clearly incorrect. 

The source of the contradictions mentioned 
here lies in Popov’s initial assumption (3). The 
assumption which establishes a connection be- 
tween the transport properties of the system and 
the purely thermodynamic quantities is totally in- 
admissable and contradicts all we know about ir- 
reversible processes. 

We shall briefly give an analysis of (3) starting 
from the usual equations of the thermodynamics 
of irreversible processes 


Xi = Dd) eux). (8) 
f=1 
The g-matrix is here defined according to (4) and 
in contradistinction to (3) it is assumed that 


d®x,/dt? = >} 6;;x;, (9) 
j=1 
where b #g. Putting afterwards b=g we can 
see immediately that (5) follows from that. 
Starting from (9) one shows easily that 


x + >) Kate = 0, 


k=] 


(10) 
where the K-matrix is symmetric; it is namely 
the positive definite square root of b, i.e., 
Kir = Keri, 
Tee Oia} 


(11) 
(12) 


If we now substitute x from (8) into (10), we get 


J=1 


Xi +2) £;X;=0, where £,; = >} Kage. (13) 
R=1 


The 2%-matrix is thus in the general case not at 
all symmetric, but if we take Popov’s assumption 
that b=g it follows from (12) and (13) that Lij 
=e eae Ki. This matrix is symmetric according 
to (11). This is just the basis on which Popov con- 
structed the derivation of the symmetry relations, 
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starting from second order equations. 
The assumption b=g is, however, as we have 
already seen, totally unjustified. 


'K. Popov, JETP 28, 257 (1955), Soviet Phys. 
JETP 1, 336 (1955). 

2Kh. Karanikolov, JETP 28, 283 (1955), Soviet 
Phys. JETP 1, 265 (1955). 
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TWO-PARTICLE EXCITATIONS OF SUPER- 
FLUID FERMI-SYSTEMS 


Yu. V. TSEKHMISTRENKO 


Institute of Physics, Academy of Sciences, 
Ukrainian S.S.R. 


Submitted to JETP editor June 11, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1164-1166 
(October, 1959) 


Ir was shown in a paper by Ch’en Ch’un-Hsien! 
that the superfluidity of a gas of weakly interacting 
Fermi-particles can easily be explained if one 
“uncouples” the infinite set of coupled Schwinger 
equations for the Green functions, reducing it to 
a second order system. The characteristic spec- 
trum of elementary excitations is determined in 
this way. Up to now there are, however, no pre- 
scriptions for the “uncoupling” when one studies 
more complicated problems, for instance, to find 
the two-particle excitation spectrum. In the fol- 
lowing we state a method of obtaining a complete 
set of equations to determine the two-particle 
Green function using the formalism, proposed by 
Bogolyubov,” the u, v-transformation. Although 
the u, v -transformation does not contain the total 
number of particles, there are grounds for believ- 
ing that the results obtained with it are the same 
as the results of a different consideration, but in 
a higher approximation.® 

We shall consider a system of nonrelativistic 
Fermi particles, the Lagrangian density function 
of which has the form 


L = Didt (x) [— id / dt + V2) 2M + Ev] bs (x) + Lint: 
Lint= (92/2) Dy Ve (x) be" (*) be () Ps (*)- (1) 


(the interaction is, as usual, localized in a spher- 


ical shell Er-w<E<Ept+w). We shall deter- 
mine the time dependent functions ~ and 7* in 
the interaction representation 


(x, t) = efHat b (x: 0) ett - gr (x, t) seas Candie (x, 0) elt 


Hos \y" (x, 0) [—V2/2M — Ep] (x, 0) dx. (2) 
We shall consider two functions 
F=<T (ph¢*$"S)> /<TS), O = <T (bb*$*0"S)> / CTS), 


where S=exp{i [Lint dx}; the averaging is over 
the state determined by the vector C. If C is the 
wave. function of the ground state of the system 
Cy, ®=0, and F is the exact two-particle Green 
function. Our approximate method consists in ap- 
proximating the exact ground state function Cy by 
the function of the “vacuum without interaction,” 
introduced by N. N. Bogolyubov.? Expanding 
bs = Tp Dudes exP jikx —i (5, — En) : 

we determine the new Fermi amplitudes akg 
which are connected with the old agg through 
the u, v -transformation. The normalized func- 
tion C satisfies the relation aygC = 0, and u 
and v must be found from the condition that the 
average energy value of the system be a minimum. 

We shall construct the equations for F and © 
in the weak coupling approximation using the gener- 
alized Wick theorem‘ and the following rules: a) the 
system of equations must be complete, b) the spin 
dependence of F and ® and also the additional 
time dependence of @ must be the same as for 
g*=0, c) the integral kernels in the equations 
must be of the kind <T(gv*S)>/<TS> (up to 
terms of order g?) which corresponds to taking 
into account a number of terms of second order 
in ee Determining these integral kernels, going 
over to Fourier components for all functions and 
throwing away terms described by unconnected 
diagrams we obtain after a number of transforma- 
tions a system of equations for the Fourier com- 
ponents of F and © which are integrated over 
the relative four-momentum (K is the total four- 
momentum ) 


A (K) F (K) + B(K) ® (K) = Fo (K); 
C (K) F (K) + D (K) ® (K) = ®o (A); (3) 


A, B, C, D, Fo, and #) are some complicated 
functions. 

The energies E, of the two-particle excitations 
AB 
CD 
relative to the fourth component of the vector K. 
The coefficients A, B, C, D must be determined 


are defined as the zeroes of the determinant 
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for small C = we-¥P, |K|/C, E,/C (p= 
x (dn/dE )R=Ep): The secular equation becomes 


in that case of the form 
(E—s*|K ?/3) + e(s|K|/C)?f(E2/s|K])=9. (4) 

In zeroth approximation 
E,=s|K|/V3; s =kr/M, (5) 


which agrees with the result of Bogolyubov? and 
Galitskii.> It is necessary to note that these au- 
thors found the energy E, by studying a model 
but not the true Hamiltonian. Such a procedure 
leads as a matter of principle to difficulties when 
one tries to determine corrections to E,. Among 
other things, the approximate method stated in the 
foregoing enables us in principle to increase the 
accuracy of determining E, by improving the 
approximation in the wave function (and apart 
from this, of course, by calculating terms of higher 
order in g*). In the framework of this method one 
can completely analogously study also more com- 
plicated than two-body excitations of Fermi-sys- 
tems.. 


ON THE INFLUENCE OF THE PAULI PRIN- 
CIPLE AND OF SHORT-RANGE NUCLEAR 
FORCES ON THE ABSORPTION OF PHOTONS 
BY NUCLEI IN THE OSCILLATOR MODEL 


V. A. EL’? TEKOV 


Institute for Nuclear Physics, Moscow State 
University 


Submitted to JETP editor June 8, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1166-1168 
(October, 1959) 


As has been shown by Brink,! the collective? and 
the independent-particle® descriptions are identical 
in the case of the oscillator potential. This is due 
to the circumstance that the Schrédinger equation 
is separable in this case both in the single-particle 
and the Jacobi coordinates. In particular one can 
take for one of the Jacobi coordinates the differ- 
ence of the coordinates of one proton and one neu- 
tron. Thus in this case the two-nucleon (quasi- 
deuteron) mechanism‘ will also be identical with 
the previous two. 

This equivalence is violated on going over to a 
real nucleus, mainly because of the short range of 


In conclusion I express my gratitude to Acade- 
mician N. N. Bogolyubov for suggesting this work 
and to D. V. Shirkov for useful discussions. | 
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the nuclear forces and because of the Pauli prin- 
ciple. 

The influence of the short-range forces can be 
estimated taking for the zeroth approximation the 
oscillator Hamiltonian Hoge and considering 
H-—Hose as a perturbation. In the zeroth order 
the nuclear wave function is a product wave func- 
tion. In first order this multiplicative character 
will be violated. The separability of a particular 
coordinate (i.e., the degree of applicability of the 
corresponding mechanism ) can reasonably be in- 
dicated by the integral Noyt) Of the square of the 
modulus of the nonfactorizable part of the wave 
function: 


fipees x = | as aoe | cay (1) 


oT OoTo 


Here fg and @7 are the zeroth-approximation 
oscillator functions corresponding to the factor- 
ized coordinate and the remaining variables re- 
spectively; the indices zero indicate the ground 
state. The function Noy, equals zero for a func- 
tion factorizable in the coordinate singled out and 
equals unity for a function containing no factoriz- 
able part. The evaluation of (1) requires the ap- 
plication of the Talmi transformation’ and is in 
general very involved. 
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The quantity. No yt) was calculated for the 
ground state of He* with a two-body potential 
which has oscillator character at short distances 
and roe zero at distances larger than 1.7 
x 107” em. Taking as a first approximation only 
the lowest states in the sum (1), we find that Noto 
equals 0.015 for the collective, 0.014 for the single- 
particle, and 0.011 for the two-particle coordinates 
respectively. Thus we find that for the a particle 
either of these mechanisms can be applied with 
sufficient accuracy. 

However, one can expect that for heavier nuclei 
the collective model will yield rather larger values 
for NoyTo than the other models. Because of the 
short range of the nuclear forces, collective oscil- 
lations of many nucleons will be more difficult to 
establish than oscillations of individual nucleons. 
Even a rough estimate of the magnitude of NooT 
as a function of the atomic number would be of 
interest. 

The influence of the Pauli principle reduces to 
the circumstance that, for example in the excita- 
tion of the collective oscillation, the more tightly 
bound nucleons cannot be excited since those states 
are already occupied by other nucleons. This will 
also result in excitation of other degrees of free- 
dom simultaneously with the excitation of the col- 
lective coordinate. One can take for a measure 
of the forbiddenness of collective transitions the 
quantity Q=1-—w,/w, where w,; and wy, are 


MEASUREMENT OF THE DEGREE OF 
LONGITUDINAL POLARIZATION OF 
BETA PARTICLES 


L. A. MIKAELYAN and P. E. SPIVAK 
Submitted to JETP editor August 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1168-1170 
(October, 1959) 


Measurements of the degree of longitudinal 
polarization of B electrons have been made by 
many authors (cf. for example the survey of 
Smorodinskii'). 

In the present work the longitudinal polarization 
was converted to transverse by passing the elec- 
trons through crossed magnetic and electric fields. 
After emerging from the field region, the electrons 
passed through a system of diaphragms and im- 
pinged on a thin gold scatterer. Electrons scat- 


the probabilities of the collective dipole transition 
calculated with and without the Pauli principle re- 
spectively. In the oscillator model we have Q 

= 9/25 for O!8 and Q =5/9 for Ca??. 

As can be seen the Pauli principle will also 
lead to quenching of the collective degrees of 
freedom. 

Thus the collective model of the electric dipole 
excitation can be applied only for the lightest nu- 
clei. For heavier nuclei the single and the two- 
particle mechanisms will play the more impor- 
tant role. 
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Conference on Nuclear Reactions at Low and Me- 
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tered through an angle of 120° were recorded by 
Geiger counters. In the experiment we measured 
the magnitude of the left-right scattering asymme- 
try, which is a measure of the polarization of the 
electrons. 

The length of the field region, 7, was 300 mm, 
and the gap between the plates to which the high 
voltage was applied was 14 mm. The size of the 
magnetic field H and electric field E needed to 
rotate the spin of electrons with momentum p 
through angle g~ was found from the relation 


o=eHl V1—6?/pc; E=8H. 


The absolute values of the applied fields were 
found to an accuracy of about 1% from conversion 
lines of known energy. The measurements were 
carried out for an electron energy of 340 kev and 
an angle ~ equal to 90°. 

The end points of the spectra of the isotopes 
studied differed very much, which could result in 
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Lut?” Ho1** ites 


Relative value | 1.047-L0.012 1,00 
of the polari- 
zation 

Absolute value 0,94 0,90 
(error = +4%) 


0945-40, 012 | 0.930-L0.012 | 0. 965-0030 


0.85 0.84 0.86 


errors which are very difficult to evaluate. In 
order to have the same conditions of measurement 
for all substances, we made a preliminary energy 
separation of the electrons. The spectrum of the 
electrons entering the region of action of the 
crossed fields extended from ~ 250 to 450 kev. 

The work can be divided into two parts. The 
first consisted in a comparison of the polarization 
of electrons from P*, In!!4, Lu!?’, Sm!3, and 
Ho!®, After making the relative measurements, 
the absolute value of the polarization of the Sm!*? 
B particles was measured. 


The relative measurements were made by meas- 


uring, under identical conditions, the left-right 
asymmetry in the scattering of 8 particles of the 
isotopes enumerated above by gold of thickness 
0.55 mg/cm?. 

In making relative measurements of polariza- 
tion, it is not necessary to know the apparatus 
asymmetry. All that is necessary is that the ap- 
paratus asymmetry be small and remain constant. 
For this reason, the apparatus asymmetry was 
not determined in these measurements. Instead, 
we repeatedly measured the asymmetry inscatter- 
ing of 6 particles from Sm'** by gold. This 
source had sufficient intensity so that we could 
get a statistical accuracy better than one percent 
in a relatively short time. Numerous measure- 
ments of the asymmetry for Sm!*? showed that the 
spread in values of the apparatus asymmetry did 
not exceed 0.5%. As an additional check, we made 
some special experiments in which the source was 
moved in various directions from its working posi- 
tion, and also in which the applied fields were 
changed by an amount 2 or 3 times as great as the 
error in their setting when making the relative 
measurements. In these control experiments, to 


an accuracy of one percent, we noted no dependence 


of the results on these factors. 

We used sources with a mean thickness of 0.6 
to 0.9 mg/cm?. To determine the depolarization 
in the source, we did an experiment in which we 
compared the asymmetry for a Sm source of 
thickness 0.8 mg/cm? with the asymmetry when 
the same source was covered by a layer of inac- 
tive Sm of the same thickness deposited on an 


aluminum foil of thickness 0.8 mg/cm’, so that 
the average path of electrons in the source mate- 
rial was increased by a factor of three. From 
this experiment we found that the depolarization 
in the source of thickness 0.8 mg/cm? for an elec- 
tron energy of 340 kev is (0.6 + 1.2)%. Consid- 
ering that the upper limit for this effect does not 
exceed 1.8%, we find that the spread in values for 
the depolarization correction for different sources 
does not exceed 0.6%. 

The results of the relative measurements of 
polarization of 8 particles are given in the top 
line of the table. The polarization of the Sm!*3 
betas is arbitrarily set equal to unity. From the 
results given, it is clear that the degree of longi- 
tudinal polarization is different for different iso- 
topes. It is interesting to note that the polariza- 
tions in the case of P* and In!!4, both of which 
are allowed Gamow-Teller transitions, differ by 
(8 +4)%. 

Absolute measurements of the degree of polari- 
zation of the electrons were made for the most in- 
tense B emitter, Sm!*, 

The apparatus asymmetry was measured by 
using thin aluminum scatterers (thicknesses 4 
and 8yu). The scattering asymmetry was meas- 
ured using gold scatterers with thicknesses 0.55, 
0.36, and 0.18 mg/cm?. The thicknesses of the 
gold scatterers were determined by weighing to 
relatively low accuracy. However, for a correct 
extrapolation to zero thickness with good accuracy, 
it is necessary to know only the relative values of 
the weights. These relative values were found 
from the counting rates for scattered electrons. 

As already stated, in our experiments the spin 
was rotated through 90°. Under these conditions, 
even a relatively large error in determining the 
angle of rotation (for example 10%) cannot lead 
to any significant error in the measurements. 
Special experiments, in which the electron spins 
were turned through 75, 90, and 115°, confirmed 
this to a high degree of accuracy. 

From the measurement and extrapolation to 
zero thickness, we obtained a value of the asymme- 
try corresponding to a degree of longitudinal po- 
larization of -0.85 + 3% (in units of v/c). Correc- 
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tions were made to this value to take account of 


the following effects: 1) depolarization in the source 


(0.6 + 1.2%); 2) scattering of electrons from the 
diaphragms, 0.5%; 3) scattering of electrons from 
the backing on which the gold was deposited, 0.6%; 
4) arrival at the counters of electrons multiply 
scattered in the chamber in which the gold scat- 
terers were placed, (3 + 1.5%); 5) the finite range 
of angles and energies of the electrons which were 
recorded, 0.3%; 6) a coefficient for the apparatus 
asymmetry, 1.00 + 0.02. 

The total of all these corrections to the experi- 
mental value of the polarization does not exceed 
5%. Introducing these corrections gives a value 
of the polarization for Sm! equal to 0.90 + 4%. 

The absolute values for the degree of polari- 
zation of the other nuclei which were investigated 
were found from the relative measurements, and 
are shown in the lower line of the table. 

From the table we see that we succeeded in 
making the relative measurements to sufficiently 
high accuracy. It should be noted that the accu- 
racy achieved by us in the absolute measurements 
is clearly insufficient. It is probable that we can 
improve it significantly in the near future. We also 
propose to make an absolute calibration of the ap- 
paratus using a beam of accelerated electrons, 
polarized by single scattering on gold. 


Ya. A. Smorodinskii, Usp. Fiz. Nauk 67, 43 
(1959), Soviet Phys.—Uspekhi 2, 1 (1959). 
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An investigation of the interaction between slow 
neutrons with energy E <1 kev and unexcited 
heavy nuclei disclosed the resonant structure of 
the cross section and yielded the parameters of 
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the levels of the compound nucleus. There are 
no similar data in the 10 or 100 kev range, since 
the experimentally-measured cross sections are 
averaged over many resonances, owing to the in- 
sufficient resolving power of the apparatus as 
well as to the Doppler broadening. 

To obtain information on the levels of the com- 
pound nucleus at high excitation energies, use can 
be made of the interaction between neutrons and 
isomers. If a nucleus in an excited isomer state 
is bombarded with slow neutrons, a group of levels 
will be excited tens or hundreds of kev above the 
levels of the compound nucleus that results when 
the unexcited target nucleus is bombarded with 
slow neutrons. Such an experiment would help 
explain how the widths and densities of levels 
change in a nucleus of given Z and A when the 
excitation energy is shifted by several tens or 
hundreds of kev. The spins of the two level groups 
should be different, since the spins of the isomer 
and ground states differ by several units. 

It is easy to estimate very roughly the number 
of isomer nuclei, necessary for such an experi- 
ment, in the following manner. Let a beam of 
monoenergetic neutrons pass through a target of 
area S~1cm?. Then the necessary number of 
isomer nucleiis N ~ S/o, where o is the cross 
section in the neighborhoods of resonance. As- 
sume o~ 10° barns. Then the necessary number 
of nuclei amounts to 107! or several tenths of a 
gram. The isomers can be accumulated by activa- 
tion in a nuclear reactor, separated from fission 
fragments, or produced in accelerators. In a mod- 
ern reactor with a neutron flux @~ 10'* at an 
activation cross section og ~ 1 barn, it is pos- 
sible to accumulate within several months og#t 
long-lived isomer nuclei, or 107° times the num- 
ber of the nuclei in the original isotope. The 
fractions of several isomers in fission fragments 
are of the same order. Thus, an accumulation of 
enough isomer nuclei for the experiment is quite 
feasible. 

The spin of the compound nucleus can be de- 
termined for many isomer nuclei. 

In interactions between slow neutrons and iso- 
mers it is possible to have, along with elastic 
scattering (n,n) and radiation capture (n,y), 
also inelastic scattering with emission of a fast 
neutron (n,n’), when the emitted neutron carries 
away the excitation energy of the isomer. When 
the isomer is bombarded by thermal or epithermal 
neutrons, the resultant fast neutrons should be 
highly monoenergetic. For isomers with excita- 
tion energy on the order of 100 kev, owing to the 
small density of the initial states and the high den- 
sity of the final states, the cross section for such 
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a reaction of inelastic “acceleration” in the region 
up to 100 ev is 10*—10° times greater than the 
cross section of the inverse reaction — the excita- 
tion of the isomer state by a fast neutron. 

Naturally, one must expect the cross section 
to obey the 1/v law at smail energies, if there 
is no resonant level in the vicinity. 

For a rough estimate of the ratio of the widths 
of the reactions (n,n’) and (n,y) we assume! 
that for nuclei with A > 80 the neutron and radi- 
ation widths become equalized at ~1 kev. Since 
the escaping neutron has a large momentum lJ, 
then for nuclei with kR< 1 (see reference 1) 


Daly aan) E(B ACL) (2b iyi | (L) 


where E is the energy of the emitted neutron in 
kev. 
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is 
iNb?”" | 64d 4/2- | 9/2+ | 104 | 0.4 
glee wun en 9dG. 29/2 992 kOe: 
Pere We o2TO Gel Oe Sal Ge © 
aed 0 StdNyr 42>) V2 265 121058 
abeh ae iemoSrd a) (tds fS/at th 4 


For certain long-lived isomers? the table lists 
the lifetimes T, the spins I and Im andthe 
parities of the final and initial states, the transition 
energy E’, and also the ratio Ty /Ty, estimated 
from formula (1). For all the isomers given, with 
the exception of Cd!!8™, the (n,n’) reaction is 
accompanied by spin flip, since AI =4, and the 
parities of the initial and final states are opposite. 
The table lists the values of Ty /Ty, for T= 3. 


For 1=5 these values are 104 —10° times smaller. 


Thus, given the intensity of the fast neutrons pro- 

duced in the (n,n’) reaction, we can determine 

the spin of the compound nucleus for these isomers. 
In conclusion, I express my gratitude to V. N. 

Gribov, A. D. Piliya, and M. I. Pevzner for dis- 

cussion of our work. 


‘J. M. Blatt and V. M. Weisskopf, Theoretical 
Nuclear Physics, Wiley, N.Y. 1952, Russ. Transl. 
IIL, 1954. 

2B. S. Dzhelepov and L. K. Pekar, Cxempi pacnaya 
paqMoakTMBHbIx angep (Decay Schemes of Radioactive 
Nuclei), U.S.S.R. Acad. Sci., 1958. 
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ee formulation of the problem of scattering of 
electrons by atoms, which has been given by Dru- 
karev,! reduces in the case of the hydrogen atom 
to the solution of the system of integro-differential 
equations 

(Aa + #8) FE (rs) = SFE (r) 2 (Pale (Zp — 7p) He te) 


r12 


a Az (tr); (1a) 
with boundary conditions 
F* (r) ~ 8a) exp (ikaz) + az (8, 9) r-texp(ikar), (1b) 


where q@ and £6 denote the sets of quantum num- 
bers characterizing the hydrogen atomic states, 
for example (nlm) or (klm); § denotes sum- 
mation over the discrete and integration over the 
continuous spectrum; k% = 2(E-—€q), where €q 
are the energy levels of the hydrogen atom; 


Az (my) = Pas (ry) 2\ 92 (T5) (= + 8, —+ hi) FR (re) dre 
= $5 (rs) H — E) S45 (rs) FE (ta) dra, 
tS Se ee 


(2) 
(3) 


For a unique solution the function 6+(r,, r,) 
= SEFolty)Pa(t2) + FG(r2) %q(r;,)] must be re- 


quired to have the asymptotic form* 
D* (ry, Fe) ~ S da (1-2) [5x0 EXP (ika21) 


mE Ge (91, 91) ry, exp (ikar)]. (1c) 

For practical calculations, we solve instead of 
the infinite system (la) a reduced system consist- 
ing, for example, of one or two equations. In this 
case one obtains appreciable differences between 
aq and aq. 

It is not always sufficiently clearly recognized 
that for an accurate solution of the infinite system 
the relation 

at = a 


eee (4) 
must be satisfied. 

To prove this it is sufficient to show that there is 
a solution for which A =0. But this property de- 


scribes the solution which is distinguished by the 
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absence of Ne in (la) [because the function 
@(r,, Yo) = SPa(hs )Fq(¥,) satisfies the Schré- 
dinger equation (H-E) &(r,, r,) = 0]. 

The equality (4) becomes nearly obvious if we 


note that the exact solution of the Schrédinger equa- 


tion need not be sought in an explicitly symmetric 
form but may be found first as an asymmetric 
solution and then symmetrized. 

Further, if we calculate the cross sections 
using only ane they will be the same for both 
signs. However one cannot agree with such a 
definition. Indeed, if the wave function of the two 
electrons has the form $*(r;, r2) = S[Fg(r) 

a 


X Va (Te) + Fa(Y2)%q(r;,)], we obtain the follow- 
ing expression for the radial component of the 
scattered flux: 


j* (0) = 21m {Sf () Fal) +S G0) G g0() | fale) 
a ap 
a(t) dr’ eS [de (0) ge fo (| Fale) do (0) ae 


+ felt) 3-900) \ 9 (°°) foe) dr']}, (5) 


where the fq differ from the Fy by the absence 
of incident waves. 

Hence we can see that the difference between 
the cross sections must appear not because of the 
inequality of ag and aq but because of the ex- 
change term in the flux, which Drukarev ignores, 
since he does not consider the flux produced by 
the functions %q of the continuous spectra. Tak- 
ing account of the exchange according to references 


2 and 3 is simply taking account of the flux of atomic 
electrons excited to corresponding levels of the con- 


tinuous spectrum. 


*It should be remarked that Eqs. (1b) and (1c) are not 
wholly accurate in the case of ionization, in which case the 
asymptotic form of the wave function of one electron cannot 
be given independently of the other electron. 


1G. F. Drukarev, JETP 81, 288 (1956), Soviet 
Phys. JETP 4, 309 (1957). 

2. Mott and H. Massey, Theory of Atomic Col- 
lisions, Oxford 1949; Russ. Trans. M., 1951; ch. 8 
Sec. 4. 

3H, Massey, Revs. Modern Phys. 28, 199 (1956); 
Russ. Trans. Usp. Fiz. Nauk 64, 589 (1958). 


Translated by R. F. Peierls 
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WAVES WITH JOULE DISSIPATION” 


A. G. KULIKOVSKII and G. A. LYUBIMOV 
Submitted to JETP editor June 23, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1173-1174 
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ik his discussion of the magnetohydrodynamic 
shock wave, V. A. Belokon’! writes down equa- 
tions for the momenta and for the heat flow for 
the one-dimensional stationary motion of a non- 
viscous, non-heat-conducting, but electrically con- 
ducting gas. It is asserted that this system of 
equations leads, on the one hand, to the necessity 
of the existence of a maximum of the entropy in- 
side the region of flow, and on the other hand, to 
the impossibility of a decrease in the entropy. On 
the basis of these facts, the author comes to the 
following conclusion: “In view of the absurdity of 
a continuous solution, we consider it unavoidable 
to postulate a Riemann isentropic discontinuity in 
the flow parameters within a compression wave 
of any amplitude, by analogy with the isothermal 
discontinuity for purely heat-conducting gases.” 
The magnetic field at this discontinuity is con- 
sidered continuous. 

We cannot agree with this basic postulate. In- 
deed, if the magnetic field is continuous in the 
passage through the discontinuity and the gas is 
considered non-viscous and non-heat-conducting 
before and after the discontinuity, then this is a 
gas-dynamical discontinuity which always leads 
to an increase in the entropy. 

The same kind of problem concerning the struc- 
ture of the shock wave was considered earlier by 
Burgers.? He showed that two cases are possible: 
a) in strong magnetic fields all parameters inside 
the region of flow, including the entropy, change 
monotonically. The entropy reaches its maximum 
value at the point corresponding to x=+; b) in 
weak magnetic fields the region of flow consists 
of two parts, the region of continuous variation of 
the parameters, at the end of which the entropy 
reaches some value S* =Sao, and a compression 
discontinuity with a constant field, at which the en- 
tropy increases from S* to So. 

The problem proposed by Belokon’, therefore, 
has a complete solution without any additional pos - 
tulates, and the postulate put forward in his paper 
is incorrect. 

It is furthermore impossible to accept the fol- 
lowing assertion of the author with respect to the 
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effect of viscosity on the structure of the shock 
wave: 

“If dissipation occurs by way of viscosity in 
addition to Joule heating, then the isentropic dis- 
continuity mentioned above will be smoothed out 
for all amplitudes, since for vanishing viscosity 
the curves for continuous evolution of the flow 
parameters pass ‘arbitrarily close to the isen- 
tropic line Sy4x, coinciding with it only ina 
single point, at +.” 

The problem of the family of integral curves 
for the one-dimensional stationary flow of a vis- 
cous and electrically conducting gas, correspond- 
ing to the problem of the structure of the magneto- 
hydrodynamic shock wave, was discussed in detail 
by Ludford.? He showed that in the case of vanish- 
ing viscosity the corresponding curve approaches 
the curve obtained by Burgers. 


1y. A. Belokon’, JETP 36, 1316 (1959), Soviet 
Phys. JETP 9, 932 (1959). 

23. M. Burgers, Penetration of a Shock Wave 
into a Magnetic Field. Magnetohydrodynamics, 
Ed. R. K. M. Landshoff, Stanford (1957) (Russ. 
Transl., Atomizdat, 1958). 

3C.S. S. Ludford, J. Fluid Mechanics 5, 67 
(1959). 
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1m; Sh IORY 
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Tue possibility of determining the phase of the 
scattered wave by numerical methods with the help 
of the differential equation for the phase 


dé /do = — [1 (I +- 1)/p* + U (p)] sin? (p + 8) (1) 


was discussed in reference 1, and it was shown that 
it is necessary in this case to find the solution which 
satisfies the condition 


sin(p + 8) =p/(/-- 1) for p—0. (2) 


Vi OVe Malyarov? correctly observed that one and 
the same symbol is used in reference 1 to denote 
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two proportional constants, and also that the con- 


4 


co 
dition f U(p)dp < C should be replaced by 
co 


flU(p) | dp < Cc. 

Then V. V. Malyarov proposes, incorrectly, to 
obtain the second term in the expansion for 6(p) 
from the expression for 6(p) of reference 1, over- 
looking the fact that this expression was formally 
obtained from (1) and (2). Actually this term can 
be obtained by substituting the series 


8 (p) = —lp/ (E+ 1) — asp? — agp? —.. . 
in (1). We then obtain for 6(p) the expansion 
8 (0) = —lp/(L+1)—4oe? /2( + 1? —..., @) 


while the method of V. V. Malyarov would lead to 
the incorrect expression 


8(p) = —lp/ (2 + 1) — yop? / 2 (2 + 1)?. 


Finally, V. V. Malyarov alleges that the note! 
“_..is of no interest for scattering theory and can 
lead the reader into error,” and he bases this as- 
sertion on the following argument: “The use of the 
additional condition (5) is justified for p— ©, : 
when A(p)—const and 6(p)—const. For p—0. 
however, any other supplementary condition could — 
be used instead of (5). Different additional condi- 
tions correspond to different phases 6(p). The 
problem is indeterminate. It follows from the def- 
inition of the phase of the scattered wave that the 
phase 6(p) obtained with the help of such a sup- 
plementary condition is not the phase of the scat- 
tered wave.” 

This remark of V. V. Malyarov cannot be ap- 
plied to the contents of our note, because there we 
obtained (6) and (7) by using the classical method 
of variation of the arbitrary Lagrange constants, 
and we were concerned with the determination of 
the phase of the scattered wave at infinity [i.e., 
finding the limit of 6(p) for p—o]. 

Applying (1) and (7) of reference 1 to the known 
cases where the scattering problem can be solved 
exactly, one easily sees that this phase is indeed 
the phase of the scattered wave, according to the 
interpretation of scattering theory. 

The remarks of V. V. Malyarov concerning the 
note! are therefore without substance. 


PRES, Los’, On the Phase of the Scattered Wave, 
JETP 33, 273 (1957); Soviet Phys. JETP 6, 211 
(1958). 

e Veae Malyarov, JETP 34, 1039 (1958); Soviet 
Phys. JETP 7, 719 (1958). 
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